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whamsa‘ythe First Day

Calculus is the culmmatlon of
. a dramatic intellectual struggle
“which has lasted for over 2500 . - -
years ‘and has proved itself to be "
: the greatest ‘achievement of - -
" western civilization. -

Blchaxd Coura,nt (1888—1972): T

"What is sald on the ﬁrsh day of a course is tremen- : L
dously 1mportant Jor it sets the tone of the whoIe sl
" term. Thisis our. opportunity to show our new stu— e

dents that this will be'a- rich and exciting course,

one filled with interesting and valuable ideas. Dur-. ..
ing the first class, students. should get the feel of
the whole course, what the subject of calculus is._
about and why it is important. Not just lmportant. L
historically, or important for society, but impor- . L

tant and useful to them in the careers that they

intend: Stiidents should be given a preview < of the.
main-ideas: ‘that they will encounter as well asa . -
- glimpseé-of some of the interesting problems tha.t. S
we will do using the calculus ‘The first class is... -
nof, the time te discuss details, much less {0 be— -

- gin to present the nitty-gritty of the matertal, but

'_the time to present .a grand sweep of ideas. that
gives the flavor of what we are about to under-

take. ‘Since the calculus: ‘has’made many impor- '

tant: contnbutlons to the betterment ‘of mankind,

© it is reasonable to expect that it ‘will contimue to .

~‘do 'so in the future.! This is why. the faculty in

many disciplines have required that ‘their students
learn some calculus.- My aim here is to show that

history can be used to get the students off on the
right foot.

In addition, we teachers are aware thaf. there

are a number of organizational topics that must

be dlscussed on' the first day, but I eliminate as . .

many as possible by passing out a detailed syl-

labus, teilmg the students {o read it carefully and . :

- then letting them ask questxons about it during

the second ‘class. ‘Even 50, it 18 worth the time .
and effort to give them a pep talk about study .-
skills. But they have heard that before, so I recast -,

the information in terms of historical examples to
illustrate the points that I .want to make about
working hard.

Wha.t foHows isa pseudo—transcnpt of one of :_ ' _.: )

my typical first day caIcu_lus classes together w;th :

_ 'reﬂectlons for teachers about why I do what I do :

What is Ca!cuius" SRR

One ihmg thatI ha.ve nof;ed is tha.t calculus books -
never apswer the questlon (or even raise it) of what

. caleulns is. This seems to me'to be 2 magor flaw™
in our textbooks. At the begmnmg of any. course
we have a real obligation to make some attempt w
- to mcpla.m to the studenis ‘what we are up to, es-

" pecially since we are going. to ask them 10 devote'
two to four semestets of their time to Caleulus: We
_4 shouId Dot just: begin with a dozen definitions a.nd- =

Theorem 1. Admittedly it is very difficult to ex-
plain'to a neophyte’ what the ‘caleulus is ‘all about.

Perha.ps this explains why our te\:tbook authors_' e

avoid the questmn entirely. " -
Rather that launch into a detaﬂed dlscussmn o

about the mvenhon of the calculus 1 sha]l report'
" here What I tell my students. The'idea is to pare o
- the story to the essentlals Leepmg only. thosefacts -

which can benefit them ‘at their' present ‘level of
understanding. As the course continues, [ fill in’

- more of the details a.s_the occasion arises.

Calculus is the science of change, the study '
of things that move, It was created by Isaac New-

‘ton ‘and Gottfned Letbniz (and at this poxnt Iput: '

their pictures on. the overhead) in the seventeenth

centuxy They and, consequentiy, we use the word
calculus dnits etymo}ogacal sense of “to pebble,”

that is, to compute for it is a2n almost’ algonth-

. Inic method of solvmg problems of certain types

They were interested in studying curves and trying
to discover their most interesting ‘properties. “'We

study functmns because they can be used ‘to Iep— e

resent curves and are :mportant in other ways too. B
They and we are. especially mteresten in proper-:-

- ties such as maxima and minima ﬁ;‘%" oiais vga;lrll ;:Ize |
o

time T am drawmg pictures 3¢
motivate the prehmma.ry study of analytic geom- 5
etry and Tunctions). _ :

Tt is true that Newton and Leibniz had numer-
ous predecessors who solved problems using what
we see today to be the calculus. For example, the
GreeLs knew how t.o ﬁnd tangent Imes to conics,
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Hisforiéal Noteé for ihe Calcuius Classrdom '

. Kepler solved maxima problerns dealing w1th wine
barrels, and Stevin solved the problem of force on

a dam. But their methods were ad hoe, and not-

sub_]ect to generalization.

. These iwo. probfems, he ma.x-mm problem

' and the area problem give rise to the two branches

‘of the Calculus, the. differential and the integral
.caleulus. The max-min pxobiem reduces to find- -

ing the’ tangent line'to a'curve at 2 given pomt

for if we can find the place; wherethe tangent line
is borizontal, then we can find maxima and min- .

ima. This problem seems unrelated to the prob-
-lem of finding the area under a curve, but it isnot

unrelated.  Oné of the great. discoveries of New-
ton and Lezbmz mdependantly is that these two E
problems are mtxma;tely connected Thisissacha
SUrpEiSing and important reIatlonshlp that we'call

- it the, Fundamental Theorem o‘f Calculus Newton

- and Leibniz are credited with' the discovery ‘of the - -
calculus because they found and utilized this relas’
tionship, _because they saw tha.t the problem was
- to find the function- that is ‘the mtegral or deriva-
tive of the given function, and also because t.hey -
found a.Igonthmlc ways of. sclvmg these pmblems-_
The student’s initial reaction is that they are
“"not interested in these two problems a.nd their inti- -

“macies. So'L respond that—and this i is one of the

wonders of mathematlcs and the primary. bene- :
fit of abstraction—our techmques for solving these
problems appiy to. many other. 31tuatxons, in par-

ticular to real: world problems
Mathematlcs is u’seful. :

1 say agam (to use a phra.se I lea.rned at West

Pomt) Please note carefully that 1 did ‘not say ~
" that Newton and TLeibniz invented the calculus in
order to apply it to the real world, but rather that =
it turned out (rather quickly in’ fact) that it could' o
be applied to real world problems. - Calculus was

initially done as a piece of pure mathematlcs mo-

tivated by internal consxderatlons that the ma.th-'

emadtical commumty 'had been dealing with for 2
long time. 1 smcerely wish’ that they had had ap-

phcatzons as their pmmary concern—-for we and
our students. cettamly should have a.pphcamons of
the calculus as our primary concern—but New-

. ion and Leibniz did nok. We, as teachers, and
certainly not as historians, should not distort f.he
truth on so 1mportant a matter as thls

1 The myth that Newton crea.ted the calculus
back on the farm so that he could do celestial me-
chanics and that he was primarily a physxc:si‘. was

This file, FirstDay. tex, was typesst using TEX on May 29, 1996 2t 0:05 AM.
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Let me relate one of the earliest and one of

the most important applications of the calculus.

ER ‘Robert Hooke, who was sent. by the: Roval Society
of T,ondon, asked Newton which physical law de-.

termined the gravitational attraction between the

" earth and the planets. He responded that gravi-

tation was inversely proportional fo the square of
the distance between the objects. Hooke asked if
he could prove this and Newton responded that

“he had, but he couldn’t find his proof. The resalt

of this conversation was the most famous stien-

tific book ‘ever written, the Philosophia naturalis.

principia mathemaiicae (1687)

Then I begin a Ixtany of apphca.hons of the
caleulus: Calculus explams ‘everything from how
the solar system works’ (as Newton discovered). to

the shape of the cable on'a suspensmn bridge, to SRS
. how. tuch our irachea contracts when we cough to... -
how much of the surface area’of a hard disk should .-
be used for storing information {my in class list is..
Iongel} ‘In fact, in the three hundred years ‘after
' Newton and Leibniz, calculus provided the toolto -

" solve a’whole host of physical problems. So itis
" no exaggeration to say that the calculus has stood =
‘the test of txme ‘
. We are ‘interested ‘in- the calculus today be— sl
_canse it is 'still of value i in attackmg real world . -
__problems. Tt'is ‘true. that ‘most of ‘the problems .
‘amenable to the calculus in the past have been
from the’ physlcal sciences, but now the- caleulus

has apphcatzons in ‘a_ whole host of disciplines,

. including economics, sociology, biclogy, banking,

etc. Usmally, I ask a few students what their ma-~

" jor is'and then give them'an aca.mple of how the... .
caleulus can be used in their field.. This goes a long
way to wmnmg the class over to my viewpoint that .

thisis gomg 1o be an interesting endeavor.-

This’ begmumg is intended to let the student keow
that we are going to study the calculus because it - -
is useful. It shows that the instructor is willing to -

explain what the fundamental problems and 1deas
are and why they are xmporta.réﬁ
This claim of usefulness is_very easy claim fo

make, but we will have to demonstrate it through- -
out the course with a host of interesting examples

if we are to convince our students.. This is one

place where I thmk that. lnstory of mathematlcs L

created in a paper by Boms Hessen in 1931 em‘.l-‘ .-
" tled “The socxa.l and economic roots of Newion’s

Principia,” pp- 149-212 in Science at the Cross
Roads. This Marxist interpretation of Newton's

work- is flawed at almost every turn, but is stﬂl

fascinating to read.

g



Preliminaries

can really help Hxstor:cal examples are nice, be~
cause you can convincingly say that this partic- -~

ular. piece of mathematics was once useful. But

note that the mathematics preceded the applica- . -

| tioms. It can’t be the other way around. T. make

- this point to explam to the students why we do
‘ihe mathematics first and thatBte apphcatlons are -
quite sunpllstlc at first. I support ‘this by quotmg -
Benjamin Frankiin wher he saw the first- balloon: "
launch. When he asked what good it was, he re-* -
sponded by askmg of wha.f. use was a new ba.by. S

Read Your Book

’I‘olle lege, tolle leze.
* St. Augustme W

After havmg spent more tha.n half thc class ta.lk- R,

'ing about the calculus and its history, ‘there are 2

number of cther points that T like to make. Most '
of them relate to study sLﬁls an area where my . o

students can use improvement. .One point. made

in the “Hints for Success” portion of my syllabusf o

‘is this famt echo of Augustine:.

~ Read the book ‘Read it before. class, then'
aga.m before atiempting the ‘homework, and: -

again ‘after doing the problems ‘When you .-
" read the book do it'slowly and caret'uliy, with |-
pencil in hand. Pay careful ‘attention to the ST

definitions and e\amples- Omlt i.he proofs on .
a first, readmg L :

But ¥ want to remforce thls a.dmomtlou on- tbe
first class day. Since, in describing what calculus

s, 1 have menf.loned:ﬁ'analytlc geometry, it fits in -
nicely to present (on an overhead) this quotatlon- -
" from Newton descnbmg how he bega.n has study'_ .

of mathematlcs _
Took Descartes s, Geometry in ha.nd thohe

had been told it would be very difficult, read B
some ten pages in it, then stopt, began again,

went a Little farther than the first time, stopt
again, went back again to the beginning, read
on til by degrees he made himself master of -
the whole, to that degree that- he imderstood
Descartes’s Geometry better than he had done- _
Euchd 3 .

2 “Take up, read! Take [Py rea.d‘
translation of this line St. Augustme (354—
430), Confessions, VIII, 12. '

3" The Mathematical Papers of Isaac Newton,

edited by D. T. Whiteside, vol. I, p.-5-6." More

_ information on Newton’s readings is easxly acces-
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. What to Say the First Day o

Newton told thls story o Abra.ham DeMowre -
D%ife about how he studied
mathematics. - He read Descartes’ geometry (not o
' the bundred page original French of 1637, but the | '
mne-hu:ndred page second Latin edition of 15.39~_ R
% 1661). This was ene of. the very bfsf. mathematxcs'_- T
" books of the. day and a fairly new and quite ad-
. vanced book at that timne. But most maportantly, R
~ look at how he described his progress: Read a
- few pages, and then-fead them over again, and
. continned that cycle until the imaterial had been '
inastered.  Now, Newton was ome of the kids in .
- the bright group. If he had to read his book over

and over and over again in order. to understand it,

" then it behooves you (my dear students) to zon—'._;' '
~ sider reading your book at least once.

“If T just tell students to read their book, they- -

probably will not kisten to me. ‘Perhaps this true
~ story w:ll convmce them -of- t.he merit of ca.reful o

reading.

Anot.her rema:rk that I maLe here i is t.hat the}r o

are going ‘to have to read the book, { can not and” . '

will mot-do it for them. I try to ‘minimize the -
amount of lecturing that- do and '=pend the cEa.ss_ _
- time more pmﬁtably interacting with; students ab-

" swering their questions. ‘and’ helpmg them come to L
' -gnps with the concepts. .- L
Finally, a lesson is bemg planted for the fu—' B
- ture. 1t is advantageous to read high quahty ooks,"
original sources, rather than spendmg ones tune' T

on seconda.ry account.s-

Do Yonr Homeworl-.

"When George Dantzlg was a graduate student he
arrived late for class one day. On the board were
two problems. He presumed they were homework 5
copied them down, and went home and worked on

them. Several days later he ‘turned them in and

apologized for: taking 50 Iong Hm busy teacher -

just threw them on the desk.

One Sunday morning six weeks Ia.f'.er Da.ntmg '

was awakened by someone banging on his door. o

It was his teacher; Jerzy Neyman and he was all

excited: “T've just written an introduction to-one '

of your papers. Read it so 1 can send it-out Hght
away for publication.” It took Dantzzg a few min-
utes to realize what Neyman was talking about:

The problems were examples of prob}ems that no

sible in my “Isaac Newton: Man Myth and Math-.

ematics,”. The College Matbemat:cs JournaI vol
18 (1987), pp- 362-389.
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one had evez “solved. before, athematiciahs caﬁ

them “open problems.”*
Years later the Reverend Schuler of tile Crys—

tal Cathedral in Leos Angeles gave 2 sermon: about .
antzig and the” power of positive ‘thinking:. O

Dantzig had known the ‘problems: were unsolved

he would ‘not ‘have had such a positive attitude g
about solvmg them and probably Wou.Id ha.ve qmt e

oo soon.?

) Today Dantzlg is a famous ma.thema.txcxan- .
“His most often used result is the method of in- - -,
J ear programrmng Be developed it during World
War II 1o solve a ‘number of complex scheduling -~ .
problems for the military. Today it is used every"- e

day in the busmess world, "

Moral: Don’t become chscouraged whﬂe do— ol

ing your homework You can do 11;l

=P S- Come to ciass on. time L

T have the a‘oove story on a (far too crowded) .
overhead ‘and ‘when ' used’ it at a class-at West. .
Point, I had to push it up so that the students - ..
could see the: postscnpt ‘Wher I did, one cadet -
whispered: to the officer next to her, “How did he .-
konow 1 was going ‘to be late?" "After learning of
this, I 'always do it thls way in ‘class, for t.here s

always someone who is late.

‘Besides making the pomt that itj P xmportant o
_to do your homework this s\taory Ama‘i\es §he point -

that probiems ~hard problems -—are the essence
of mathematics. e T

Important though the general concepts and
propositions may be with which the modern
" industrious passion for a.momamzmg and. gen-
- eralizing has presented us, . . nevertheless_ _
I am convinced .that the speaai problems m

all their complexlty constitute the stock and -
core of mathematlcs and to master theIr TR

-4 QOpe reason for making a comment such as %.hls
is to acquaint the student with the vocabulary of
the profession. They should learn how mathemati-
cians interact, that they do things besides teach
- class, and, perha.ps most unportant!y, that not all
mathernatics has been done long ago. There are

plenty of open problems and the best. students can

solve some of them.

) 3 This stoty comes from an “A.n interview with - -
- Geo:ge B. Dantzig: The father of linear program- -
- ming,” by Donald J. Albers and Constance Reid,

The College Mathematics Journal, 17(1986), 292—
314. He is the son of Tobias Dantzig, author of
Number, the Language of Science (1930).
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ficulties requu'es on t}le whole the harder la.-
bor. _ :
e Hermann W’eyls B

V‘sxt Durmg Ofﬁce Hom‘s S

" The times. oi' Ty oﬁice hou.rs are axmounced om i
- my syllabus, but I want to, make it clear that the -
" following sta.tement on the syllabus is not Just wm— C
< dow drtﬁsmg -

If you cannot come at these t:mes please make _
an appomtment for znother time. You may
catch me in my office many other times, but
I only promise to be there at the prewously
' stated times. You are encouraged to stop m- -
to see me. It is part of your education.

1 really wa.nt students to come see me if they ..
are having: dlfﬁcultles or even if they just want to

talk, but I-also want: them 4o prepare before they - o

4o, Consequently, I use the following quote from '
Leonhard Euler to make a point. © .. E

I soon found an opportuml:y to be mtroduced

- to a famous professor Johann Bernoulli, whose -
good pleasure it was to advance me further ..
in the mathematical sciences. : True, . he was . -
very busy and so refused ﬁatly to give me .
private lessons; but he gave me much more
valuable advice to start reading- more diffi-
cult mathematical books ON TIY OWI. and to
study them as diligently as.1 could; if T came '
across some obstacle or difficulty, I was given
perrdission to visit him freely every Saturday
afternoon and he kindly explained to e ev-
erything I could not understand, whu:h hap-
_pened - with such greatly desired advantage
that whenever he had obvxtiated one diffi- -
culty for me, because of that ten others disap- o
peared. right away, and this, undoubtedly, is
the best method to succeed in mathematical
subjects.” . . )

Nahurally, I mentlon that the Swiss math&-

matician Johann Bernoulh was one of the first to -

master the new calculus of Leibniz and was ‘thus
tremendously - inflyential in informing. m(;ermted
individuals on the continent about the power of
the calculus. Fuler was his most important stu-
dent and became the best mathematician of the ™ -
eighteenth-century and the most productive of ail

S Hermann Weyl, The Classical Groups, 1939,
p. xi-xil.. :
© 7 Autobiography of 1767; combined quotes from
DSB 1V, 468 and ’ﬁuesdell Xii. .

-

T
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time. While gwmg a bit of biographical infor-
wmation, about Euler, T.show a picture’ “of him on

the overhead. One thing that calls out for com- :

What to Say the First Day

for it is by attacking them that we learn. This
httIe poem by Pzet Hem ma.kes my pomt mcelv.

- ypent then is his blindaess. I comment, matter of

- factly, that this did not hinder his mathematical
" publication. Wlthout saying anything this informs

the tudents that mathematicsis a proiession that

even “aith the handlcap of blindness can take up. .
I ‘encourage My students to make a hst of the_

questxons they have before they come to my office -
(2nd, in fact, before they come to class). Not Just ©
a list of the problems they can’t doj I encourage -

" ‘them to ‘write out questions. that ask ‘about the
ma.thematlcal .concepts. .

~ given.

does make the students take note.

Ifit be then your - Pleasure, ye Lovers of Study,
. come always; be not restrained: through any_"_ .

Fear, or retarded too much by Modﬁty, what

you may do by your. Right, you shall make T
me do willingly, ay gladly and. Joyfuliy Ask 0

" your Questions, make your Enquma bid and

command; you shall neither find me. adverse

nor refractory. to your Comma.nds ‘but offi-
cions and obedient. If you meet, with anf
Obstacles or Difficulties, or are retarded with
any Doubts while you are. walking in the cum-
bersome Road of this Study of M. athematics,

beg you to impart them, and I shall endeavor .

" to remove every. Hmdrance out of your Way
to the best of my Knowledge and Abihty. j

Isaac Barrow
“Prei'atory Qration,” 1664

Yes, Calculus is Hard

,Alhert Emstem once saud

1 have hittle patlence thh sc1entzsts who ta.ke
a hoard of wood, look for-its’ thinnest ‘part,

1 am honest with them

about my motivation: domg this will help them

- understand the material better. “This is hard for’. ~
‘them at first, but they come to see the wisdom "
n'it, pa.rt.ly because of the a.dvxce that Eulet has .

Sometlm?_s 1usea dlﬁ'erent quotanon thxs
one from Tsaac Barrow. It was orlgmally written
in Latin, and‘it is not any clearer in: La?.m But it

: F\ MA-XIM FOR VIKINGS

" Hereisafact ' RS Sl
© i othet should helpyou hght L
o abnlonqer :

_ Thmgs that don'tact:
o ually kill you outright :
:'-_makf_z you stanger. .o

anddrilla great numb er of holes where drilling .

. is easy.
Well we are not going to make that xmstake
We will attack hard problems for that is where
the real meat is. I tell the students that they
should not be be discouraged by hard problems,

This file, FirstDay.tex, was typeset using X on May 29, 1896 at (:23 AN
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' :One of the travestlw of the new. ma.th is t.he or—'
"dered pair definition of a function: a function is
5 set of ordered pairs mo two of which have the =

same first element. Students find the notion unin-
- tuitive, unmotwated and unattractwe—-—and they

-are perfectly Justlﬁed ‘Thisisa fine example ofab-. -
L stractlon for its own sake. The definition is never |
Cused (except for some concocted problems in the -
.- section where the’ definition was introduced}), and

“that is perfectly understandable because 1t is- use—

. less- SR

" The. only tune tha.t I can thmk of when the
- ordered pair’ ‘definition has some sllght pedagogxcal _
_advantage is-when one. is- discussing inverse func- .

tions. The only- p!ace whete it is really necessary is

_ when one is building models of set theory, but few’
" mathematicians ever do this, and then not unt‘.il B

they are graduate students.

e :To understand ‘this deﬁnltlon 1t s necessary B
. %o examine its philosophical ‘and historical roots. - -
- Gottlob Frege {1848-1925), 2 dxstmglushed Ger- - - °
man ‘mathematician, whose views.on the founda-
tions of mathematics and 1anguage were signifi-.
- cantly ahead of his time, tealized (as did Dedekind,
Heine, Meray, and Wexerstrass) that the natural

numbers lacked a'firm foundation. His solutioi to

‘this ‘problem led him to adopt the philosophical
pasition that all of mathematics could be builf up - '
from logic alone. Later, because of the work of -
Bertrand Russell (1872-1970), it was realized that -

" set theory was also Tecessary {o complete this pro-

gram. The modified posxtion—\‘.ha.t all of mathe-

_matics can be bmlt up from set theoty and Iogic—
is referred {0 as the Frege~Russell ‘Thesis.

' Needless to say, many details needed to be

supplied to support this thesis (since it is a philo-

-sophical position, it is difficult to see how it could

‘be proved). One. of the most xmportant details in

“this program was to define the concept of a func-
tion in terms of sets. "As often happens, several -
'mathematmans solved the ptoblem almost smlul— .

{aneously. -

Tn 1913, the elghteen year old Norbert Wlener :

- (1894—1964) received his Ph.D. from Harvard for a

dissertation comparing the logical system of Alfred-
North Whitehead (1861-1947) and Russell with

-that of Ernst Schmder (184_ '1902) Under a trav—-j S
- eling fellowship granted by Harvard; ‘Wiener them . .~
~went to England to study with Russell. A conser .~ .7
- quence of this was his 1914 paper - simphﬁcatlonf“ e
., of the Ioglc of relations;”* In’ thls paper: Wiener .« &
. reduced the ‘theory of relations. to the theory-of | .

“classes by prowdmg the following definition of or- -
" dered pair, which we translate from the notatxon
_‘of thtehead and Russell :

--{{{z} @} {{y}}}

o What W;ener d1 _ ,_was to revert to Schroder 5 t.reat~ IO
- rment of Telations s sets of ordered pairs.-He was . . o
aware of the ontoioncal 51gmﬁcance of what he .
-haddone"--'- SR . v
The comphca.ted apparatus 1l snnply and_ e
solely devised for'the purpose of consf.mctmg;; Lo
- aclass which shall depend only on'an ordered .0

pair of values of z and y, and which shall cor-". "~

. _rwpond to only one such pair. “The particu--.-
lar method selected of domg thls is: Ia.rgely aio

-'matter of. choxce

Wiener reahzed that t.he 1mportant thmg about ) '

 his deﬁmtlon is that 1t be suﬁic;ent to prove e

(a b) (c,

- At approxxmately the same tn'ne Fehx Haus— :".:_ L e
dorﬁ (1868—-1942) in the second book: aboutset "1
“theory, provlded the foiiowmg deﬁmtlon of ordered o

pan'2

Az ) {1 I}, {2, y}},

where 1and 2 are distmct sets and z and y are dis- ;
. tinct from each of fhem. This definition only ap-
" pears in the first edition of Hausdorff’s work, prob-

ably because he felt {or had been told} it Would not

Work. .Cunously 1f the rest.nctlon tha.t z and ybe o

Cond Proceedmgs of the Cambndge Phdosophxcal“ i
_ Soczety, vel. 17(1919——1914) pp. 387-390; reprmt.ed.-.
~in 1. van Heijenoort (ed) From Frege to Godef :

P. 224—227. PR
2 Grundziige der \vfenvenlehre(lglfi) p. 34 ThlS

. note is mot in the Dover reprint. of the tl’nrd edl- o

tton, entltied s;mph Mengen]ehre
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d;stmct from 1 and 2 is dropped the definition

works just fine.

In 1921 Kammw:rz Kuratowsh (1896 1980)
published the definition of ordered pair that has
been universally adopted. It appears on the last

' Histoficzﬂ Notes for' the Czilculus C!aSSfaﬂm

.. ‘page of h;s paper, o the notlon of order in set

- theory

(x y) {{r} {z y}}

Kuratowskz ucunts out that h[s deﬁmtxon is sim-

pler than Hausdoxfls, since Hausdorfl requxred that

the sets ¢ and b, be distinct from 1 and 2. This ar-

gument is. wrong, since Hausdorfi’s deﬁmtlon 150

sufficient to prove the requxred thcorem mthout o

“this restriction. - I
Kuratowskl s deﬁmtmn of t.he ordered pairin

terms of sets -arose -because of .criticism by Jan~

‘Lukasiewicz. (1878—1956) of a textboolc by Sta- B

‘nislaw Zaremba (1863—1942)"‘ In 1912 Zaremba,:"
a professor at the Jagellonian University in Cra-
cow, pubhshed Arytmetyka tecretyczna (° Theoret-
-ical Antbmet:c) The book was well received by
the mathematical commumty, butin 1916 Lukas:emcz
pubhshed a stinging a.ttack on the logzcal under— :
_pinings of the work.® . - :
- ‘This is my. favonte example of how a Itnowl-
edge of the history of mathematics indicates what
we shounld not teach. Anyone who truly ‘believes
~that a function real!y is 2 set‘of ordered. pairs with ~
somne other funny property has such-a perverted
. view of what mathematics is all about, that they
probably should not be turned loose in the class-
room. The ordered pair definition of a function
should only be presented in a course on the foun-
dations of mathematics, and then the historical
‘background must be glven S0 tha.t the defimtmn"
maLes sense. | S A

3 “Sur 1a notion de I'ordre dans le Théorie des
Easembles,” FundamentaMaﬁhemancae vol. 2(1921)
pp. 161171,

% XK. Kuratowsh A Haff Century of Pollsh M ath—
ernatics(1980), p. 24. K R
5 Portions of 0 pojecin w1e1kogcx PirzegI@d e
Filozoficzny, vol. -19(1918), pp. 1-70 are trans- .
lated as “On the concept of magnitude,” in Jan -

Lukasiewicz, Selected Works (1970}, pp. 64-83. -

| V. Fréde_rick Rickey
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'I‘ngonometry has its origin in the astronomy of

the Babylonians of the third- century BC and was -

_ then taken up by the Greeks. The first trigono-

- metric table was constructed by Hipparchus about
150 B.C., who is accordingly known as the fa-
ther of tngonometry ! This was a table of lengths
of chords subtended by arcs in a fixed circle, for
this is- the matural length to consider as corre-
sponding to a given arc. While this table of Hip-

:parchus has been lost, as has the table of Menelaus

(c. AD.100), that of Ptolery (A D.150) survives. |
. Ttalsoisa table ofsghords. M you have any doubts - -
- about.the astronomical roots of tngonometry you

'should remember that Ptolemy’s table is in the

first chapter of lns AImagest a work on theoretl—f'

cal astronomy.

-Chords may be the most natural length to
compute, but mathema.tlca.lly they are not the most
* convenient to us. In problem after problem, there

was a need to calculate half the c¢hord of double -_.

the angle. This led astronomers to tabulate thxs
quantity, which is our modern sine.?

- The Hindu mathematician Arya.bhata was deal— o

ing with half-chords by AD500. He called these
hall- chords ‘ardha-jye in-Sanscrit ‘and frequently:
. abbreviated jya-(chord). From this word the:Arabs -
coined the technical term jiba meaning half-chord:
Because of the fact. that ~vowels were {requently -
omitted the abbreviation 4b. was mlsconstrued by
later Arablc wnters ‘who Were ‘also unaware of the
fact that jibe was a neoiogxsm as the word jaib, -
" which contains the same consonants and means

1 Bartholemeo Pitiseus (1561-1613) coined the
word “tngonometry, meaning the measurement
of triangles, 1595 in his Trigonometria: sive de so-
lutione triangulorum tractatus brevis el perspicuus,
revised as Trigonometriae sive de dimensione tri-
angulorum libri. quingue {1600). There is 2 1614
English translation. Interestingly, it was in this
work that trigonometry was first applied to the so-
lution of triangles involving points on earth. Pre-

- vipusly trigonometry was only used to solve spher—
ical and plain triangles involving astronomy. See
Victor Katz, A History of Mathematics. An In-

* troduction (1993}, p. 367.

? Gee Katz, pp. 140-142.

fave or “bay {cf I\.at.z p. 20 1]
Scholars in Europe In the twelfth cent.ury were .

fascinated by the work of the Arabson algebra and
' trlgonometry and so naturally were anxious to see

translations info Latin. Around 1150 Robert ‘of

" Chester and Gerhardo of Cremona translated sev- ="
eral tngonometncal works into Latin. They also " .
confused the Arabic words jibe and jaib which

they translated as sinus, the Latin word for the

fold of a toga about the breast or for a hollow or -

~ gulf (your. smus&; are those hollcw place‘s in. }'om:' R

-"sLuH)3 : : i

This then i is the ongm of our worci sine. Itis
due to the mlsundersi.andmg and mistranslation of

'3 These delightful illustrations are from Hans' .
H. Qerberg, Lingua Latina secundum naturae ra- -

tionem explicata, Naturmethodens Sproginstitut
(The Nature Method Institutes): Copenhages, four

‘volumes, third edition 1965, pp. 708 and 759 (in

the fourth volume, although the volumes are pag-
inated continuously}. 1 recommend these volumes
as a-superb way to learn Latin. They are com-
pletely in Latin except for the copyright notice
and they commence with a simple, but well illus-

trated, story about a family and progress through

the grammar. and vocabuiary in small steps {the

only dictionary I used was an English dictionary -
that contained etymologies). 1 owe a great debi -
to Magister Boleslaus Povsic who, after the first |

year, spoke only Latin in class. It was 2 wonderful
way to learn the language. '
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2 Historiéal Notes for the Calculus Classroom

a technical term which was _éoinéd Eecé_mse__ Arablc -
had no word corresponding to'the Hindu word for. -

‘half-chord. . _
By happy accident the Latin meaning of fold
_or curve of a tunic took on a new meaning, but

that took ‘several centuries more.  The first to

" sketch asine curve was Giles Personne de Roberval

in the Si:venteenth¥tentury'ﬁhén computing the- o

avea under the cycloid, although he did not know
what he had done. Thus begins the Jong process
of abstraction from sines as lengths of half.chords
" 46 the sine as 4 function of an angle. This process
" culminated in the work of Euler in the eighteenth-

century when he introduced the trigonometric ra-

tios and the unit circle. It is'only at this time that
trigonometry takes on the form that is familiar to
.‘i"_stoda.Y— L e e

“ The Other 'Ii'igbnoxﬁetric Ft_mgtior__xs’ i

The terms ‘umbra recta’ and ‘umbra versa’ were

introduced for the tangent ‘and ‘cotangent in the -

twelfth-century by Geﬁrﬂ_._bf 1_(31"&1?16:'1_1:;1 while trans-

lating work from Arabic'to Latin (‘umbra’ is the.
Latin word for shadow). The words ‘tangent’ and
‘gecant’ were coined: by the physician and math- .

ematician Thomas Finck of Basel in 1583 in his
Geometria rotundi, and adopted by Pitiscus.®.
1t ‘was also in the twelfth-century that what
we call the cosine was given a special name. Pitis-
cus also used the term ‘sinus complementi’ (sine
of the complement) and then in 1620 Edmund

Gunter (1581—1625}-abbre‘s"_ia_ﬁed_thjs as *co. sinus.’

In 1658, John Newton shortened this to feosinus.’

Gunter also coined the wotd_:‘-;ota_t_lgent.’
The secant and cosecant were almost unknown
 before the six_teenth—'century.s__ .

There are many lessons to be Igé.tﬁed from the his-

tory of trigonometry, but alas it is the least devel-
oped of all fields of elementary mathematics. The

story told above varies in detail and emphasis from

historian to historian and so should be understood

as my interpretation of the facts. Suggestions for

improvements would be welcomed.

4 Tlorian Cajori; A History of Mathematics, 1924,

pp: 132 and 151, . . _
5 Vera Sanford (1831-1971), A Short History of
Mathematics (1930), p. 298. '
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: One of the most 1nt.eratmg sc1ent1ﬁc dxscovenes' _
of all time was that of the telescope by the Dutch

andits subsequent use and development by Galileo

" -’in the early seventeenth century. But it- ‘was not
long before the defects of early telescope lenses
~were realized. Besides the techriological problem
of obtaining ¢lear giass from which to make lenses,

“ there ‘was also the. problem of chromatic aberra- =

. tiom, the physm:al distortion caused by the different
" .. characteristics of the colored cemponents of white =~ .
©' Tight. Of mathematical interest was the problem'f_' ER

ef sphenca.i aberratlon. This” distottion stemmed

from the fact that a spherical surface———a.nd that

“in practxce—-—was not a theoretlcally correct form

. - fot a lens. Witha sphencai lens the incoming pa.t- .
“allel rays of light did not focus at a pomt but.-

spread out 2long the axis of the lens. -

R - Considering his use of the elhpse in descnbmg .

o 'the laws of planatary motion, it is not surprising . -
" that Johannes Kepler (1571-1630) recommended
the use of lenses with hyperbolical surfaces. The

. advantages of - elliptical, pa.rabohc and hyperbohc

Jenses were generally accepted in the early seven-

‘teenth century, as is especxa.liy clear m the work

of Descartes.
All are aware that Descartes was—together

_with Fermat—the founder of ‘analytic geometry. = -

" The. Discours-de la Méthade, whose full title is -

_ “D1s<:ourse on the Method for Rightly Directing’
One’s Reason and Sea.rchmg for ‘Truth in the Sci-

" ences,’ was pubhshed anonymously in- 1637 (note

' the use of “open” Roman- nurmerals on the title

page) but it was an open secret that Descartes. -
was the author. But not all today are aware that -

La Géométrie was only one of the three appen-
dices of this book; the others dealt with aptics (or
more specifically with dioptrics) and metereology.

' The French original was translated into Latin, the
' Imgua france of the mtellectual world, by Frans -
" van Schooten’ (1615-1660) in 1649. This intarn -

Iwas enlarged into a two volume heavﬂy annotated

~work 1n 1653-1661 with commentaries by a num- | .

ber of others. It was this edition that influenced a

' generatlon of mathematicians including the young
Newton. An Engh.sh translation, The Geometry of ..

D z”s c o U R s

D E, L A MET HdD B

: Pom: blen condultc fa ralfbn &chcrchcr

Ia Vcntc _danslcsf&icnccs__ e .

& I’Lus .
LA DIOPTRIQVE
LES MET___EORES
L ]:'I.':_:.._-s‘._
LA GEOMETRIE

=y LEYDE S

.:Dc iImancnc delas M AIII R. . . ._ o

cI:! I:Jc ‘{!VII.:""

A :m ‘_Pﬂm/ ge

' -:'Rene Descartes is ava11able from Dover Thls has

the original French on facing pages so it is useful
for making overheads to show the students the no- -
tation that he used. This is'the earliest work that .

can reasonably be read today without dealing with
archaic notation. There are many editions of - the . T

phllosophlcal part on method, but. there is only .

_one translation of the whole and that is by Paul. .. - "
" Olscamp, erstwhile philosopher at OSU.and for-:. "
mer president of BGSU. It should be. consu}ted__- S

. for the *nformatlon on the conics which is in the

_ﬁrst appendu: -and hence not in the Dover edition.

It is in the seventh discourse - of the Opiics,
entxtled “Of the Shapes that 'h'ansparent Bodiss -
Mus& Have in Order to D1vert Ravs Throurrh Re-
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today

* at Oxford, a post he’

2 Histcriéél Notes fa_z__‘_thé Ca_lcui_us C!a_ssrog)

fraction in Every ‘Way That is Useful to Sight,? -

. that Descartes carefully points out the ‘defects of -

" gpherical lenses and then secommends ‘the use of ~. ¢

- parabolic and hyperbolic lenses. But he does much
“more: he gives proofs that such lenses ‘have the de-

sired optical properties.

" In the tenth discourse, “On the Method of
" Cutting Lenses,” Descaries suggests several meth- -

ods for making _fgéfpérbo}jcal jenses, but it seems

" lear that he has not built the machines that he.

1

describes (p.'173) and his tools proved ineffective.®
Arnother suggestion about constructing lenses . -
. whose cross sections are hyperbolic was made by ..
Ch-ristc_:ph:t_a_r'Wién'(1632—1.723), whois best known -~
‘the ;.arch_itect'_bf__-suth'v_vonderful build-
“ings 4 _the Sheldonian '_I'héa_tariat’._'-Oxfordx and

St. Paul’s Cathedral in London. Wren was.a st~

dent at Wadham College, Oxford where his talent .
for mathematical and scientific pursuits atiracted

attention. He '_g’i‘adﬂ'ei_te:(_i B.A. in 1651, M.A. in_

1654 and stayed onas & fellow until he was ap- -
pointed professor of astronomy at Gresham Col-

lege in 1657. He held this post .until 1661 when_

e was appointed Savilian professor of astromomy - .
eld until 1673. Wren had e
'an interest in architecture hefore 1663, forinthat = .
" This is the one_'poizi_ﬁ-';if'thé" proof that will

. year he was commissioned to submit plans for.the

- chapel of Pgémb_i*bke_Cdllege,'Cambrid'ge.'.-'-ﬁ:wa_s' v
the great London fire of 1666 that sealed his fate
© asan architect? . o R

" Chief among Wren’s ‘contributions to math-
ematics was his recfiiﬁcati_cﬁ of the cycloid, but

" that is the topic of arother note. In the June 21,

. 1669 issue of the Philosophical Transactions of the

~ Royal Society of London Wren -published a one

. page note on “The Generation of an Hyperboli- .
¢al Cylindroid ‘demonstrated, and the Application ;

thereof for Grinding Hyperbolical Glasses hinted .

at” The illustration accompaning this article is

- probably not the first picture of 2 hyperboleid of .
one sheet, but the article is the first to give a proof -

that the surface is a doubly ruled sucface. . ...
T do'not know who first considered the hyper-

boloid of one sheet. The conic sections were known -
to the Greeks, but their surfaces of revolution are -

1 ¥ora careful}mélysis of -thé'D_i:sc.o.ufS and ‘ﬂie :

other mathematical work-of Descartes, see 3. F.-

Scott, The Scientific Work of René Descartes (1596~

880
2 For a gener
work see J. A. Bennett, The mathematical science
of Christopher Wren, Cambridge niversity Press,
1082. Pages 34-38 discuss the hyperboloid. - -

discussion of Wren's sclentific .

o | 'v.Fr_ederickRick!ey' o

" fore problematic. Euclid in his now lost Surface”

Toei may have discussed the hyperboloid of two
sheets and this is certainly done by Archimedes in
his On Conoids and Spheroids, for he compuies

‘the volume of a section of the hyperboloid of two .-
sheets [DSB 4, 429]. However, he had only one of-

the sheets, for until the time of Apollonius the hy-

_ perbola was considered to be curve of one branch.
"In Apollonius’s work on. Conics there i§ no dis-

~ cussion of surfaces of revolution. It is likely that .
. Kepler discussed the hyperboloid of one sheet in
- his. Stéreometria (1615), but am not sure of this.

What Wren published in the 1669 Philosoph-

" iea] Transactions is a proof that certain lines on .

 the hyperboloid of one sheet are straight. The ge-
" ometrical proof that he gives is both easier.and .
. ‘more 'in{ormativé than ‘today’s proof ‘using’ ana- - '
T lytic _geqmetrya__lso we_ give it here as. presented

by Derek T. Whiteside in “Wren the mathemati-
 cian,”* somewhat, we shall stick closely to Wren's

' orig_'mi! ArgUment. o . S
- VWhen one branch of the hyperbola DBC is
revolved about its conjugate axis AQ each point [

on it generates a circle with center on the axis AO. _
"If AG is the corresponding. asymptote then the ..

hyperbala i's_deﬁned"by the relation D()?- ~-GO* =

seem unfamiliar to the ‘modern reader since we
are unaccustorned to such geometric definitions of
the conics, so let us pause to get our feel on the
ground by converting this equation to-cartesian
coordinates. Il we put AQ = =z, DO =y BA=g¢,

and X equal to the stope of the asymplote, thén_ -
GO =Ax A0 = Az, and so ‘the definition above.

G A and perpendicular to the plane of the rotated

hyperbola. What we wish t6 show is that HN is .
a straight line. Since the horizontal sections are
“circles we have DO = HO and BA = NA. Con-

3 Si_aé"Simm_ons,--'Calcufz_zs with -Aﬂa{ ytic Geor-

4 Notes and Records ._-.of -_thé .ngéf- Soc':.fé't'_v' of ) .'

London, 15 (1960}, 107-111.
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. hesthe znalytic form 42 = Xz? = of; which s iy
clearly the equation of a hyperbola. It has semi- .
major axis of length « and semni-minor axis of

JemgthafA. T O SRR

Now consider the sntersection HN of the hy-
perboloid and the plane through the asymptote -

.
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“+:TThe second of these lines follows by the definition .
* . of the hyperbola, and the last by the Pythagorean ..
Theorem. Thus the “curve” HN is at a constant < -
. distance N A ‘from the base plane DBCE of the
. otiginal hyperbola and so. is a straight line lying RE
“wholly in the surface of the hyperboloid of one

sheet.’

that Wren got his idea- He told John Wallis that

‘he had once seen a round wicker basket for

sale in a shop, among other things, that was .

. TThis fite, hyperboloid tex, was typeset using TEX o May 29, 1

" ticed that 1f one of those osiersled aroundthe’
" axis of & cylinder and preserving that oblique
'.-;_p'qsitic_s_n‘;ﬁit‘h'-.;y.‘-_.‘esp_e;c'_t'_'t_o:.th:é_ axis would de-
" scribe that’ concavo-convex surface, and so

" ¢ylindroids of that sort could be miade on B

7 just this way. If not, see H. Martyn Cundy and -
S AL P Rolletty _M&fbé:ﬁaﬁéal{MQd@k,’ .‘sééoﬁd'g'&i-?-..

' ‘alsodidn’t work particulz
its use today i ahother con
are used to have one.a:

We now have an obvious grinding technique:
Use an inclined cutting edge HN set obliquely to -
the axis AO of revolution of the solid ta be ground.
There is sornething here that séems to have .
escaped notice in our modern texts. If one con- .. o
structs = string model of the hyperboloid of ome’
sheet ‘then one can “see”. the asymptotes by pro-
jecting the string that cuts the center of ‘the ‘part
‘rowest part back onto ‘the base plane. . For exam-
ple; :i_:he_-'_génétator H R projects back to the asymp— e
tote GP of the generating hyperbola. 1o fact,
there is €vidence that it was from such ;a_'n'l_o"del :

" swoven only from straight pieces of osier® Iy- |
" ing at obligue angles (and, I believe, crossing

1 - each other), the lateral surface of Whlchdls— L
" played a cylinder hollowed from without fof

salt-cellars, of the sheaves of pulleys), he ao- -

tathe by means of a straight steel tool heldin' -

" 2 position oblique to the axis of the cylinder, . ..
the section of which _thr’o_ug}_{fthé‘_'a;cis:_wi_l_l'.be RERRR A

- that curved Hne.b o

- Perhaps you have seen museum models made

" tion, 1961, pp. 176-178, for information on how Y
- to make one for yourself.. | SRR S
" In November of that same year 1669 Wren = S

" held true to his promise of ej;pla_.ininéhbﬁv"tdfgrihd_ T
' lenses in a paper in the Philesophical ‘Transac- =
- tions entitled “A& Description of Dr. Christopher "~
" 'Wren’s engin, designed for Grindisg Hyperbolical "

" Glasses”  Here we see two hyperboloids meshing " - 2
. together, one of which'i grinding the lens. This P
' Ay well, but it does have . " |
text: hyperbolic gears ~ .t
drive an oblique one. . "
. 'Since the 5-1#}1019_p'rob_l_erri'of.fgrh_i&izig lenses b
" “was in the air in the seventeenth century itismot 7
© gurprising that:there shonld be another solution.
‘It was by Newton. In fact he did ‘this while still

an tx;i':gi_é_;gra'.dug'tg at 'Gari;‘bridge, although admait-
tedly in.the “brisk part of the university” which

" was influenced by Descartes’s scientific view of the EE R

- . The following figure is from Newton's Math-
ematical Papers, 1, 562. It dates from 1666, s0.if

- you care about priority; Neiwton had this discovery

before Wrea. But then he never published it. It -

is clear from this figure that Newton understood . =
that the hyperboloid of one sheet is a doubly ruled " -

surface and that one can make one.on 3 lathie by

" holding the chisel ‘obliquely to the axs. o ¢

. "[The plane and the hyperbolic pa_.rabbldi'd;é_fe'-ﬁ'_f '

. the anly other doubly ruled surfaces; but Tdomot

know who proved this‘or who coined the phrase.

5" A species of willow used in basketwork—VFR. -

S Wallis to René Frangoise Sluse, 10 September -
1669, The Corzspondence of Henry Oldenburg, 6,
937-280. .. i L

9952t 110 AM. S

'that shape which with us is usually given to s F
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tomus secundus, §122 of the “Appendix_de'suijé:—
ficiebus”}] - - :

Newton did not succeeed in making a hypér-'

bolic telescope lens, but he did use his ideas in

telescope design: That use of the conics is another.

story. .

I wish Ihad moreto say about t‘:i.e':'hyfyér_—:_::“
- boloid, butrI:_dib].nbt. really know it’s ‘subsequent -

history.

" Neither Newton nor Wren used it.. Another of
_.the quadric surfaces, the hyperbolic paraboloid,
was discovered by Euler and was ‘first published
" in 1748 in his Iniroductio in analysin infinitorum, . "

V. Frederick Rickey

DrEh '.W:z‘}:.f E:}j:‘n -

Tranr N? &2 ’

VAR
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| Hauksbéegs Hydrau}ic Hyper‘bola

Francis Haoksbee (1666*1713) first a_ppeared. ata

meeting of the Royal Society of London on 15 De- -

cember 1703, the first meeting presided over by the
newly elected president, Isaac Newton. Over the
néxt decade, Hauksbee p_er_formed experiments for

the Fellows dealing with the air pump, electricity,
and capillarity.! The rise of fluids in small open’
tubes kad often been moted in the seventeenth—_

century; but Hauksbee was the first to mvestlgate
the phenomenon systema.t:cally o

In an early demonstration using the air pump,
Le pla.ced ‘three small tubes of different diameters
in a pan of colored water. Whether ot not the air

1 “Capiliary” derives from the Latin “capillus”

meading “little hair” The efiect is definitely no- - '

ticeable; about 3cmin a tube with a bore of Imm.

2 For biographical information on Hauksbee see

 bad bee.n evacuated the water rose in the. three': _
" tubes, and the smaller the internal diameter of the

tube, the higher it rose. In 1708 Hauksbee became

. convinced that some attractwe force was involved
and that the phenomena was not pecuhar to glass |
‘tubes. He performed the experiment again with
glass plates and was able to show that the height
to which the fhiid rose was inversely proportlona.i i

' to the dlsta.nce between the plates. _
" In aletter:of 25 June 1712 to Hans Sloan,

Secretary of the Roya.l Socmty, the mathematician -

- Brook Taylor described a similar experiment, but

' using two panes of glass slightly inclined. He ob-

served that the liquid rose between the plates to

" yesemble “the common Hyperbola,” but. ‘that his -
“Apparatus was not nice enough,” ie., not aceu-
rate enough to. be sure of his observation. His let- .

ter was read to the Society on 26 -June and “Mr,

" Hauksbee. was desxred to consider this Letter, and L

to prepa:e a.ny Expenments he thmks proper »3 .

3 DSB, 6,173

_Henry Guerlac, “Hauksbee, Francis,”. chtmnagy R

of Scientific’ Biography, vol. 6, pp. 169-175 and
also his “Francis Hauksbee: ‘Expérimentateur. au

profit de Newton,” Archives internationales d histore

des sciences, 16 (1963), 124-117.

This file, Ezuksbee~HEyperbola.tex, was typeset using TEX on May 29, 1995 at 9:13 AM.



Historical Notes for the Calculus Classroom

Hauksbee clamped two plates together along
one edge but kept them separated ‘at the oppo-
site edge. Then he pIaced thermn in water so that,

viewed from the top, they formeda V. He carefully _
‘measured the cross section of the meniscus (to use

" the modern word), and confirmed Taylor’s conjec-

“fure. Further experiments, where the plates were

put into the water at an angle, showed “one limb
of the hyperbola to be asymptotic to the surface
of the water and the other to a line drawn along
cither of the inclined plates.” -

‘The first proof of this result appeared in 2
work of Musschenbroek in 1762. There is another
in Ferguson and Vogel 1926 and a third in Princen

1969.% By modern standards, ‘none are correct.¥

'Inter&ctmgly, as 50 often happens when a histori- -
~cal topic is ‘considered; one soon is led to research -

in modern mathematics. This is one of the ben- -

‘efits of an historical approach in the classroom.

It would be difficult to mention contemporary re- D

V. Frederick Rickey
A I’roof

Suppose tha.f. the dxstance 'bef.ween the two
glass plates, clamped together 2t one edtre are

_placed in a fluid so as to form a V’ when viewed

. from tke top. The fiuid will rise between them un-

‘il the surface tension is ‘balanced with the wexght o

© of water below the surface. Consider an- infinites- .~ -

“imally thin vertical cross section that is distance . . S
.z from the point of the wedge. At this point, the

_.plates are distance 1 apatt, which is proportional

‘to 7, so w = az. The net surface tension acts di-

_rectly upward and this force S is balanced by the

*weight of water below whlch is proportlonal to

.- the cross seci‘.:onal area Az of the column of fluid =

. ‘below. Thus.S = kA:. ‘Now: the area A, is equal
" 'to the height of the cohxmn I times its Wldth W, G

L _Puttmg alt of thxs together we have R

S LAI = Jwy = !ca:cy

search in caplllant.y were it not for the hlstoncal AR

background. :
Petrus van Musschenbroek (1692—"1781) was

a physamst who belonged to a well known fam-

ily of instrument makers. His father made mi-

croscopes for the mathematical physicist Ghristi- -~ - e s
R whlch is the equat;on of a hyperbola :

aan Huygens -and the microscopist Leeuwenhoek.

Educated at the University of Leiden, the old-
‘st university in the Netherlands, our Musschen-

" broek taught natural phzlosophy and mathemat-

ics at Utrecht (1723-1740) and Leiden (1739-77)
Musschenbroek was famous for the notes he pub- « -

Tished about physical e:cpenmenfs and especially
- as creator of the Leiden Jar..
- "This work influenced Newton. See the second
edition of his Optics (1718), where he inserted sev-
eral pages into query 23/31 [pp. 315, 366——369]

1 Musschenhroek Petrus van, Introductro ad

philosophiam naturalem, Tom. 1..5.J. et Lucht-
nams, Leiden, 1762, p. 376. Ferguson A, and Voo
-~ gel, 1, “On the ‘hyperbolic’ method for the mea-
'surernent of surface tensions,” Phys. Soc. Proc.
38(1926), pp. 193-203. Princen, H. M., “Capil-
lary phenomena. in assemblies of parallel cyhnders.
I Capillary rise in systems with more than two

" cylinders,” Journal of Colloid Interface Sczence 30

(1969), p. 359-371.
5 Finn, Robert, Eqmbbrmm CaplllarySurfaces
Spnngez 1986 note4 p. 131

Solviﬁg for y-_we__have.:_ .

31

: :y_ i:az- :

- 5 John W.Dawson Jr., ‘_‘Dispiaﬁag the comics.
Three Aliernatives to computer graphics,” Primus,
1 (1991), 87-84.
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Bolzano’s Intermediate Value Theorem

W’hen mtroducmg the mtermedia.te va.lue theorem o
" I begin wrth the followmg story that ends with -
2. quesiion (takmg care to pose it at the end of -
a class, so the students have an evenmg to think -
about it): s i

One - day a monL Iea.ves at sunrise to climb

up a mountam He walks at a leisurely pace,
' sometlmes stoppmg to enJoy the vxew even

retracing his path {0 look again at a pretty"'

> TIME

flower. He arrives at the surmit at-sundown, EEAREER S
_spends the night medatatmg, and starts Bome s S
down the same’ path the next day at sunrise, . SUN K

a.rmﬂng home at sunset. The que.stlon isthis . R\S E ‘
Was there a tirne of day when he was exactly L '
at the same point on the trail on the twa &
days?

. The next class begins by bringing out the hid-

den- assuraptions of this il posed problem (doing

this is one of the strengths ‘of the problem). I -

do this by getting the students to talk about the

problem, and, most often, why they cannot solve

_it. The monk travels along the same path on both

days and his position is determined by the dlsta.nce

from the bottom of the path. Position is, of course, .

a continuous function of time. If we plot the path

SUN

up the mountainina time-distance coordinate sys-
tem, then the curve goes from (sunrise, bottom) - - "
to (sunset, top). Flat regions on the grapharerest . .
times, and dips arise from, say, retracing his steps. g
to look at a flower. The path down the mountain .
is a curve from the point (suntise, top) to (sunset,
bottom). When the two paths are plotted on the'
same axes, it is obvious that the curves intersect—
this is a point where the monk is at the same point
at the same time on the two days. :

- There is an insightful solution to the problem
that is equivalent to this graphical one, but there
is no need to draw any picture. One monk and two
days does not make the solution as transparent as
it could be so we iuse Polya’s technique of looking
at a similar (and in this case, equivalent) problem.
Suppose there are two monks and they both start
at sunrise, one at the bottom of the mountain,
the other at the top. Every student will see that

SBME

T 1ME

they must meet somewhere along the path—at the %
| SUN
o | _ _RISE
Thig file, bolzano-I¥I.tex, was typeset using TEX on May 29,1996 at . .
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Historical Notes for the Caleulus Classtoom

sarne time and at the same place’. _
Then, 1 point out that the theorem we used

. here, which we call the Intermediate Value The- - .
orem, is due to Bernhard Bolzano {1781-1848), .-

- who was, in fact, a monk. -His mother ‘was'a pi-

us woman, his father an Ttaliad immigrant “who '+

. earned a modest living as an art dealer. His father .
- was widely read and felt responsible for his fellow

men. This ‘was not just théory; he took an active

. part in founding an orphanage in Prague. Hissom,

Bernhard, studied 'phﬁdso'phy,'phys_i:c's; and math-

" ematics at the University of Prague in his'native

V. Frederick Rickey :

Sy E‘:&T—'ﬂ

city. Tt was this grounding in:'p_hﬂosqphy':and logic - e

that convinced him of the Tiecessity of formulat- -

ing clear concepts and of using sound reason to

deduce theorems from irre;dqéib'ié first prineiples.- - L
_His interest.in ma_._t'_}_xep__l_aﬁg:s"wés"st'imqlqted_ by B.
Késtner’s Anfangsgrinde der Mathematik,a book

where the author took care to prove statéments LR

which were commonly regarded as evident in or-
" der to make clear the as_sfu'r__n})tions_ on whichthey "

dep-ended_.? .

After gfadtia..ti'r'xgz _in 1800, Bolz'a._n.o 'érﬁ:@:re’d the:

theological faculty at the University of Prague and

was ordained ;.'_B._drﬂa,n Catholic priest fi:n.'1804" :

Tn 1805,  Emperor Franz I-of Austria, of ‘which .
Bohemia was then a part, established ‘a’chair-of - -
philosophy in each university. "Hi$ reasons were ..

" mainly politieal, as he feared the spread -of the .
ideas which had fomented the Frenck Revelution -

" and which were widespread in Bohemia. Tn 1805 -
Bolzano was appointed to ‘the new chair of Phi-

~ Iosophy of Religion ét'ih_é' University of Prague.
Hlis unorthodox religious and political ideas made

_ him quite unsuitable for ‘this position.. However -
* his lectures and sermons were exceptionally pop- -

ular among the_sﬁu_déhté m that 'h’g'ad\fogatgd hu-

inan rights and utopian socialism. These views, as -
well as his unorthodox religious views, led to his .
dismissal on 24 December 1819. He was forbidden.

to publish and was put under police supervision,”

but he refused to recant, The remainder of his life
was spent working on philosophy and mathematics

T See James C. Frauenthal and Thomas L. Saaty,

“Foresight—Insight-—Hindsight,” pp. 1-22 (espe- .
cially pp- 3~4) in Discre te ind System Modelsedifed . -
by William F. Lucas, Fred S. Roberts, and Robert.. .
M. Thrall, Springer, 1976. This is volume 3 in the . ..

series Modules in Applied Mathematics. o

2 For additional information about Bolzano, see '

B. Van Rootselaar, “Bolzano, Bernard,” Dictio-
nary of Scientific Biography, vol. 2, pp. 273-279.

Engr::vin.:g by i

‘Stary Sritnzor, 130a ok

———

ERNARD BOLZANO o o

el

o S

while living with friends.

_In Prague he was isolated from the center of

. the mathematical yv_orld' in Paris. The fact thathe ~
. helda university post for only a few yearsalsocon- -
- tributed to the fact thathis mathematicalideaste- *~

ceived little recognition until Herman Hankel'and

Otto Stolz called attention to them in 1871 and
- 1881 respég:tively,‘-” ‘Then they rapidly became well -

konown. - .. -l Lo . _ B

But we are way ahead of the story. The work
that interests us is Bolzano’s now famous “Rein
analytischer Beweis™ of 1817, which has the full

title “Purely analytic proof of the th_eorém_ that _: "

3 Herman Hackel (1839-1873), “Grenze,” Allg. o

Encl. . Wiss. Kunst (1871), sect. 1, part 90/
pp. 185-211, Leipzig. Otto Stolz {1842-1905)
¢B_ Bolzano’s Bedeutung in der Geschichte der In-
finitesimalrechnung,” Mathemaiische Annalen, 18

(1881), pp. 255-2T9.
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The Denvative

bet.ween any t“o \alues' which give results of op-

p051te sign there lies at least one real root of the
equation.”* This is the theorem which we now call
the mt.ermedlat.e value theorem: In ‘this paper he

also gives the deﬁmtmn of'= ontmulty that we stlll .

use today. :
Bolzano makes the c!atm that h},s theorem
clea.a:ly rests on the more: general truth that, if
two continuous functmns ofz, fr and. rﬁr ‘have the
property that for z =@, fa'< qSo:, and for z = 3,
f8 > ¢p, there must always. ‘be some value of z

lying between . and § for which fz = qu.”s AL

though Bolza.no doesn’t. draw .2, plCtUIE we should -

- draw one for our students; because then: thesolu-

tion to'the monL problem becomes transparent S
Bolza.no made a dxstmctmn m_thls paper w}:uch:_ 2

we should heed as teachers.. He is.not 1_nterested i
giving a ‘mere ‘confirmation’ of thecrem, but -
wished o give a justlﬁcatmn of it: ‘He: poants ol
that the: theorem is perfectiy obvious and does not,

need confirmation. He prov1des a Jusl:lﬁcatlon ori
proof of the theotem because he is interested in the * -
foundations of a.nalysm a pursult in which he was: .

far ahead of his contemporane‘;- If we don’t want
to be far ahead of our students then we. should

dispense with a justification of the mtermedla,te E

value: theorem and concentrate on it’s confirma-

tion. This ig ‘a case “where - ‘history tells us what R

not to prove in the classroom.

The same mathematical results are in Ca.uchy S
Cours d’Analyse of 1821. This coincidence has
prompted Grattan-Guinuess, in his doctoral dis-
sertation, to look for an explanation of these sim-
ilarities.® - ‘He conciucied that Cauchy stole this
" definition from Bolzano, citing simnilarities in ‘the -
~work, the fact that the Journal which carried Bolzano’s -
~ paper began to appear in the Paris librares with
" the very lssue In ‘which the “Rem Beweis” ap- -
peared, the fact that Cauchy read ‘German, was

-4 “Rein a.nalytlscher Beweis des Lehrsa.tms dass
zwischen je zwey Werthen, die ein enigegengeset-
ztes Resultat gewdhien, wenigstens eine reele Wurzel
der Gleighung liege,” Abh. Gesell. Wiss. Prague, .

(3), vol. 5, (1814-1817), pp. 1-60. English trans-
lation byS B. Russ in- Hjstona. Matbemahca vol. -

. 7{1980), 156-185. .

5 Bolzano, op. cit., p. 166] :

§ “Bolzano, Cauchy and the new analysis’ of .
the early nineteenth century,” Archiv for the His-"
tory of Exact Sciences, vol. 6 (1970}, pp- 372-400.
The Development of the Foundation of Mathemat-
ical Analysis from Euler to Riemann, MIT press, -
1970,

Bolzano S Iniermedxate Value Theorem

“careless In c1tmg his sources, and was a rather .

" nasty man. This charge is now generally regarded
as ‘unfounded :[Freudenthal, Sinaceur, as well as

much work done recently on Bolzano that does '
not speczﬁcally deal with this ez post facfa pnor:ty‘

‘right question.” ..
_ "The Intermed;ate Value Theorem is.a theo~
retical tool in our ca.lculus classes today (I am
~ still ‘working on how it atta.med this role in the

nmeteenth-centruy) ‘There are very few applica-

tions. The type of problems that is most prevalent

" -in our texts, that of finding the point ¢ where the .

fimction assumes the intermediate value, is a bo-""

gus problem; a.nd Shouid be barmed If e I\new .. L
" how to find c. we would rot ‘need 'to usethe IVT. -~
- There are-cnly 2 few problems that I Lnom of tha,t ot

“make essential use-of the IVT:

there is 3 direction that T can point such that '

the tempera.ture at the boundary of the State
. of Ohio is the same in that direction and in -

the opposn‘.e direction? I hold my. arms out .

at my-sides and point in opposite duecmons,"_' =

and then swing . around as I.ask the ques- o
tion. . Define a function, as the difference in
temperatures at the state boundar} between
where my: nght hand pomts and where my Jeft -

points. Fixa direction: If the function is zero'
there, we are done. I not turn 180°. For this

direction the function will have the oppasite e
value. By the IVT, the function must be zero

for some mtermed;at,e dxrectlon I don t know

if this argument will work in_your, state, but._ S

if it fails, it will be. mstructlve to see why

(2) Must it happen at some time in your life that. L
your height in fect equals your age in years" o
(3) Stretch a rubber band. Is there some pomt. o

that does not move? :
These are the only interesting problems thatI

know which use the Intermedaate Value Theorem. o

Part of their charm js that ‘each of them has hid-
den assumptions and conditions which need to be
brought out. If you have other such problems, I

would be happy to hear of them. T would also like -
to know about the hlstory of these problems but T

I haven’t a clue.

7 Juchth L' Grabmer, Cauchy and Bolzano.
Tradition and transformation in the history of math-
ematics,” pp. 105-124in. Transformation and Tra-
dition in the Sciences (1984), edited by Everett
Mendelsohn, Cambridge University Press.
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The Product Rule

Onpe thmg we should riot neglect to tell our stu-

dents, for it'is especxally enxcouraging to the be-
ginner, is that Leibniz had considerable dlfﬁcuity_
discovering the correct form of the product rule. It -

is exciting to follow his struggle in his ma.nuscnpts >
during 1675-1676 when he was in the process of
jnventing the calculus. Indeed, these are some of

the most precious documents in the whole history

" of mathematics. Among other thmgs, they pro— :
: v1de a. Wonderful example of how mathemancs I.S e

done. -

An ainanuscrxpt dated 11 Novernber 1675 Lelb—

niz introduced the dxﬂ'erentlal notatmn dz. He,
_thought of & variable as taking on a sequence of
* . values and he was considering dtﬁerenccs of these ! .
This is why he chose the letter d — it stands for
‘difference,’ not for ‘differential’ or ‘derivative’ as |

we are inclined to believe today.? My colleague’

" Vic Norton conceives of Leibniz’s cholce of nota— _

fion i & more humorous way {see the figure).

" In this same manuscriptof 11 November, 1675, = -
- Leibniz wrote “Let-us now examine . whether dz dy VT
is the same thing as a’ﬁ and whether d:r/dy is Lo
the same thing as d=.” Here he has used theover- =~ 7
bar where we would use. parentheses. Inorderto "
test this conjecture he couszdered an example: He -
took.z = ez -+ d and y = 2%+ bz and then cor- =
" rectly compnted dz. dy Then inthe rush of dISCOV—_ _
‘ery he added, “But you get the same thmg 1f you o
_work out dzy in a strmghtforwaxd manner.” But .-
. he neglected to- doit!" Consequentiy, we have the'_::_' '
makings of a good: problem to give our Students—
continue the example and draw the concluswn t.hat o

Leibniz sbould have drawn.

Later in the $ame ma,nuscnpt after uotmg "

1 Henk J M. Bos “The fun_da.men_ta.l concepts

of the Lelbnman calculus _ Studia Leibnitiana,

* Sonderheft 14 -(1986), 103-118 reprmted in his o
Lectures in ihe. H:story of Matbematms (1993) D
AMS, pp. 83-99. : . EE
2 The concept of derwa.twe came much later el
See Judith V. Grabiner, “The changing concept o
of change The derivative from Fermat to Weier- -
strass, » Mathematics Magazine, 56 (1983}, pp- 195-

203; reprinted in Frank Swetz, From F ive Fi mgers
to Infinity (1994), pp. 607-619.

‘8}1 b/
EX b’k

'Hence it appears. that it is incorrect fo say o

that dv dy is the same thing as dvh,’ or that Co

=dg L although just above 15tated. that
-th15 was the case, and it appea.red tobe proved.'; :
Thxs is a difficult pomt But ncw I see how _- S
this is to be’ settied e :

It is-not clear what he meant by appeared to

be proved” but he settled the difficulty by coun- " -

terexample, taking ¥ = ¥ =.%, a.ugmeaf.mg z by

. dz, and then computmg

d(zz) (z + dr)2 —_z= 2zdz _ |

' :.._(dz}' Next he wrote

d:f:d:c = (:1:-'— dn: — :c)(z +d:v: - 3:) (dr)2 .

3 {eibniz had invenied the integral 51gn thirteen
: days previously, on October 29, 16?5 '
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In thxs paragraph we have changed the notatxon, _

while previously Le:bmz s notation has been care»ﬁ_' o

fuliy preserved. -
“Ten days later, on 21 November 1675, Lexbmz

has the product rule but stated in the form :

dxy dzy-—zdy ;

He notes “thx.s isa really noteworthy theorem a.nd _

a general one for 2ll curves.” Then he cryptically

adds “But nothing new can be deduced from it,

because we had already obtained it.” .
' By way of encouragement and motwahon to
the student we should point-out that it took Leib-
niz ten days to. figure out the product rule.. But -

thexi he had to discover it. They only have to learn -
to use it. But then they'had better do that in ten '_;

days—or risk ﬁunkmg the next X3

-1 aiso point out that’ there is. nothing wrong -

with making mistakes. This’ example shows that
one of the greatest: mmds of all times made mis-
takes. What is wrong is not'to contmue to think
about what you have done until you ‘are sure that
everything is OK. The. i'ollowmg grook’ says this
in a more positive: hght. S
"It is not until Leibniz’s. ma.nuscnpts of July
1677 that we ﬁnd what might reasonably be calied

4. Piet Hem, Grooims TMIT press 1966 Piet

Hein (b. 1905)is a ‘Danish engmeer, poet, and -

intallectnal jack-of-all-trades. As a friend of many
mathematicians, he has apphed bis skills to both

architecture and games. He invented the “super- . . - -
1.as the shape of a traf- .-

ellipse” [EfF + I5IP =
fic circle for a rectangular square” in Stockho}m
City Center. In 1942 Hein: invented the game of
Hex (the Ammerican ma.themahcxan and Nobel. lau-

reate in Economiics Iohn Nash prm ed that the ﬁrst SR
player always wins). He also invented the SOMA - °

Cubes which perplexed thousands in the 1960s
(the name is a registered trademark of Parker Broth-
ers). His “Grooks” are delightful, short, a.phons—

tic poems, each accompamed by one of hlS draw-

ings. Originally they were a kind of underground
la.nguagc_beycmd the German comprehension, a.nd
way beyond their senmbnhtlas—used by the Dan-
ish Resistance tothe Na.m s in World War II. More
recent Grooks in “English apply his wit and wis-
dom to the human condition. Several are ideal
for use in the classtoom. Hein is truly a great
Dane. Fora picture of Hein see p. 328 of Anatole
Beck, Michael N. Bleicher, and Donald W. Crowe,
Excursions into Mathematics, New York: Worth

1969

V. Frederick Rickey

THE F{OAD TO WISDDM e
_' The mad :ow:sdorn? m—Weil nsplam D
5 and sn'nple 10 express :

Err - _
foranderrs S
. ahdercagain
 butless. .. T
‘andless .
" ‘and iess.

a proof of the product m!e, but we shall not: QUote S
it here® because the foliomng proof giveninalet-- . oo
ter which Letbniz wrote Wallis on March 30, 1689, 1

while essentlally the sarme, is somewhat clearer:
‘1t is useful to. cons1der quant.ltl@s mﬁmtely'

" small such that when. their ratio is sought,

they may not be considered zero, but which

are rejected as often as they occur Wlth quan- - *

“iities mcomparahly greater ‘I‘hus if we have

z4dz, then dz is regected But itis dlﬂ'erent L

5 All-of. the above’ quotatlons are taken from e

“The manuscripts of Leibniz on- his discovery -of

the differential calculus,” The Monist, 26(1916),
 577-629, 27(1017), 238-294 and 411-454; esp. pp.

979-981, 286 and 439. This paper 15 a translation,

with highly unreliable commentary by J. M. Child,

of papers by C. L. {or K. 1.) Gerhardt, who discov-

" ered the papers in the Royal Library of Hanover _
. in the mid-nizeteenth century. They are also in

1. M. Child’s The Early Mathematical M; anuscnp ts

of Leibniz. Translated from the Latin Texts Pub- -
lished by Carl Immanuel Gerhardt’ with Cntlcai E

and Historical Notes. - -Chicago, ‘London: Open’
Court, 1920, iv -+ 238 pp. See pages 100—-102, 107
and 143 for the passages quoted. :
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The Derwatwe B

if we seck the dlﬁ‘erence between z+dz and z;°
for then the finite quantities disappear. Simi-

larly we cannot have = dz and dz dy standing *
together. Hence if we are to dlfferentxate Ty

we wnte

: .(z+d:c)(y"-dy)—-a:y_.::dy—;—ydz:—i—dzdy'_

But here dz dy is to be rejecf.ed as incompa-
rably less than z dy+ ydz. Thus in any par-
ticular case the erTor is IE.SS than any ﬁmte

' ;__3_.quant1ty..__ : o o o

The product rule ﬁrst a.ppeared in prmt m"._"-' .
: 1684 in Leibniz’s first paper on the diﬁerent.lal cal- o
‘culus: “A new method for maxima., and minimaas. .
'weII 25 tangents “which is peither 1mpeded by frac- .
“tional nor irrational: quantlt.lai and a remarkable .
‘type.of. calculus for.them.”. See if you candocate -
" the statement of the product rule on the ﬁrst page_ I
{__of tIns famous paper of Lexbmz ' B

uznssocrosm,a_uncmmv - SR R

CLiNG M4 NETHODYS -FPRO . MAXIMIS ZFT M

“mimiy m-c.rmgrstdm e ﬁ;..ﬁa, at'ctn‘tb-

Lt
v fopularcpes:

. :ku&zﬁ:wpucc-.t.. SR H .
S':uuukmthu.uww .2z, ,m—..,.s. nl-!l :
H ,a-.ﬂmwiu.vx.wxzx.zx Wm:t R
? e, T, v !;:&qﬁnzbﬂaﬂhbm..w Vo
: mmm.ﬁmm@mc :
( Juimpraalgua proacbisie sl voormy &l & rods e fead: .
e .a;m(-aw.fd;a:;mavn('awc..am.ﬂzgm R
L e 2l d e reldy el dE) Fire iphira e
--M"'--‘Tl‘“’-o e 4 T p__ deat © -
ORI o ] e d o e 4 "‘&&nm'
“n quiar s e 7Y, gqs-luunlu- T e
L m.ﬁﬁmmw;cué;ﬂ:u Yo 2dEiin O Subs .
S ﬂ.‘&ﬁﬁzayfwi’: zqn.v,:n:&yrtwf:ﬁ‘n&:,av_ .
= Hyf&ﬂf&.ﬂ-‘?w dx-wqu&rhdx,ﬁtr&o

T
Lo i =

o y:gn.n.ﬁn.{y:gm:drfvémhmmc&vdﬁnaﬂ:-. - R

R vdzunq;cn&noymnjgmm, mry, sdhibar. “Nocmdom &
. &J!mdmmodnmbcnlahmb,ﬂrkdy,vdaﬁmﬁpﬂ
caen R Giflonei au‘m

A peo $x hﬁutds pm—l.li:rﬂn—&:,ua..idkinu Se-fubbrte

Hioncpaulo s 5 Siod guanda sd axcgchn nlorem 17 .
spemmicut, ﬁammﬂcquﬁumdmﬂx,m."am.m - b
“hrqaﬁmkﬁqnnzm;&nm'm-h nitidh winor fnocpadraz - .
Pauumﬁ.mm!caﬁma paettal sca ver :
ﬁhﬂmrmﬂmﬁx;ﬁ:ﬂdmugﬁwﬁmm
Heas e z &ncm-

8 Teibniizens Mathematische Schriften, IV, 63,

edited by Gerhardt. Translation from D. E. Smith,

History of Mathematics, vol. 2, p. 696- —697.

7 For an English translatlon of this paper, see
D. 1. Struik, A Source Bookin Mathemat:cs 1200

1800, pp- 271--280.

' ie,AB—}aB—

~The Praéiuct Rule -

Tt next occurred-in Newton s Philosophiae natu-
ralis principia mathematica, book 2, lemma 2,2l

though Newton had known the result since 1665.%
Newton's proof of the result was harshly criticized
by George Berkeley in his Analyst of 1734. “The. T

" Analyst is more’ than' a- Chnst.lan apologetxc _
'is.a work on mathematics for mathematicians,” 9 Rk
and profoundly influenced the ‘developrnent of the ~* "
foundations of the- calculus.. Here is what Berkeiey EREERE

says about the product rule..

I pzoceed to consxder the pnnc:pla; of t!ns___. el
. New analysm . <
" that your capltal pomts upon, whlc.h the Test _. -

.“wherein if it shall appear -

are supposed to depend, mclude ErTor and

" false reasoning; it will then follow that you, . B .

. whoareata loss to conduct your selves, cani-* -
" not with any. decency set up. for guides to
other men.’ “The main point in the method -

S ‘of ﬂuxlons is to obtain the ‘fuxion or’ mo-
- mentum of . the reciangle cr product of two' ° .

indeterminate quantities. .. .‘Now, this fun- -
. damental point one wonld think should be
' vety clearly made out, ... But let the reader
- judge.This is given as- demonstratxon by
" Newton]. Suppose the produc{: or rectangle
_AB increased by, contmual motion:, a.nd that
““the momentaneous increments of the sndes A_ o
“and B are « and b. When the st&es A and' B

.- were . deficient, or 1esser by one half of- then" L

" moments, the rectang!e was A — 3@ xB—1p
- shA+ g Lab. Andassoonas ST
= . the sides A and B are mcrea.sed by the other ~
" two halves of their moments, the rectangle

becomes Atiex Bibor AB+3aB+

. .-1 bA—i— ab. From the ]a.tter rectangle s subduct o
: the former, and the remaining difference will
be aB+ bA. Therefore the mcrement ofthe .

rectangle generated by the entire increments
@ an’d isaB + A Q.E:D. But'it is plamf :
that the duect and true method to obtain

- the moment or increment of -the rect’.angle o

AB, is to take the sides as increased by their-
whole increments, and so multiply them to-.
. gether, A +a by B +, the product whereof '

8 The Mathematical Papers of Isaac Newton
Volume 1. 1664-1666, edited by. D T. Wh1tesxde,f

' Cambndge Unnersz%.y Press 1961 pp- . 344 383 o

and 402. -
9 Sosa}'A A Luce andT E. Jessop onp 58 of
the editor’s introduction to The Works of George

Berkeley, Bishop of Cloyne, London: Thomas Nel- L

son and Soms, 1951, vol. 4.
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AB+aB -1- bA + ab i is t.he augmented rectan— :
gle; whence, ¥ we ‘subduct AB the remainder

aB + hA + ab wﬂl be the true increment of * -~

the recta.ng!e exceedmg that which was ob-
‘tained by the former illegitimate and indirect

: method by the qua.nt:ty ab. And this holds
.universally’ be ‘the qua.ntxt.xes a and b what:.
they will, b:g or little, finite or mﬁmte_-mnal RRRNCRE

increments, moments, or velocmtleﬁ. Nor will
it avail to say that ab is'a quantity exceed-
ingly small: since we ‘are told that in rebus.
" mathematicis erTores quam minimi non. suni -
_contemnmdt. [The most minute errors are .
not in mathematical mat.ters tobescorned ]

‘Berkeley’s. cr1!:1c1sm here is nghf. én the mark .

- Mathematicians were unable to givea better proof .
of the product rule until Cauchy mtroduced the 774
definition of the denvatwe usmg lumts in h1s Cours el

’Anafyse of 1821
ExerClSES Sl

“A Iunctmn u(n:) bemg glven 1t is rcqulred to
determine 2. formula giving all ‘the functions

v{z) for which the derivative of the product U
and v is equal to the product of then::' :

Jerivatives.?11

2. Verify thls albe:rnate pro of of the pmduct tu!e. S
£{f*(z)] from the definition (whick .-
‘is an mterestmg exermse anywa.y) and ihen - E
use the identity fg = 2{(f—l—g)2 fz - 2) to.

First get ==

fimsh the proof

10 Berkeley’s footnote is “Inirod. ad Quaa’miu—_.
This refers to ‘Newton’s “Trac-
the second ap- . |

rem. Curvarum.”
" tatus de quadratura’curvarum,”
pendix to hisOptics (1704)." The line - Berkeley
" quotes in Latin is from page 167, but he. permuted'
the word order. See The Mathemat:cal Papers of.

: Isa.ac Newton, vol. VIII, pp. 124-5.: The long pas-.

sage quoted above is from Berkeley’s The Analsyt
(1737) which has been reprinted in Luce and Jes-

sop, op- cit., vol. 4, pp. 53 102; see §9 pp §9-T0.

1 ThlS pmblem is from the Oth Putnam exam,

which was held May 19 and 20, 1933. See David

C. Arpey, “Army beats Harvard in football and - .
" mathematics,” Math Horizons, September 1994,
pp- 14-17. Of course Army won; the scote was ;.

112 to 98.

12 Russeil Euler;, “A note on d;f‘{erentlahon foe

College Mathematics Journal, 17{1986), 166-167..

. Frederick Rickey

3. Maria Agnest in prov1ded an-easy approach to
the quotient rule in her Instituzione Analitiche

of 1748: If h = f/g‘, then hg‘ = f Now ap- =
ply the produoct rule substitute f / g for h and .

. then solve for- k.

ANNO MDC LXXXW _'.
__-_." _',-_ :.—- pubﬁcam, -. —.
et I
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" :-_»Ele&orams}_Saxon_lcx H&refi':,

--;ERINCIPIB[IS ]UVENIIITIS
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Why the sine has a simple derivative

5° Tsaac Newton, R
extberant student as one in a creative writing class.

spea];zmg of M* Cotes, said
. - “Tf He had hved

- we mlght have known somef.hmg

Many' a.dvoaate the use of wntmg in. the teachmg_ o

of mat;hematxcs and-there is mm:h to recommend o
4his is not the case, but we must expiam it to.our

_Benedict in Minnesota, has Iong had the ‘habit of " students, or, better yet, provide exercises that lead

‘requiring his students to write a short, summa.ry_' ' them to discover this for themselves.

" it. David G. Hartz, row of the College of Saint

.of the most impertant: mathematical pomts ‘that

had arisen in class that week aid their reaction to’

them. He wants them to explain, for another stu-
dent in the class, what they did the previous week,
and to do it in their own words, keeping formulas
to a minimum. The purpose of this assxgnment
was to encourage students to review what they

_had done the previous week and to reﬁect about
it. Here is what on¢ studem‘. wrote '

" The derivatives of the trigonometnc functions
are rather amazing when one thinks’ about L
it. Of all the possible outcomes, Dysinz =
‘¢cosz. Simply cosz; not :

1 (1Y,
ATt

But- s1mply cosz: Tsit just- Iuck on the part_ S

of the mathematicians who derived trig and -

calcittus? I assume trig was developed before .

" ealculus, why or how could the solution prove
. to be so simple? Luck.”? o _
o A. Student

Fl1. 1988

1 .So wrote Robert Smith, Cotes’s cousin and '
_ successor- as Plumian Prof@sor of Astropomy at
Trinity College, Cambndge in his copy of Cotes’s

Harmonia mensuarum. See Ronald Gowing, Roger
" Cotes. . Natural. Ph}lasopher Cambndge. Univer-

sity Press, 1983, pp- 141-142, for a nice ﬂlustra—

mon of the original.

Dav:d G. Hartz, “Writing abstracts as a [neans
of review,” pp. 101-103 in Using Writing to Teach
Mathematxcs MAA Notes Number 16, edited by
Andrew Sterrett.

Now 11‘. would be easy to dlsmlss thzs rather : ;

But what we realize from these comments is that
the student has not come to grips with at least one

" important mathematical idea, thinking instead that
. the formula D sinz = cosz is a matter of luck,

“Just Juck.” Now we mathematicians know that -

"We measure angles in radians, but this stu-

" dent does mot understand ‘why we do. One way =

to rectify this view'is to asL for Dsinz® , where
xis measured in decrrees Since 2 radlans = 360
degrees. we ‘have 1° = 21’/360 Consequent,ly,

D_, __s__in z° = D sin (E;r‘x)

No.one wanls to wmte t.he factor 21’/ 36{3 each time
they take the derivative of sin z. This is the math-
ematical reason why radians are used. *

. What I like best about the above quotation is
that it cries out for some hlstoncal comments. The
student reasonably assumes that trigonometry was

s developed before calculus since it is such an inte-
_gral part of our calculus courses. . But it wasn’t

that simple. Technically the student is correct,
but not in spirit. Trigonometry was developed by
the Greeks, but there were no tngonometnc func-
tions until Fuler introduced them in 1739 in order
to solve differential equations, specifically hnear :

~ differential equations with constant coeﬁiaents

A Discovery of Cete_s

In his Ha.rmomamensurarum of 1722, Roger Cotes
(1682-1716) states and proves the following lemma:

3 Victor J. Katz, “The calculus of the trigono-

" metric functions,” Historia Mathematica, 14(1987),

311-324. Much of the historical matenal in. this
note derives from this paper. :
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The small variation of any arc of a cizcle Is -

to the small variation of the sine of that arc,
as the radius to the sine of the complement :

Proof With cenire A radius AB are BC
is drawn; CG is paraliel to the radius AH;
CE is the variation of arc BC; EG is the
-yariation in the sine of that arc. I say CE:
CG = AC AD when the vanatlons are very '

Nl
o .

4 Quoted from Gowing, op. cit., p. 93.

Reformulating this in modern notation, the
%gmall variation of any arc of a circle” becomes df

‘while “the small variation of the sine of tha.f; arc”

" is d(sin6). Hence the formuia. is.

d(r8} v
d(sinf)  cos

In 1748, Euler 51mp11ﬁed th.ls by using t.he unit
. circle. Thus- . :

.' i(éin’ 6.). = €08 8

. where r'is the radxus of the csrc[e under consider-

. ation.

To see why this is obvmusly t.me note that if

" the are BC hasmeasnre @ and EC is a small incre-

" The next year John Muir adopted the term after o

- ment of that arc, ‘then it is d9. The line segment = ..
o DCs sin, and so. GEis d(sinf). In the triangle
L AADC, tadins AC has, by convenhon Jength 1.0
- ‘and side AD is cosf. Since AADC is: smular to o
... AEGC, we have the desu‘ed tesult * -

: 'd(s_.in_y) . c_o_s;r_:'_' L
mgccsy. -

Cody

cos y

Those who object to the lack of rigor in this

differential argument should realize that theorems - -

have to be discovered before they are proved. What

‘.- we are really after here is an mtmtwe explanation -
ooof why the derivative of the sine is the cosine.

’_I‘he Word ‘radian’

Curiously, the word “radian” entered mathemat-
ics rather late — not until 1871, and then only in

‘the private papers of James Thomson, brother of
Lotd Kelvin (aee John Thomson) ‘More interest-
ingly, it first occurred in an examination paper, -

dated June 5, 1873, at Queen’s College; Belfast.

consultation with Thomson.®

* Florian Cajori, A History of A a.thematfcs, sec-

ond edition, 1924, p. 484. He cites Nature, vol, 83,
pp. 156, 2117, 459, 460. '
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_The Derivative Why the sine has a simple derivative
- " It was not a matter of luck. Ti‘!t". choice of 1
radlans as a2 measure for angles was the rault of '

carefuI thought
Exercise_s '

“See how ‘many first: year mathematlcs grad— ;
nate studem‘.s understand. that the denvatxve___._- .
of sind s equaI to cosf only if §.is theasnred
in: radla.ns {Ask them to plot smé? vs-.ﬂ from__
0% t0 90° on a graph and then m asure the S
 slope at 30°)7¢ s
2. In t.he d:agram show that K H .sech -
KI = d(sec§)-and HI = d(tan 9) T
using Similat tnang!es, ﬁnd the formul;
the derwatwes of I:anﬂ a.nd sec9

Bust aof Roger Cates, it the \\_fl;cq ‘Library at Tria'ity'?oi!cgc. REEET

¢ Clifford E. Swartz, “What do physms teachers
want?,” The UMAP Journal, vol. 1, no. 1 (1980),
pp. 115-125, ‘esp. p. 116. This phystcs professor :
at Stony Brook' reports that students are “com="
ing to college with as much mathema.tlcs as ever,” -
- . someeven with calcalus, but that “They just can’t _'
use mathematics.” He outlines the rather minimal
amount of mathematics that physics students need
" to know — and use with some sophistication.
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25



1’ Hospital’s

' -Gu'llaume-Frango:s—Antome de L’Hospxtal Mar-
quis de Sainfe-Mesme, Comte d’Enttemont was
born in Paris in 1661 and died there in 1704. At
the age of fificen, L’Hospital surprised his elders
with his mathematical talent when he solved one
of Pascal’s problems on the cycloxd As a wealthy -
French': dblema'.u it ‘was natural that L’Hospital
; ' 'He rose to the rank of.cap-
tam, but then took advantage of his wealth- {
cial posxtxon and resigned to 'devote the. I :
fo 'hg'pursulf. of mathematics. Lest you thin
this terribly. altruistic, I should pomt ut that his
exceptlonal nea.rsxghtedness was.a severe ha.ndl—
cap for a’ cavalry ‘officer: Little is known about,
l’Hospxtal as an mdw;duai but “Accordmg to the
testimony. ‘of ‘his  contemporaries, L'Hospital: pos-
sessed a very: attractive personality [being], among
other: thmgs modest and generous, two. qualmes
which were not w1desprea.d a.mcng mathematmans
of his time®!
L’Hosmtal retlred to Paris where, by 1689 he
became a member of the scientific ¢ircle of Nlcola.s'.:.
Malebtanche' (1638——1715) a diligent and enthusi- -
tetr mathematman Others mathema,tl—
claps; mvolve& were: Carré,; R.eynea.u a.nd Va.ngnon. R
“There is no doubt that L'Hospital was the most ca- -
pablé; mathematlcian in-this group “and-was. probn’ :
: any the best French mathematician of hiis day
“When' Johann “Bernoulli (1667—1748) wsxted
Parisiin the fall f 1691 he quickly. unpressed the
~ group’ ‘with his | owledge of the new calculus of -
Leibniz. _Espec:zaﬂy xmpresswe was the formula he
'poss&ssed Hfor ﬁndmg the curvatire ‘of curves. He" e

e T4
et

Guillwane Frangei Mareuis de 1 HSpetai

PS1-17e9k

. -'per on the integral calculus- . These papers were
“extremely densely written, full of misprints, and

neglected to point out that the i'ormu‘xa. was due to ‘deliberately obscure at critical points (to forestall

his older brother Jakob. The two Berpoulli boys - criticism of his work, Leibniz made his differen-

had studied the two calculus papérs of Leibniz _ tials finite quantities rather than infinitesimals).

thiat had appeared in Acta eruditorum, his 1684 Jakob Bernoulli had written to Leibniz for clarifi-

paper on the differential calculus and the 1686 pa- cation, but Leibniz was away when ‘the letter ar-

1 Abraham Robinson (1918-1974), “1,"Hospital” rived. By the time a response was received the two._ |

brothers had mastered the new calculus on theu‘

Dictionary of Scientific Biography, vol. 8 (1973),

_ own. This a.ccomphshment is a true mdlcatlon of
pp. 304-305, esp. p. 305. Also see Robinson’s pa- . :
« i their genivs. The mathematzclans in France, led .

per “Concerning the history of the calculus,” - 5 2
by L’Hospital, had made some mroads into the dif-
his Non-Standard Analysis, North-Holland, 1966 .
! ferential calculus paper, " but were - complete!y baf-
pp- 260-282, which discusses the foundations of h :
L’Hospital’s work, especially his use of infinitesi- fied by that on the integral calentus. Thus it is not
mals ¥ surprising that the 24 year old Johann Bernoulli

“This file, L?Eospital.tex, was typeset wsing TEX on May 29, 1996 at'1:58 P.M. -
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gressed from fellow students of the' calculus to rival

made aBig splash :wh.e.n he a;rr'iiféd in Patis in 1691 - - : : o - y ._ .
1t was not long before the Bernoulli boys pro- e ‘é N A % s E g : E

" pesearchers. :No full study of the interactions and

clashes of the Bernoulli brothérs is available, but | =
- their rivalry soon.spilled over into print. Let me

give just one guotation to show the personality - _
of the younggr._bro)‘.h_é.r,'.3_oh'a.nn;" The first inde- ~

‘pendent. work of Johann Bernoulli ‘was to solve v
.- the catenary p_rp'b'lem,'i._é.' “to determine the'shape " -
of an elastic cable that is suspended ‘between two i

points ander its own weight.” He was extremely
- proud that he had solved this problem and thathis
" brother Jakob, who had posed it, liad not. Writ-

ing to Pierre Remond de Montmort {1678-1719) ' Ly
years later, on 29 September 1718, he boasted: < -
" “The efforts-of my brother weremt.hout sye-
‘céss; for my part, I was more fortunate, for

1 found.the skill I say jt without boasting, <
_ why should I conceal the truth?) to solve it

in full and to reduce i_tfto_-t_he'ré'ctiﬁcai{;id_ri_ of
the parabola. It is true that it costmestudy

" that zobbed me of rest for an entire night. Tt = -
was much for those days and for theslight age ~ *
and practice T then had, but the next morn-

- ing, filled with joy, T ran to'my brother, who -’

was still struggling miserably with this Gor-' SRR
dian knot Wiihout:.}_gt?bﬁi_lg.aﬂﬁl}ém’,_ always ©
thinking like Galileo that the catenaty wasa

parabola. ‘Stop! Stop! ‘'say to him, don’t

torture yourself any more to fry tp.pi'djre' the i
identity of the catenary with the parabola, = " :

the two curves are so different that one is al-

gebraic, the other is i_:rzinsjcglidental;‘.’ ST T

To 1691, when Johann Bernoulli (1667-1748) ~
met T Hospital, who was at the time particalatly
interested 'in learning about the new calcuhus of
Leibniz, he again took advantage of his wealth

and hired Bernoulli to teach him. This was a sig-

nificant event for both of them. Bernoulli, who °

2 Acta eruditorum, 1691 - 7 -

3 Der Briefwechsel von Johann Bernoulhi, (166'7

~1748), Bard 1, Basel: Birkhuser, 531 pp., esp--

935-236, edited by Otto Spiess. This work the. i
originals of the L'Hospital-Bernoulli correspondence ©
and a detailed account-of the relations between @
them. It also has a complete list of L’Hospital’s =
publications. The quotation above comes frorm pp. i
97-98; the translation from Morris Kline (1972—

77), Mathematical Thought from Ancient to Mod-
ern Times (1972), Oxford, p. 473, B

. INFINIMENT PETITS,

| R __ .sz.!;j Zﬂzz‘?ﬁzgmcedc.r Z}gﬂ_é.r.f.m#}é_af.;

M. DC.XCVL

fe _ 7 was newly married __anc_i' u_nemp_loyed, ‘spent four
since it s entirely false. The parabola indeed: * i mouths tutoring L*Hospital in ‘the cafculus, first

serves in the construction of the catenary, but 77 in Paris and later at L'Hosptial’s country estate

of Ouques. In return, L Hospital, with assistance

* from his friend Chr_is__t_iaan'_'ﬁ_:uygens', _obtai;xéd.a s
dniversity position for Bernoulli at Groningen in’

the Netherlands in 1695. .

Today L'Hospital’s. name is _‘on}j%”-a,s'_sbéié.f_i.éd_ S
with the rule for evaluating imits of indeterminate

forms, but in his day and for several generations
thereafter, L’Hospital’s fame rested on his book ™

Analyse des infiniment petits, pour Fintelligence

des lignes courbes, which was published avony-
mously in Paris in 1696. The title of this book can
be very loosely translated as “Analysis using In-

finitesimals for the Study.of Curvéd__ Limes.” Note | - s
" that it refers to the study of cutves, not functions; - "~ -

the function concept had not yet been introduced -
into mathematics (Euler did it in the next cen-

- tury). This was the first textbook on the differen-

tial calculus, as so deserves our special atiention.
Toward the end of the seventeenth-cehtury
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Sa[ wtfon de g.‘e’gue; Proafmres gui ct'eptarl’em d.—:s
Adéthodes Prrtm’tmcr -

?Rorosnrow L
Probicm;

183, S O1T =ne figne raarbe AHD{AP_J; P"J._.) cm_ 130,

AB=2a) selle gze b wrilear de Pappligzée'y fois exprimiz 2”
par ane fraétisn, dont fe nmnératear ¢ ke dénontinzteayr f2-
viennentehacan sere Iarfg:-: X==3,f :ﬁgd'zrz la;fg:z i pa ing

P rensbe f.r Ic!smrdm =¢ B On d'_,,-.,,.‘_, f‘h-'”: da;: hre

alars Lx wrelear de "agp[:g_ze_ BDS
Soient cntendizs deux, Tignes ccu.cbcs .dN'B C‘OB qu: RS

ayent pouran commun la ligne 47, &c qui’ fou:m: tefles 0

PN ¢ éipoms= le nemiéorenr ;& 1a '--*L- o

que iappllqt.

quée I’O Iccrmam qaccut chA ﬁz_.mn gen:_:alc qut: curg-. i
8 (e

. viened rom ces les PM de i'ortc que I’M—-—- A;xI"d

lair que ces degx’ coutbcs & rr:'lcont:e.cm m Fomc B3 3

puifque pacla ﬁ.??ofmon PAT-& PO devicaneis chac-' e

Zcro Iorlquc le poinr £ ‘tombe e B, Cela
" irmagine une appliqude 8 infinimens, pmche de BD.; &

qui rcaconm: [es hignes cautbq ANB COE aux po:r:s

ABxI-f

Fagilon nur:tM.- Iaqucllc ne dsffcr: pa.s de2D.

1I n’ef donc q.:c(hon quc “de trouver Ie rappare de %
5°0¢ il et vifible quela’s cuupcc AP devenanc A8 ; Tes N
appliquées PV, PO dcviennent uullcs, & qu: AR de‘c-' o
nant 45, clles deviennenc 5f, 6g Drolril fuie gae ces =:)~ .
Puquc:s, clles inSmes 87, bz, fonclz difffrencs des -p Koo
quéss ¢n B 8§ par mppon 2 axix coarbes ANE, COB; &

' parmac ‘que fi Yo pren fa difidrence du numdrarcur, & °
guon Jadiv ch par] Ia dLﬁ'crcnc,. du dcnommg::-'rj?np':: .

the many papers of Lexbmz and the Bernoulh s
“in Acta eruditorum and the Journal des scavans -
. generated a great deal of enthusiasm for the new .

pofE., i lon : :

L’ HﬁSpltaI’s Rule

mous book ot the comc.s, Traté analytzque dcf; sec-

tiones coniques. (Paris, 1707), but none were so
great as the expository work.in his. Anaivsa

In the preface to his bhook, just aﬁex’ mention--
‘ing Leibniz and especially “the young professor at -
“Groningen,™ 1e., Bernouliz, ‘'L’Hospital admitted -
- “T have made f:ee use of their discoveries, 50 that = 0

I frankly return to them whatever they please to
claim as their own” " He does not ‘spell ‘out pre-

cisely what he learned from them, but of comrse "
it was common knowledge that Leibniz had pub-"
lished the first papers on the calcuius and that
“He does ex-
pllc1tly state that the ‘foundations of the calexlus
given in the book are “his own discovery, and he
was also mstrument.al in gettmg Leibniz to make

Bernoulli ‘had tutored L’Hospltal

- statements about his own foundatlonal views.

- After. Johannn Bemoulh teceived a .copy ‘in
_ Groningen, he ‘wrote to’ L’Hosp1ta.i praising the .

. book-as adrmra.bly done, praising the: arrangement ol
of the proposmons and praising the intelligibility "
. of the expos:tlon even thanking him for mention- -
ing his name, and promising to return the favorin |
his next publication. These mg;ratmtmg commments.
seemn out of character for Bernoulli, but there is* -
truthin what he says L’Hospital’s exposmon was

deservmg of praise. It'is 2 wonderful book:"

: Immedlateiyaﬁer L’Hospital’s deathin Febru» SN
ary 1704, Beraculli publishied a generahzatmn of
- L’Hospital’srule which aliowed forits repeated ap-.
plication.. In this paper, in the August issueof - -
Acta erudxtorum, he- complamed that L’Hospital -

- had not given him a.mple credit and then laid pub-

 calculus, but if you were ‘not a genius of their: o

stature, these papers were 1mpenetra.bie
sequently P'Hospital’s book was a great success.

‘Seldorn. has 2 book been so well received for it -
truly. filled a need, something few textbook writ-

ers can say of their bookstoday. Tt is not surpris-

Con-

tng then that the book went through numerous -~ -

_ reprintings and edltIOIIS in the eightéenth-century.
1 Hospital’s name appeared on the title page of
the second edition of 1715, which appeared after

" his death. It was even translated into English in

1730 by E. Stone (indicating that the rift between -
the English and coniinental mathematicians was ' '

4

not that strong), but Newton’ s ﬂuxmnal nota.tmn
was used in this edition. . S

L’Hospital did make other 1nterestmg ‘contri-

“butions fo mathematlcs especta.lly in hls posthu—

4 Tor information on the various editions see
Bernoulli, op. ¢it., 1955.

lic claim to the most novel and interesting re-
sult in the book, the theorem in §163 that we
. now call L’Hospital’s rule. [Who instituted this _
‘name? . When?] ‘As ‘Bernoulli was not moted for =
either modesty or gener051ty, and s he'had al-”
ready been mvolved in ‘more than his share of pri-

- ority dlsputes t.hxs claim was generally dismissed * -
by his contemporaries. While Bernoulli.is a dif- .

ficult character to defend, it should be sald that

his claim was only made after L'Hospital’s : fnend _

Saurin unpixed that the rule was due to Lexbmz

5 Julizn Lowell Coolidge (1873 1934), “Gml—
leume L'Hospital, Marquis de Sa.mte—‘\.{esme, PD.

147-170 in his The. Mathemat;cs of Grea.t Ama- E
‘teurs (1949), Oxford:. Clarendon Press. Dover - - -

| reprinted this in 1963. This chapter is ‘the best

source of information about the entire corpus of °

L'Hospital’s work. However, sometimes Coohdge
is so brief as to be mcomprehensxble-

‘6 «Perfectio Regula sua edita in Libro Gall. Anal-
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The question of pnonty was only ‘answered

in this century when Johann Bernoulh s Lectiones
de calculo dxﬁ'erentza.hum [Lectures on the Differ-

~ ential Ca,Icqus} were published in 1922 by Paul -~ . .
' Schafheitlin (1861-1924).7 They. were written in -
©1691-1692 when Bernoulli was in. France tutoring

. L'Hospital and ‘théy contain consxderable overlap
- with the material that appeazed in L’Hospital’s
Analyse des infiniment petits of 1696. This publi-

cation raised the plagla.nsm issue again aftertwo = - o
.. not to. mention them to others. 'Talso ask: ™ .0

centuries, but did not clear things up: ent:rely, for

the hlst:anan Carl Boyer, writing a quarter ofa i
millenium after 1.’ Hospltal’s hook a.ppea.red st _
- agreed mth Enestrom’s 1894a opimon that “the = 7w
" broad claims of Bernoulli with Tespect to- the'au "
" thorship of the material are not substaritiated. B
- "The situation was not cleared up completely =~ =7 8

- until 1955 When Bernoulhs correspondence Ans e
.CIU.dIIIg that‘. with L’ Hospxtal was published: "It e

.- .contains a most unusual Jetter: that L Hospital, -

 then in Pans wrote to Bemoulh in hxs home town-_ NS

of Basel on 17 March 1694: -

I shall give you with pleasure 2 Peﬂslon o

- three hundred livres, which will begin on the R
first .of January ‘of -the- p‘resent year, and T

- shall send twao hundred livres for the first’ half L
of the. year because of the 3ournals that you' L
have sent and it wxll be one hundred a.nd ﬁﬂ:y e

. yse des mﬁmment petzts Art 163 pro determx— :
nando valore fractionis, cujus Numerator & De- .-
" he staked his claim as soon 25 L’Hospxtai died.

momnator certo ca.su evanescunt Acta erud:to—
" rum, August 1704, pp. 375fT; repxmtedasNo LXXI

in his Opera omnia, vol 1, pp- 401-405. The ex-

ample that ‘Bernoulli | glves here prowdes a useful
class::oom example._ -:_ o :

; y= (a\/(tla + 423) —az— aa)
: (\/(2aa + 2::I) — a: = a)
Bemoulh a.sks for the value when = - a; we seek

the limit on'yas z tends to a. _
7 Die Differentialrechnung von Johann Bemou]b

aus dem Jahre 1641-1692 (1924) Ostwald’s Klas-
siker #£211, 56 pp (Engelmann, Le:pzxg) Transla- _' -
tion of 1922a edited by P. Schafheitlin. Reviewed ~

by H. \Nieleltner Isis, vol. § {1923), pp. 186-T. "
8 Carl Benjamin Boyer (1906-1976), “The. ﬁrst'

caleulus textbooks,” Mathematics Teacher, 39 (1946),

.150-167, especially p. 163. This is very.useful, but
remember it was written before Bernoulli 1955 ap~

. peared. Tt dlscussa the coutents of L Hospltal’ o

book.

A Frederxc!x chkey

livres for the other halfof the year, and 50 in
the future. - I prom:se to Increase this pen-
sion soom, since I know it fo be very ‘moder-

ate, and 1 shall.do this as soon as my affalrs' T

are 2 little less confused T ‘am not

$o um:easonable asifo ask. for thls all your .
' time, but I shall ask’ you to give me occas 7
) smnally some hours of your fime to work on
. what 1'shall ask you ‘and also to communi- -

cate to me your dlscoverles, with the request

you to send neither to Mfonsieur]: Varignon
nor to others copies of the notes that you let

me have, for 1t would not please me 1f they_ EER I
were made public: Send me your answer to 1
Call th;s and believe me Monswur t.ouf. avous L I'_ G

le M: de Lhospxtal

while he was still alive. As we have seen though

We can learn several interesting things from
this letter. Both men kept a copy of the lectures'

. which Bernoulh wrote while he was in France in

16891- 1692 Those lectures were the first e:cpos;-

S tion of the mew- calculus of Leibniz, and they are
“an exceiiem. presentatmn Thiere wete also lectures. .
on the integral calculus which L.” 'Hospital planned Tl
publish, but did not when he learned that Leib- =

niz has similar intentions. Unfortuna_i;ely, these ©
plans of Leibniz, like many of his plans, came to

‘nought. Bernoulli’s lectures on the integral calcu—_

lus were pubhshed within his own lifetime in his

" Opera omnia of 1742.° They. contained a footnote -
_that he had 3.150 wntten on the dlfferentia.l calculus o

9 Johann Bernoulh “Lectmnes mathematlcae '

.de methodo integralium, aliisque. Conscnptae in o

usum ill. Marchionis Hospitalil, eum auctor parisiis
ageret, anpis 1691 & 16927 pp. 385-558 of vol. 3
of his Opera omnia, four volumes; Lausanne and

Geneva 1742; reprinted Hildesheim: Georg Olms, -

1968. These lectures were written in Paris in 1691~ )
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Bemoulhs response to tins !etter has been D

o -Iost but we know from his Ietter of 22 July 1694 e
" “that he accepted 1 Hospital’s proposal of aregu-

“ “lar salary in exchapge for help on mathematical - ° -

" problems and, ‘implicitly, for- providing L’Hosplta.l_ R
“ with results to'publish- under his own name, We

'~ do not know how long this arrangement lasted, but. ~

* Bernoulli’s finances 1mproved and, as: mentioned'

earlier, he soon had 2 position in Gronmgen. Con-. N :

sidering Bernoulli’s effusive praise of L'Hospital’s. =

7 book, it is likely! that the agreemgnt.was still in ef- . o
" fect in 1696. At any rate, the agreement prevented .
- Bernoulli fromlaying claim to L'Hospital’s rule
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in 1691—1692 but that sxmﬂa.t wo:k was pubhshed -
by 1 ’Hospital in his 1696 book. Unfortunately, it -

was too late for.these lectures to. have a significant
_effect on the development of the integral ¢alculus.

The most important thing that we Jearn from.
‘the correspondence is that Bemouih s cia.lm tobe-". =

‘ing the discoverer of L’Hospltal’s rule is correct, 7. 3

for in his letter of 22 July 1694 the rule appears
- along" with iwo ex;a.mples Ore of these examples'  ©

appears in L Hospltal’s Analyse des infiniment pe-

tits, the other appears there in shghtly modlﬁed
form. _ '
‘Now that we know that L’Hospltal’s mle is

due to Johann Bemoulh the questlon arises asto -

. whether we shouid rena.me it. Of course’ not! For
-one thing, we could never change such a'well eﬁt‘.r:tb--= L
lished tradition in mathematics. Perhaps the only - :
benefit of domg 50 would beé that we: would not :-
have students taikmg about “The Hospital Rule”;

instead. they would refer: to “The Bernoulli Raulie” g

Seriously though, tlns is an"excellent exa.mple of v -
the principle that one cannot lay claim to a scien- -
tific discovery until one has given it to the scientific -

community. Since it was L’ Hosp1tal who gave the

© rule to the world, he should get: the credlt. Be— » s

_s1des he bought 1t fair a.nd squa.re '

The ()rlgmal Statement of L’Hospltal’s Rule

Wlthout doubt the most famous sectlon of L
L Hospital’s Analyse is §163, which contains the . -
first pnnted statement and proof of the famous-

Tule:

163 Prop031t10n 1. Let. AMD [Fzg 130] be- ‘a

. curve (AP =z, PM =y, AB =a) of such a na-
ture, that the vaIue of the ordmate y s expressed

: 'L’H(}spita.i’s Ruié L

1.’Hospital next gw& a proof of the result and them
follows it with two examples. We shall analyze the
. proof shortly, but first let us see his examples and
make & few comments about t.hem The ﬁrst asks '

for the evaluahon of

\/2*3 - :::4 — a‘/aa:c

a-—; z3

" when z = a. ’I‘he solutlon prov1ded is qmte sn:mla.r S
to what ‘our students do today and so will not be -

reproduced [doit.as an exercise]. He computes the

quotient of the (hfferentlals and then sefs .= a.
Note that derivatives are not used; that concept is”

still in the future—see. Grabmer 19833.. Naturally

_ no limits are :used hete for that concept had to :
" wait for Cauchy in the nineteenth century. .
. * A Conjecture: It. ‘should be clear that thisisa
rather weird first. examp}e. Certam}y T would not ~
ordinarily begin with such 2 comphcated exam--
- ple inclass, although since this is “the ﬁrst exam-.
- ple) X do mention it as part of the curions his-
. tory of L’Hospital’s rule. Years ago 1thought that
this example must have arisen fromt some phys-. .
. ical problem; this ‘was when 1 stillwas “inclined -
. to believe the Kline- May thesis that all good (m- -
' .. ““add enough ‘modifiers -
"o make this statement troe) matheratics® arises
. out of real world problems- ‘But I'was unableto .
find any such origin for this example. “Thus T.con- .- .
 cluded that Bernoulli simply’ concocted: this ‘ex-
- ample for use in the “classroom” ‘with L’Hosp1tal :

- portant, mter&stmg, .

' Recently: I found this same exa.mple in a letter

by a fraction, .the numerator and denommator of . -
which, do each of them become 0 when = = a, Viz. '
. when the point P coincides with the given point.

- B. It is required to find what wa be the value: of ) :

the ordmate BD®

© 92 for the use of 1L Hospital. See the footnote on

p. 387 where he states that his lectures on the dif- '.

ferential calculus were published by L'Hospital. .

10 Dick 7. Struik (born 1894), “L'Hopital. The

analysis of the’ mﬁmtely small ” pp. 312-316 of his - -
A Soiirce Book in’ Mathemtics, 1200-1800, Har- o

vard University Press, 1969. Struik’s “The ori-.
gin of I Hopital s rule,” Mathematics Teacher, 56

(1963) 957-260 is very informative. Tt quotes the

letter of 17 March 1694 from L'Hospital to Johann
Bernoulh from Bernouli 1955. Stuik’s “The ori-

“from Bernoulii to L’Hospztal {1955, p. 239). In
. this letter Bemoulh mentions this expression in"

. the same sentence in which he mentions the Flo-" "
rentine Enigma of Vincenzo Viviani (1622—17{13) SR

cut four congruent windows froma hemisphere in

such a way that the area remaining is quadrable, Y

i.e., the integral for this area can be evaluated in
elementary (hopefully zlgebraic) terms. Unfortu-

nately, the passage is quite obscure and I 'am un-

able to tell whether he is just llstmg two separate
problems that he is ~working on or means to im-
ply that they are closely connected. I rather think
that he. means the Ia.t.ter, for the two e.\amples are

'gxu of L’Hospltal’s rule,” pp- 435——439 in N C‘I‘M s
_ Thirty-First Yearbook, Historical Topics for the
Mathematics Cj’assroom 1969 ‘contains informa-.
tion here that is not in either of the ‘above. For

information about Struik, see David E. Rowe, “In-
terview with Dirk Jan Struik,” The Mathematical
Intelligencer, 11 (1989), no. 1, pp- 14-28
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sepatated bya sermcolon. The 5econd exa.mpie of ' first work on calculus of exponentlals a.t that very
L’Hospital is considerably simpler: tirne. The calculus of the trigonometric functions,
Example 2. Evalua{:e the following expressmn and indeed the tngonometnc functions- thernselves

{ gua functions), were not. developed until f.he lmﬁs

when z =@a.. |
: S when Euler dld sO.

. a@—azx
o YT e e
B Cunously, L Hospltal does not. wnte out tlns ex- .
. ample using his new rule, but comments that “We - .
could solve this. example without need of the cal--
culus of dlfferenha.is inthis way" He solves for.
" the radlca.l ‘squares to ‘eliminate it, and" then dz— L i
vides by x — a. Next he sets = = a. This 15 the : L U
old math. It would fit nicely into his last chapter -~ s 13[“;“ fu- '] co e

The Proof of L’Hespitai’s Rule e
F}gure 130 is on a plate at the back of the_' e

student’s convemence and a,musement

volume, but we reproduce patt of it he-:e for the . '

where he compares the new methods with the old.
Bernoulli’s second example would do even ‘better.
. This old technique, as well as its revision’ by Leib--
- miz and ‘Newton was later soundly — and nghtly'
_— griticized by. Berkeley. - :
.. L’Hospital simplified this example a blf‘. from '129 A
that gwen by. Betnoulh n his: letter of 22 J uly 1694 - 1

(1955 P 235)

ooz —zz '
¥= az
Nurw Bernoulh ‘gives thls example “for . venfyzng N4
the method” that he has just sent to. L’Hosplta! K b
He pomts out that it can’be worked out using:the : .
“common geﬂmetry ‘of Descartes that” was well
- kmownt at the ‘time. Pedagogtcally thisis. a beter {.s
way of using the’ exampie, we should show our. 0T
students what can (and cannot) be done using -}
older methods'and thus tse these examples to jus- .
tify newly introduced techniques.. ‘This ‘example
3s harder to verify using the old method, for you
obtain a quadratic equation when eliminating the |
roots [It is not clear to me why only one root is
considered]. Thus we see ‘that L’Hospital simpli-
fied the example, but not used it so cleverly.
These two examples ate the only ones given, .
and L’Hospital’s rule is applied to just one of them.

1t is as if L’Hospital were saying, “OK, that’s it; if book: - _
you don’t get it with these two examples, too bad; . - Let AN B, C’OB be two curves (havmg the R
it’s time to move on to the next section.” Wh11e1 , line AB as a common axis) of such a nature,
am not advocating greater speed in our couzses to- - that the ordinate PN expresses the pumer- '
day, perhaps there is 2 pedagogical point. here that ator, and the ordmate PO the denominator
we should heed. There is no need to give ‘numer- - of the general fraction tepresenting any or-
ous examples-in. “order to get the idea across. We - . dinate PM: so that PM = (ABzPN}/PO.
concentrate too much on computatlonal techmquc o Then 11: is mamfest that these two curves will ©
and not enough onthe underlying ideas.. meet one anothe*; in the point. B; since by the "
Perhaps you are surprised that there ‘are no < supposition PN, PO do éach become 0 when
_examples dealing with exponent.lais Ioganthms S the point P falls in B. This being supposed,
and the trigonometric functions. The explana: - if an ordinate bd be imagined infinitely near -
tion mhzstorzcal Johanna Bernoulli was doing the to BD, cutting the curves ANB, COB
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the pc:mts f g, then WlH bd (ABzﬁf)/bg,

which will be equal to BD. Now our business

is only to find the relation of bg to &f. Tn or--
der thereto it is manifest, when the abscissa

AP becomes AB, the ordinates PN, PO will© - .

be 0, and when AP becomes Ab, they do be-
come bf, 8g. Whence it follow‘s ‘that he sald'
‘ordinates b f, ‘b, themselves are the differen- -

- tjals of the. ordmat&; inB and b, with regard - - 3

to the curves AN B, COB; and consequenﬂy," SN

if the differential of the numeratorbe foind,
~ andthat be divided by the differential of the
. denominator, and havmg made =z = a = Ab.

~or AB, we shall have the value of the ordi- -

nates bcl or BD sought. Wthh was t.c be |

. found -

The ﬁrst thing to reahze is that L’Hospltal 15-__. o :
dealmg with-curves, not functions. The calculus'_._ R

" of Newton and Leibniz was a calculus of curves; RoE

' Euler introduced a. ca.lculus of functions in his In-_
' tmductm in analysin infinitorum (1748) For pre-
sentation today, we certainly want to sta.te thls m-' :

terms of functions. =

L’Hosplta] s ‘diagram is. somewhat har& for
the modern reader to decipher in that L'Haspital
(a.nd his coutemporanes) does not know which way
is up.. In his diagram both PM and PO represexit
positive quantities. The curve ANBis -above the

axis AH and the curve COB is below, so'the quo-. .
tient should be below in gur: way of domg analytic :

‘geometry. Bui this is not so for L’Hospxta] “‘His

_ ~ guotient curve AMD is above the axis. To avoid
. this difficulty we shall redraw the picture: '

In. L’Hospxta.i’s diagram the curve AN B was

above the axis, but we moved it in our diagram
so that ‘it looLs more familiar to us. It is now

the curve f, or rather the graph of the fanction

f. The curve COB has been relabelled g. Now -

suppose the two curves f and g which meet at the

point a, where both are 0. The quotient ffg is -

not defined for = .= = g, but it is this value that
’Hosplta.l wishes to determme What; L’Hospital
xs saying is that

N __a; i _ {Q

i’:G‘ dg dg/d:c_- g'le)

Thus he prowdes a very nice proof of the :ule. :

Tt Is much more intuitive than the proofs that are

- mean value *k.hf:ot:e:n.12 Admlttedly, infinitesimals .
are usedin the proof; but, after the work of Abra-.
~ “ham Robinson in'the’ 19603 we need:mo Jonger be .
' 'concerned about: the rigor of mﬁmtesunal tech- .
 niques.In my view, what is lost in Tigor is more
than made up for in’ mf.mtweness a.nd understand- SR

customarily gwen today usmg Cauchy s extended o

11 Struik, S'or_z:ce Book, p. 316.

L’Hospital’sRule

- S
g@ | o b S
T
R
BD = bd=3g5 = 4q dgldx g

Moral The ox‘iginal proofs are often
much’ more understandable than mod— :
“ern ones : ' e

12 Yes, Tam perfect.ly aware that th:s proof ad-
mits of counterexamples Tt does not work when
bG = 0. More precisely, if the function in the de-

- nominatoris 0 arbitrarily close to a, then the proof N

fails. But, in the seventeenth—century, there were

‘po such functions.. Today, if one of my students
comes to me with a function such as sin(1/z), then '

we are ready to do some more mathema&xcs
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 Thelntegral Sign

P

One of the greatest treasures for the historian of + -
mathematics is the notes that Leibniz made as he
was discovering the calculus. We can follow the ©
details of his invention in an Eanglish iranslation - .
' in The Early Mathematical Manuscri pts of Leibniz
(1920), edited by.J. MC]:uld In the manuscript.

dated October. 29, 1675 Le'i__bniz_'ﬁro'te:_

 Utile erit scribi - pro omn. ut 1 proomn.
{, id est summa ipsorum I.-{It will be mseful -~

to write f for.omn., as. 1 for omn. I, that: - UG O Seuas 1 gl unced . oo
SRR AT e e by Curves' and Straight Lines], Lcndonlﬁss Ao

‘Scottish theologian who loved toapply mathemat- .

is, the.sum of these I's.]' . . .

A little later in {he same man scnpt he mdlcated
. that he was aware that he was creating a new field
' of mathematics when he wrote: " - L

Satis h

calenbus] .

"and notable; sitice they. Wi_ll'le_ad_'t_o a hew e

N ‘I‘hemteg;ralsymbo} 1tse1fwasthelongform of _-: 8
the letier. S _-}?hi_th"w@.fréqu}eqt_ly used by Leibmiz - -
“at the fime in his ordinaty ‘writing. : Previously ..

he had used the notation of Cavalier:: omn.1, for

omnes linea, thatls, for the sum of the lines.?: -
Cavalieri’s notation had also been used by Mengoli. "

and Fabri,

 Barrow had used it before Bim. + - oo
eared: in print.eleven

“The ir_ltegél_;ﬁiig_ll first app )
years later in 1686 in Leibniz’s first paper on the

imtegral caleulus, “Dé geometria recondita et analysi
indivisibilium atque infinitorum” [On a deeply hid- -

den geometry and the analysis of indivisibles and

infinities], which appeared in Acta eruditorum?, a

1. Cajori, A History of Mat;hemat_:_'éa’f Notatfoﬁs, ;

vol. 2, §570, p. 203.

2 J. E. Hofmann, Leibniz in Paris, p. 188. 7 = .

3 A phéto of this is in Cajori (Notations, vol2, =
p. 243; This Tacsimile is reproduced from G.1. Ger- .
hardt’s Briefwechsel von G. W. Leibniz mit Math- -

ematikern (1899).. See §§544, 570, and especially
§620 of Cajorl. _ C
4 5 (1686), 292-299. The infegral sign appeared

aec nova et nobilia, cum novam genas ...
calculi inducant. [These are sufficiently new - .

Ly by 3 uscnpt 'Leib'n_iz_' wrote f 2=
'2/3.3 Leibniz also used the characteristic trian-
gle in ‘this manuscript, though both Pascal and ..

*. journal which Leibniz was instrumental in found-"
ing. In this paper the bottors half of the symbol < - -
was amputatéd 50 that it looked more like our leb- " . .
ter f. It is interesting that one of the things that.. .-
. Leibniz did in this ‘paper was to-give an equation’ . .~ ©
.. of the cycloid involving the integral sign.. i -

- . The paper dealt with John Craig’s little b(j}_bk_._ S
* Methodus figurarum lineis rectis et curvis compre- .
- hepsarum quadraturas determinandi, [Method of "

Determining the ‘Quadratures of figures Bounded . -

o to matters divine, Craig (16602-1731) was around o

GCambridge abotit-1680 and so knew of Newton's .
work on the calculus. . The book refers fo Leib- -

piz’s work on the calculus and uses -his-‘_diﬁ'gr_gntial' s

notation (being the first work. in ;Eri_gl_agc_l to do - .
so), so this ‘explains why Leibniz was reviewing

TR The stimulus for. Leibniz writing this paper’
~ was that Craig had attributed to Leibniz a paper.
that was actually written by Tschirnhaus. Leibniz

wanted to correct any false impressions concerning - -

* his work and so he sent this papér:on the integral " -

calcutus to Acta eruditoram. In it he ShOWed:_'_f.hat L

. quadratures were a special case of the inverse _tj.a;n— _
~ gent problem: It is curious that Leibnic’s work on. A
~ the-calculus was referred to in a book published "

in England before Newton published on the caleu~
ts® LT L e
Leibniz originally spoke of the integral cal-
culus as the i:a_lr_:'t::.l'ﬁ,é__'s:_z':m'm&tgﬁus_," a pame obvi= .
ously connected with summiation [the sign T was -

introduced by Euler in 1755]. He first -saw the -

word “Integral” in a paper of Jakob Bernoulli in
the May 1690 Acta eruditorum = Opera, 421-426,
wherein Bernoulli solved the isochrone problem.
which Leibniz had posed to the public in 168T:

first on p 997. The .ox;ig'ina'_l is. fcp_tixﬁ.ed m }ns

- Mathematische Schriften, Abth. 2, Band I, 226~

935. A Gérman translation is in'Ostwald’s Klas-

siker, No. 162, and the relevani passage, in En-. .

glish transtation, is in Struik’s Source Book {where
the original date of the manuscript is misprinted).
See Aiton 1985a, pp. 119 and 168. -~ . . '

S Gee Aiton, Leibniz. A Biography (1885),p-119.
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Find the curve such that when a point falls along
this curve the vertical component of its velocity
is constant. Later the younger Bernoulli brother,
Johann, reduced the problem to the simple differ-

ential equation dy-,/y = dz -+/a, and then “inte-

V. Frederick Rickey

~mal part of a whole or infegraf; [ did not think
further about it).7 . -

o "-Lei_bxiiz_ éelpctaﬁt}j: d¢¢épted Bernoullt’s sug-

" grated” :_to'obtain_;-%yﬁ = z./a, which is a semi-

cubical parabola. To see the details of how Johann

Bernoulll presented this problem in fectures to his
pupil L'Hospital in 1691-1692 see Die erste Inte- .
gralrechnung, Ostwald’s Klassiker, no. 194 (1914), "

pp 42143, o
Leibpiz tried, in the year 1695, to persuade

his terminology of “swms”z - -

‘Johann Bernoulli, I akob’s younger hrother, to use i o

1 leave it to ybﬁ:'deliberation ifit would not -
‘be better in the future, for the sake of uni-

formity and ‘harmony, not.only between our- . S
. “selves but in the whole field of study, to adopt -

the terminology of summation instead of your.

" gestion to call his new invention the integral cal-

culus, but everyone else quickly accepted it.
" Limits of integration were :at first indicated

 only in words. Euler was the first to use symbols.

' limits o and z in the general integral F(z). Canchy-. -

for limits of integration. He did this in his three”

. volume work on the integral calculus, Institutiones .-
calculi integralis (1768-1770). Fourier in his 1822: .

7 T T e
La Théorie analytique de la chaleur used [, al-

" though he had used 1t previously in printin 1819. -
~ In 1823 F. Sarrus first used. the signs IF(:)F: and -

- PF(z)to indjcate the process of substituting the : -

Q .

. and -Moingo __als{c":“l_atér' used this notation; but sev-

nify the sum of all y multiplied by the cor-. e

responding dz, or the sum of all such rect- |

angles. I ask this primarily because in that .-

way the géométriéal summations, or quadra-.. .
tures, _c_nji-_:_es_,pbn_d"best with the arithmetical =

sums or sums.of sequences; ... I'do confess :
-~ that I found this whole method by consider-- ..

ing the teciprocity of- sums and differences,

_and L‘ha’._t my',_c'oiasidex"a.f_,ions-pro_ceeded from =
sequences of numbers to sequences of linesor .~ ..

ordinates.® -

 This reqﬁesf_of ibniz provided Bernoulli with -

the opportunity to e:ip’la’.in__the origin-of the term

integral: - PO R
' Further, as regards the terminology of the
sum of differentials I sh_a_ll g__la.d_ly. use in the fu-
ture your terminology of summations instead

of our integrals. I Wodl d _H;a'_\'re' done 5o 2k :._

ready: much. earlier if the term integral were
not so much appreciated by certain geometers - -
[a reference to French mathematicians, espe-

cially PHépital, who had studied Bernoulli’s...,

Integral Galculus] who acknowledge me as the

inventor of the term. It would ;;he'reforé be

thought that I rather obscured matters if [ .

indicated the same thing now with one term

and now with another. 1:confess that indeed -
- the terminology does not aptly agree with the

thing itself (the term suggested itself tome as o

1 considered the differential as the infinitesi-

6 Leibniz to Johann Bernoulli, February 28, 1695;

quoted from Bos, AHES, 14 (1974), 21.
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“"" eral others were suggested before the mathemat-

integrals. Then for instance [ ydz would sig- - o jcal community settled on the variant _of--S'ér:us. 50

notation that we ii_sé-_-téd'ay.a.: Lo

Perhaps it will be amusing to menﬁion_'th,_it.' _

there aie-sgveral_facetiou's.s’_ origins of the integral
sign. Franklin M. Turrell, in'a paper entitled “The .

definite integral symbol,”*" rotes that “f an ap= "
‘ple is peeled by hand with a knife, beginning 2t .
“the stem end and circling. about. the central axis
" without breaking the peel untiil the opposite end is*

teached, a regular spiral is obtained which forms

-~ an elqngated S when _placéd on a flat surface with
the inside of the peel up.”. With illustrations and -

scholarly references to. the apple literature, Tur-

tell conjectures that the apple peel suggested the * R
integral symbol to Leibniz. In a later papertt

with the same title, Martin G. Beumer relates that

arcund: the ‘turn of the ‘c'entu'ry' when the caleu-
lus “began to penetrate the circle of the adepts of -~
" physical cheristry”. the 1901 Nobel prize winmer .

in Chemistry, Jacobus Henricus van't Hoff (1852

1911) gave the following derivation of the word in-
tegral: “The word is derived from [nieger {whole, -

entire) and Aal (German word for: eel)”

7 Johann Bernoulli to Leibmz April 30, 1695;
Bos, ibid, 21-22. . . oo
. 8 See Cajori’s A History of Mathematical No-
tations, §625-629 for details. . DERREE

9 “Absternious™ and “caesious” are the o'nlf other
_ English words I know that contains zll five vowels _'

in alphabetical order.

10 American Mathemnatical Monthly,'ﬁ'f.(i%(_!), '

656-658. : )
11 Monthly, 81 (1974), 1095-1086.
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Fermat’s Integration of ‘Power_s o

. The 1657 pubhca.tloa of the Antbmetxca infini~ -

torum {Arithmetic of Infinities) of John Wallis

(1616-1703) ‘prompted Pierre de Fermat (1601~ . '
1665) to compose a treatise on the quadrature

methods he had been developing. for two decades.
.. "The result was his posthumous De aequationum
Jocalium transmutatione et emendatione ... ((On

- the transformation and alteratlon of local equa-.

tions for. the purpose of va.rzously companng CuRvi-ol
linear. ﬁgures -Among" themselv&e or . fo: rectilinear’ -
he use of geomet-. -~
c proportlons in squaring ‘an xiﬁmte number of: -
This. was:. probably e
“published {or- cxrcula.ted): o

ﬁgﬁrﬁ, to which is: atta.ched

para.bolas and hyperboias).
S written in- 1638, butr
“until 1679 in ‘his Varia. opera mathema.nca, c

_ ;'appeared too late to: havea- profound effect. on the
- developraent of the caléulus, Our interest is in the
“section dealmg withthe qua.dra.ture (or ﬁndmg th
area ‘under) the; “h1g . -k
and “hlgher" arabolas = Ica:" whlch

: ::needed 15t
~the ‘student needs'in ‘other ‘'situations anyway

'I'he clever 1dea. tha.t Fermat had was not to:_
i dnnde the mtervai 0, af of mf.egramon into equal’
R subdnasmns, ‘but ‘rather. to use unequal subdivi-:" .
. “-sions. It is clear where this 1dea came froni. He'-.' .
. bad been fmdmg the ‘area ‘under his’ generallzed: S
S _'hyperbclas y= 1[: on the interval [1,00], and

o 1.'v1des a very mterestmg example which ‘can easﬂ E
o vand proﬁf.ably be done in class. Wher mtroducmg :
- the integral via ‘the’ notmn of Riemaun: sums, the:
_"_-problems qumkly become too hard. Here is 2 neat’

o irick that ‘will allow you to use - the deﬁmt;on to
. evaluate the mtegrals of powers of z.in classﬂwa.nd-'---':_'
" for an arhltrary mt:eger 1. The only fact that s
‘the sum of the geometnc series, a fact

aE3, aE2 aE a. Then construct rectangles on .

these submtervals 50 that they, c1rcumsc:1be the .=
‘curve y==z" and add up theu- areas, whxch form_: R
a geometuc progressmn

s,g Z(aE‘)“(aE‘ aE=+1)
- :—Q bR
o 23"9(1 - E)
) :wD - :

n+1(1 _E)Z(En+l): :

=

- En-i—i
n—[—l :

"+1(1 E)

Cl

'.'-:3_'.1+E+E2 B3+ B

__The iast step ‘here follows by elementary algebra.
Now as E. approaches 1 we see that Sg appmax:hes .
@ gl Thus we ha\e L

.;Thls argument WorLs for pos:twe integers. Do you
. ’see where it fa.lis when n = 1/27 Fermat was able
- to extend his idea to'include all rational values of
.nexcept the Ioganthmlc case, n = —1.

% iThe: above proof is quite easy for us to un-
erstand but-this is primarily because we have

“translated it mto modern notation and nomencla-
“ ‘ture. “Fermat ‘used proportions in his argument
- 1(‘. is fairly difficult fo understand. A transla-
L _tlon error. m [4] (line 21 on page 220 should be

“Increasing,” not “decrezsing” } makes the original

oe argument even harder

“in this situation it is natnral to use equal subdi- -

“ yisions.  But when he considered the generalized . '

XERCISES

pa.rabola.s y=z"on[0, 1} st was natural to invert i fi R

the ray [1, 00} into the finite interval {0, 1) When "
1 ~thisis done, nnequal pa.mtwns are the reasonable [

o chcuce to make. So now let’s sec what Fermat did.
o Let E bea posﬂwe constant Iess than 1. Use " "j.:_ :
/ o itto divide the closed interval [0, 4] into mﬁmtely: LA
e manysublntervals of dn‘ferent lengths at the pomts Lol

1 There are very few problems where unequai

.~subdivisions are useful, but here is one. Use
* the definition of the derivative to show

........ e

Vzdz = ga'z/s.
0 3
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Use the n partition points zx = bE?/n® and

the right endpomhs of these intervals as evalu- : - ( B
ation points. [From ‘George F. Simmons, Cal- -+ .~ : DR - . .
culus with Analytic Geametry, McGraw Hill,

1985 p- 176]
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The Bush

In the 1920s eiectncal eugmeers were mathemat—
ically sophlsticated despite having learned their

calculus from fexts that stressed graphical presen-

tation and intuition. Given this background, it
is not surprising that they were frustrated by the
second order differential equations which they met
in their Tesearch, for many of them had no closed
form solutions. Vannmevar Bush’ of the Electrical

" Engineering Department at MIT built an elegant -

“golution,” the differential analyzer. Portions of
this ma.chme are patt of collection of the Smith-

' sonian’s. National Museum of American History. :

" Photographs can be found in Owens 19863 a.nd
Goldstine 1972a- .

_ “The most sophlstlcated version of Bush’s d!f
ferential analyzer was first demonstrated on De-
cember 13, 1941,  “Weighing almést a hundred
tons and comptising some two thousand vacuum

tubes several thousand relays, a hundred and fifty

“motors, and automated input nmts the analyzer

‘was the most important computer in existence in -
the United States at the end of the war.” [Owens
19863, 63].  Throughout World War II the zna-

lyzer labored over the computation of ballistic ta-
bles and the profiles of radar antennas. While it
is true that this analog computer was the most

sophisticated computer of any kind in operation -

during the war, it soon lost out in favor of digital
_computers. In. fact this was so. obvious to the re-

search team working on the analyzer that in 1946
they took the totally unheard of step of returning
$50,000 in grant money to the Rockefeller foonda-

tion and informing them that to continue research
on analog computers would be not only unjustified
but “foolish” [Owens 1986a, 85]. For an interest-
ing discussion of the complex social and technolog-

jcal issnes that doomed the analog computer after

‘World War I see Owens 1986a.

‘Bush’s differential analyzer was a dynamic
mechamcal camputer which could be reconfigured
to model — although ‘sometimes with great dif-
ficulty — a variety of differential equations. Al-

 though it could not be built until the invention

of the torque amplifier (in 1927 by the engineer
C. W. Niemag) provided a way to eliminate slip-

page, its main component was 2 modification of

ifferential Analyzer

th‘" mteEl'aph mvented by James Thomson (1822— SR
1892) in the 1860s but pubhshed only in 1876 a.fter'_ e
his brother Wﬂhﬂm1 better known as Lord Kelvin, = -
_.chscussed his idea of a tide—calculatmg ‘machine.
. (This is the same James Thomson who cmned the
word “radlan_”) Lo

The basic :ntegraph consxsts of two dlsks o

the ends of perpendicular 3 shafts. The first disk'is
mounted horizontally. The second is verhcal with
its arcumfere.nce raﬁtmg on the honzontal dlsk at T L
. avariable distance y = f(z) from its center. Iithe 7
rotation of the vertical shaft has a constant speed EL L
- of z, then that of the horizontal shaft Is ‘propor=- e
tional to the integral of f. This. device. prov1da'. a.'.,_.' R

nice slmple model’ of the deﬁmte mtegrai

(}f course th1s same devme can be used to dif-
ferentiate functions. If the speed of rotation of the
horizontal shaft is proportional to g(x) and that
of the vertical shaft is proportional to x, then the
vertical wheel will be forced to stay at a distance
dg/dz from the center of the horizontal wheel.
Thos we have a nice analog illustration of the fun-

damental theorem of the calculus.

The analyzer had “a very considerable educa-
tional value,” as Bush wrote in 1928 and I atn sure
it still does if we teachers of calculus would only
discuss it in class. When we do, “one part at least
of formal mathematics will become a Live thmg’"
and the siudent will learn to “think straight.in
the midst of complexity.” [Owens 1986&, 85—86 ]
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The first plammeter was deszgned by f.he Ger- - -

man engineer J. M. Hermann about 1814 but no
description of it was published and so it was soon
“forgotten. The first publication on pla.nimeters

Cwas by Gonell in 1825 and was based on Her . -

snann’s model [Horsburgh 1914a, 'p.. 180). - The

most famous person to be associated with planime- "
ters was the physicist James Clerk Maxwell (1831
1879) whoinvented one in 1855. James 'I‘homsou ORI
was based on Maxwell’s [Goldstine 1972a, p- gL
1t is not entirely clear whether Bush rediscovered - - -

the wheel and disk integrator or learned of it from - -

* the papers of William and James ‘Thomson [Owens
‘1086a, 68, 93; Goldstme 1972&, 92)- Fot'z detailed -
discussion of the various- mtegrators a.nd plamme— SRR

ters see Horsburgh 19143. CE
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Gregcn

Belgium, studied theology, phﬂosophy, and math:

ematics in Rome with Christoph Clavius (1537-

1612), and was ordained a Jesuit priest in 1613..

After Gak!eo announced his telescopic discover-

fes in his Siderius muncius’ (1610}, Saint. Vlncent .

* hinted that he supported the heliocentric system.

This made him suspect. to his Catholic superiors, .

and so he was forced to teach Greek and mathe-
matics in various cities around Europe. His most

famous work, Opus geometrzcum -quadraturae cir- .
culi et sectionum conj (Geometrical works on the
quadature of the circle and the conic sections) was
written in the 1620s, but the Jesuits refused to let

him publish it then. When he fled Prague in 1631

just ahead of the advancmg Swedes, he was forced

1 This is the meost exciting sr.aentrﬁc booi ever
written: Tencourage you to rezd the Sidereus Nun-

cius or the Sidereal Messenger by Galileo Galilei, -
translated and edited by Albert Van Heiden Unl— '

versity of Chicago Press, 1989.

_o leave the manuscnpt behmd. He drd not see it -

- again until 1641 Finally, with the help of several . _ [

students it-was- pubhshed in 1647

“The volume is huge—-wcontarmﬁg more. than'-:

a method of tnsectmg angles using ‘infinite series,

" and the r&;ult. Saint Vincent considered his most )
‘important: a method for squaring the circle. Un- -
“fortunately, this result, ‘was incorrect, as Hu?gens R

first pomted aut in. 1651 Although this error de- e

stroyed his: reputatlon “the work contains mmuch :
of va.iue whrch mﬂuenced Lelbmz Wallace, and e

:The frontlsprece of the Opus geometncum is, o

anachronistically wearing swim. gogglass has ‘not "

tune, whose bsanner carries .the slogan _“Plus ul-

“i.tra,” there is more beyond this ancient geometry, R
" yet the. a.ncrents are’ prevented from gettxng there
“by the Pillars of Hercules.* But Gregorius | has dis-

covered thls new land of mathematxcs—-—at least '

Measurement of a Crrcfe, Proposxtxon I “The

; area of any cm:Ie is equal to a right-angled tr:angle o
in which one of the sides about the tight angleis -
_equal to the radius, and the other to the circum-

ference, of the cxrcle. See Heath, "The Works of
Archimedes (189’?), p. 91; reprinted by Dover.

3 Eyegiasses were mvent.ed m 1285 by" A.Hesam o

dro de Spina.

% “In the word histories section [of the Random =

House ‘English Language Desk Reference] there "

is a nice background to the verb non plus, which.

means “to make utterly perplexed“ it goes, “The
orrg;mal Latm phrase was ‘non plus ultra,” meaning -
‘no more beyond and a!legedly inscribed on-the
Pillars of Hercules, beyond which no ship could
safely sail.” ...the “pillars” are tke rocky promon-
tories ﬂankmg the Strait of Gibralter, and as we

“T'his file, gregorinsklog.tex, was typesct using TEX on May 29, 1996 at 3:15 P.M.

1250 large pages. 1t tontains the first present.a.— S
n of the summation of infinite geomei‘.rrc series; .t

_ _mthout a doubt, the most ma.gnrﬁcent allegory .
> in all of mathematrcal ‘publishing. ~In the fore- 7
- ground, Archrmedes, who was killed by 2 Reman i
soldier in 212 B.C. durmg ‘the ‘sack ‘of Syracuse, - -
is drawmg the dragram for his proof of the area
of a -cirde’. - Cowering attenf:wely behind him is -
' Eudid, who is looking on in awe. The character - ER

been identified. ‘Wading in the estuary.is Nep- :
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this frontlsple:ce cla.lms s0. In the backg;:ound the _
sunbeam carries the words “Mutat ‘quadrata 10- =
tundis” (the square is changed into a circle) which
are illustrated by the putto holding the square
frame which focuses the sunbeam into a cucle on ‘

the ground. Note that -

the putti are tracing it out-with a compass and S
that the arcle i3 correctly drawn in perspectwe as’ - n

an ellipse®. -

-The copy. of the tltle page a.nd fmntlspxece of '
the Opus geometricum which are reproduced here
come from the copy in the Umhed States M;ht.ary' w

Academy Library. al West Point, which contains

a very exiensive collection of older mathematical G
works (a bxbhography of whlch Is under prepa,;a__ e

- tion).5

val fa, b} an

ing about some proto—calculus that was done be-
fore the time of Newton and Leibniz.

~ know, there is not.hmg beyond there except t.he At—
lantic Ocean and the. place where you fall off the

earth.” So wrote William Saffire in “*On Language-
Gifts of Gab,” New York Times Magazme, Decem-

ber 3, 1995, p. 38. Alas, the dlchonary is wrong_
about people behevmg that one ‘could fall off the

earth. The flat earth myth was created by Wash-

ington Irving (1783—1859) in his romantic biogra-
phy -History of the Life and Voyage:; of Christo-

pher Columbus (1828) ‘See my “How Columbus

encountered America,” Mathema.txcs Magazme, 65

(1992), 219-225..

5 The 1nterpretaﬁ10n of thls engra.vmg is pn— o

“The. most xmportant aspect of thzs book for---‘ :
. the caleulus i is a2 surprising ‘connection betweenthe =
" ‘natural loganthm and the rectangular hyperhola,
zy = 1. Let A, 5 denote the area ‘2bove the inter- B
and. below the hyperbola y = 1[:: We B
 prefer not to use lntegrals to describe th:.s ‘atea’so L
as not o preJudge the issue; _indeed we are talk-" -

“Now let -
g, 1= 12,050, partltmn the interval . [a, b} into
_equal pleces 'I' hen Gregorms hounded the area. by o

V. Frederick Rickey

_.Iower and upper “Rlemann (1826&866) sums:

ma.nly my own. The only description of this fron-

tispiece that I am aware of is “A curious mathe-

matical title-page,” by Florian Cajori, T! he Sc:en—
tific Monthly, 14 (1922}, 293-295. '

6 Note that the work is signed by René Frango:s
de Sluse. (1622-1685), who. developed a method
for finding tangents to algebraic curves just before -
- Newton {1642-1727) discovered his own. The vol-~

ume also contains notes whlch 1 conjecture, were
written by Shuse.

b a. s _-b.—-'-c'n:
12_; nxi .<A“& gnz!_r.

If we do the same for the mt,erval fta, tb} par-

_tu‘,lomng it at the points tz;, i=1,2,.. e then_ _ '
we obtam, ina smnlar fashzon the sums: o

ﬁ} —ia .-
'< Am g{, & z iz B
1-—1 . :

!'1
Z nt: -

r-i .

it is appa.rent. that the 15 cancel in these sums.
Since both A.p and Az are bounded by the
salre SUINS, f.hey ‘must be equal Today we would
use a limiting process here, but that was not Saint

This file, gregorinsklog. tex, was typesct'using TeX on May 29, 1996 at 3:15 PM. .
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Dcf‘cm hbrzs comprc‘lmfum -

Vincent s way; he used a proof by exhaustlon——to S

use a phrase ‘that he ¢oined in this book—although_ o 3 :

_the method goés back to Archimedes.: . e
- A ‘student ‘of Gregonus Alfonzo Antomo de

Sarasa noted’ that area is add;twe and 1f we put SR

a=1 then we hzue

-A-l —y—"AI,r. +Az::y .. (1)
.' —A1:+A1,y B (2) '

where (2) follows by the pmpertj,r proved by: Gre— : _.

gorius. Then he made a most mterestmg remark

7 Sofutzo probfematzs a M. Afersenna proposﬂu
{Solution of a Problem’ Proposed by Mersenﬂe) .
.1649. This work is not at West Point, but it is
bound at the end of the copy of the Opus geomet- . -
ricum in the New York Public Library. .

Saint Vincent and the Logarithm
He said that this area hehaved like a logarithm,
for the rule
Al g —AI::"]"AL_!{

is completely anaiogous to

1n(a;y) ln(:z) —I—ln(y)

o To us thls appears 0 be, only a tmy step,___ I
: __:but what looks like a small step to us may not
‘have been small to the creative mathematician

A § VIN CENTIO

who made i, It is very easy to réad things into

" a text, and as hlstonans we must avoid it. What

s obv:ous to us may not be obv1ous to the person
. who wrote it.3" g

" Our. way of mtroducmg the Ioganthm, 1e,, by e

"deﬁnmglttobe; : ¥ T S

G EOM BT RI M

‘was not proposed for ‘uge in- the schools untli the a1

" end of the nineteenth-century, when Felix Klein <" -
(1849—1925) did it ‘in his Elementary Mathematics . .
* from an Advanced Standpomt “Arithmetic, Alge= "~

bra, Ana!ys:s, Dover, p 156 The German ongmai i

-is from’ 1608.

This’ proof of Gregonus isa very mterestm,g :

- way of developmg the loga.rxt.hm Thave used it

- class and found 1t to be qulte sat:sfactory

8 We always say. that the Ioganthm is tra.n- s

* scendental function, and- this was certainly known_: ._ ' ':_ _
- to Leibniz and the Bernoulh s, but I do not know . .

who proved it. There is a nice proof by R-W. .

" Hamming, of error correcting code fame, in 2 pa- . .

per entitled “An elementary discussion of the tran-

' scendetal nature of the elementary transcendental

functions,” American Mathematical Monthly, 77

oo (1870), ‘pp.” 294-297; reprinted in 4 Century of
Calculus, Part IT 1969-1991, edited by Tom M

Apostol et al, MAA 1992, pp. 80-83.: i

R_osemary Schmalz, “A “natural’ approa{:h to
¢,” The Mathematical Gazétte, vol. T4, #470, De-
cember 1990, pp. 370-372 outlines a similar ap-.
proach without mentioning Gregorius. - :

This file, gregoriusklog.tex, was typeset using TEX on May 29, 1996 at 3:15 PM.



Torricelli’s Trumpet

An Inﬁmte Sohd Wiﬂl Finite Volume P
' " which has been truncated at some point, say (1/2, 2)

_"“tobe specific. Then add a horizontal line segment -
" from (0 2) to (1/2,2) to form a new curve. This
" curve is to be rotated around the z-axis and we ..
. wish to find the ‘volume of the resulting solid.

I do not remember thls of Torncelho e
to understand this for sense,. it is not required -

 that 2 man should bea geometrician or 3 logician, -
‘but that he should be mad

- Thomas Hobbes
Evangehsta Tonlcelh (1608—1647) showed such

_promise as a youth that he was sent to study with

sthe Camaldolese monk, Benedetto Castelli (1578~
1643), a mathematician, hydrauhc engineer, and,
student of Galileo (1564-1642)." A treatise Torri-

celli wrote on proj jectile motion attracted Galileo’s. -
attention, 5o he ‘was :able to- live with Gahieo i .
Florence during the last few months of Galileo’s X
life. Bonaventura Cavalieri (1598—'1647) and. Vin-
cenzo Viviani (1622-1703) were also. part of the .-
cizcle of Galileo at this time, so they were allfnends.' e
 After Galileo died?, Torricelli was. appointed to .
“:Galileo’s position of: mathematician a.nd phzloso—- o

‘pher to the Duke Bt Tuscany..
“In 1641 Torricelli showed that an mﬁmte sohd
could have finite volume. He thought he was the
- first to discover this, but he may have been antici-
pated by his contemporaries Fermat and Roberval,
and certainly by was Oresme in the fourteenth cen-
tury. The result was published in 1644 in Opera

N geometrzca the only work Torricellt published in
" his lifetime. Publication caused a sensation. In

‘addition, Marin Mersenne (1588—1648) who hiad

et Torricelli while visiting Italy in 1645, quickly .

spread the word. The best: mathematicians of the
seventeenth century were amazed and perplexed.
by this result, just as our students should be. Math-

ematical intuition 1s not always inherent; it takes .

time to deveiop

1 The Enngsb Worls of Thomas Hobbes, vol 7
p. 445. :

Teft of the narthex in the church of Santa Croce in
Florence. Across the nave, the tomb of Mlchelan—

gelo (1475-1564) is of similar grandure. This - '

dicates that scientists and ariists held equal social
positions in Florence. Would that it were the same
toda.y .

2 Galileois buned ina magmﬁcent tomb t.o the :_ '

Cons1der the rectangular hype!:bola y=1 [ z,

Consider an atbitrary point (zo,0) on t.he

hyperbola, and draw a horizontal line from it to-
{0, yg) ‘When this line segment is rotated around
“the r-axis & cyhnder of radius yo and he1ght zplis

generated. This cylinder has lateral: surfa.ce ared -

(27 yo)zo- Since the point (:r:o, %io) lies on' f.he hy-"_- o
© perbola, the surface area of the cylinder is 2,
. which is constant, and so independent of the cholce L
.of the point on the hyperbola. T

Torricelli now forms a circle af area 2':' the

" surface atea of each of the: cy]mders ‘and placesit

. in the horrzontal pla.ne y = yo- This is repeated

. -for each point on the hyperbola. The result isa -~
- stack of circles which form a cylinder. with base -

area 27 ’and helght 9. The volime of this cylinder

y +-is 4. By ! Cavaliert’s Prmmple thxs is t.he volume_
© of the' “Trumpet of Torricelli®. '

In this proof, Torricelli has extended Ca.va—'
lieri’s Principle to allow curved indivisibles (not
infinitesimals). To see that Cavalieri’s original
statement applies, think of the solid as made up
of concentric horizontal cylmders. Then cut these
cylindets: up through the z- y—p]ane to f,he T-axis.
Then unroll the cyhnders so that they form rect- -

© angles that livein the same honzoni:al plane as the
.- top of each cylinder. It is'in this horizontal plane .
_that Torricelli places a circle of equal area. . :

Thls result of Torricelli is incredible. It is the

most interesting and ingenious application of Cav-

alieri’s Principle. He has found a solid, that is
infinitely long, and yet has finite volume. More-

. over, his construction is remarkebly simple. There
- seemns to be no end to what clever people can do.
- Yet, this technique is ad hoc; it is crucial that the -
- area of each horizontal cylinder be the same, for | i

- otherwise he. could not have constructed the ver- =

tical cylinder. _
In 1658 Christlaan Huygens (16‘?9—~1693) and
René-Frangois de Stuse (1622-1 685) found an even

3 A neologism of Jan van Maanex.
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is generated how that 1t ha.s mumte volume
2 : re_gmn generatmg it has ﬁmte

'proud}y desbrzbed itasa drmkmg_ glass; that had
hal; even the hardiest. drmkcr _':

) could not
"'va.scuh pondere non ma.gm
nullus eblba.t_”‘*)

. P
-our calculus books [_Da.wson}

: .‘:E.Sources, b 5 i
) note is-based: on: (l) The chtmnary of.'.;“
_Sc:entzﬁc B;ography, (2) Cail Boyer, The History
f.the Calculus'and Its Conceptua.l Development,

pare the value mt}i th_e volume of Tornceﬂi
T}umpet._Epr 'Why_the answers’ dxsagree__ <

3. The ﬁrst time I.presented thls in class, Tcom
" .mented’ that the result was .ad hoc'and prob

“ably wouId ot generahze- My students ob- - - ematics ‘applied in"the’ classroom,”™ pp. 73-91in "

served that if y= /z", n > 1,1s -totated Tearn From the Masters; edited by Fraak Swetz, et
about the z-axis, then the volume is finite be- 7 - alia, MAA,1995. Boyer cites “De'solido hyperbol- -
cause it fits into the’ cyhnder This is a physi=:: .. . dco acuta” (Concernmg pomhed hyperbolic solids), =
 eal realization of:the companson ‘test for inter. ... which aPPeaTS in Opera di Evangehna Torrjcelli
. grals that T had never seen before.. Are there . - {1919}, vol.1 (of3), part I, pp. 173-221 VanMaz- .
‘any cases where you can obtain an exact re-: .. men cites Christiaan Huygens, (Buvres Complétes, =
sult, say by making the solid a cone? [This i vol.2,pp.'164,168, 212 #nd vol. 14, pp- 199,200,
a serious question; I don’t know the answer] . - '306—312 and ‘also Correspanda.uce .du P Marin «
4. Show that when the portion of y = z~3/* that " Mersenneé, vols., 12-14." these original sources.
lies above the ray [1,c0}is rotated aroung the . ‘Margaret E. Baron, The Ongms of the Infinitesi-
z-axis, the resulting solid has finite volume . mal Calculus (1969), which has been reprinted by
and infinite suiface area. The integral for sur- -~ Dover, gives 2 good treatment of Tor-lcelll s work
face area is not elementary, so you will need on pp. 182-194. - : S
to use the companson test io show t.hal‘. 1t is . After this note was wr:tten a detazled dlscus— Sl
1nﬁmte s BT '_ _ .sion of the ‘philosophical importance of. this re- -
_B. View the film ‘_‘Inﬁmte Acres R o o 'sult was pubhshed by Paolo Mancesu and. Ez:o' E
6. If the region that lies above the mteval ((} l] L Vailanti as “Torricelli’s infinitely .lorg solid . and ;
and ‘below the graph of y = /z is revolved - its philosophical reception in the seveateenth cen-

. 7 . _ _ tury,” Isis, 82 (March 1991}, 50-70. -
4 Huygens, (Buvres Complétes, vol. 2; p. 168. - S
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pp. 125-126, (4) John W. Dawson, J1, *Contrast- 7 - '
""'g:'examplesmlmpmper mtegratxon, ‘The Math- " o
ematics Teacher;” March ‘1990, 201202, and : (4) il
Ay van' Maaneﬁ #“Alluvial deposﬂs .conicsecr
‘tions, and- improper: giasses or hxstorv of mmathe o



Perralﬂﬁ and ihe 'E‘m,m*m

The probiem is to ﬁnd the path of an: objecf; pul]ed o
by an inelastic string by someone walking alonga. |
 straight line {of course, the pulled object should_ :

_.not be on'the stra:ght line).-It was. posed in. 1676 "

to Leibniz, who was in Paris inventing the calculus,

by the physician, anatomist, and. arc.hxtect CIaude

Perrault (1613-1688). 1f the name Perrault sounds
familiar, it is. .probably. because you have seen it on

the title pages of such Mother Goose fa.lry tales as -

i

. Cinderellz, Puss’ n:Boats and Little Red Riding

Hood.} These. dehghtful stories were written by -
' Claude’s younger brother Charles Perra.u]t. (162&*_,@"
Claude Perranlt was tramed as a physi- |
cian and quietly. pra.ct;ced for twenty years before - -

1703).

he was invited, probably through the 1ntervena

tion of his brother, fo become a foundmg member .

of the Académie des Sciences in 1666. There he
took an interesi in many of the scientific problems
of the day, earning 2 reputaiion for the careful

" which Colbert hoped would be the center of the G
Academys activities (see the figure; Perrault.is-
" pext to the king; develop .this more; cite article in .-
" Physics J ournal) He died of an mfectmn mcurred

~ while dissecting a camel.

. Claude Perrault is remembered for his anrio-
" tated franslations of V:truvmss De- architectura . .
(1673 and 1684}, and for a'work on the design
of columns which was influential throughout the

. e1ghteenth century Perrault’s only contribution to

and detailed anatomical descriptions that he pub-. -

lished. In 1667 he joined a committee responsible.
for the design of the entrance fagade of the Lou-

vre. Perrault also d&signed the Parls Observatoxre E

3 For a mathematical translation see “The sf;ory
of LR2H,” Mathematics Magazine, 777

. mathematics, as'far as I am aware, was to pose the

problem that concerns us here. It was all the rage
in mathematical circles of the day. Perrault used . -
to iltustrate it by placing his watch in the middle -

of a table and pulling the end of its Watchcham -

 along the edge of the table.?
At this point 1 would like fo. put in-a plug

2 Biographical information drawn from the Dic- .-
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for biography, for it ﬁeshé_.out' history. For some .

years [ tended to downplay t_l__ze_impoi‘tance of biog-

raphy, but T have come to appreciate the role that
it plays in helping us to. understand mathemat-

ics. For example, the sirfiple fact that Descartes
traveled to. The Netherlands where be met van .
“Schooten, does a lot ‘to:simplify. the complicated :

t explains why

history of analytic geometry (e.g-,.

it was Schooten who published a Latin edition of - '

Tescartes’ Geornetrie). What interests students 2

most is anecdotes, buf that is only a small part of
what they learn from our presentation of the larger
picture. I don’t mean to downplay anecdote, fora
catchy line will be remembered by the student, and

if they remember the mathematician, they have a.-

better chance-of rrememmbering the mathematics.

. The image of Perrault and his camel is 100 :
vivid to forget: ‘Another. line that I have used
with great-effect, when talking of falling bodies, -

s from Jacob Bronowski: “Galileo ‘was a short, RO

square, active man awith red hair, and _ifa._thgt_'r_noy:_e B

children than a bachelor should have”® Foramost
" interesting paper-on this topic, I suggest you care- © .
fully consider Helena M. Pycior’s “Biography in. S

the mathematics classroom” in History in Mathe- -~
_matics Education {1987), edited by Ivor Grattap- .

Guinness. But 1 have digressed.

 Perrault’s question was one of the earliest fn-

verse tangeh:'t_p'rob'iem_s_.' “Thesé ate problems where . -
. some characterization 'of the tangent to acurveds .o -
given with the goal'to find the ‘curve itself; today - .
we call them differential equations.” The first in- =
verse tangent problem was posed by ‘Debaune in
1638. While Debaune’s problem is often part ofa -

differential equations course, it is 2 little too com-

plicated for the usual’calculus ‘course. . However, . .
Perranlt’s problem is an ideal example in calcu-. -

lus.

bon on his hat. He is walking along the sidewalk
and the wagon'is in the street. This picturesque

way of viewing the problem gives the curve its -«

1 like to begin my classtoom presentation with
2 delightful picture from the first English edition” .
of Mathematical Snapshots by Hugo Steinhaus. It i
shows a young boy ‘pulling a little wagon on 2
string. Note that the fop view even shows the rib- -

the curve. “The D_uich physicist Huygens called

" the tractrix the “dog curve” because it ‘resernbles

" the curve described by the nose of a dog being '
" dragged reluctantly on a Jeash™* IR

The mast important mathematical constraint

" in this problem is that the length of the string
.is a constant. In the seventeenth century this o

. was expressed: by saying that’ th_e-ﬁength of the}
- tangent is comstant; we have an “equitangential -

curve” “This way of speaking sounds strange to

. us, sinee we ihink of the tangent line as the whole
-line, and hence not having finite length, but in He

- . those days, before they had a good grasp of such © .-
 elémentary parts of analytic geometry 2s the equa- =

~tions of lines, théy‘_vie\#éd the tangent ‘as the Yine ...

- segment on our tangent line between the point of -

 fortimately no trace of his original work survives.

tangency on the curve and the T-axis.

Leibniz solved the problem at once but un~ -
s

_ Newton alsosolved the problem, but again no work-

name.  From the Latin ﬁ‘trahe'_re,” ‘which means -

“to drag ot pull,” 'ﬁér_n'es our word tta_.{:trix: (When -
we extract Toots of equations we go back to. the .

same Latin’ foot)_; “This is not the ‘only name of

tionary of Scientific Biography and the ..E_'ncyck)pe;- o

dia of World Art.: - .
2 .The Ascent of Man, p. 200.

sheets survive.® . Priority in publication goes to

. Huygens, in a letter to Henri Basnage de Beauval - o

4 MIJ. Greenberg, Euclidean arnd Ni on_—Euc__Ifdeén
Geometries. Development and History, second edi- .
tion, 1980, p.-327. . . L '

S Acta eruditorum, September 1693. -

§ The Mathematical Papers of Isaac Newton, 3,

' p. 26, note 3L. ' S '
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Integration -

: .(a.. o)

(1656-1710) of 1693(27) I do not know when the
problem first became a textbook problem. In fa.ct h
1 know of notesearch wha.tsoever on the issue of
when certain problems entered our ca!cuIns text-

books. This would be a most mterestmg ime of
research for someone to take up.

One aspect of this problem that I part.lculariy'.-
like is that the student is forced to grapple with
the geometry of the situation in setiing. up ‘the .
differential equation to solve. Students need to
be given many opportumtles to model real world N
problems, for this skill is much more imporiant
than the formal calculus techmques which domi-

pate our books.
.Suppase the wagon is orxglnally at the pqmt'

(¢,0), and the young boy starts at the origin, and
then walks up along the y-axis, (The student -
should be asked why I rotated the plcfzure ) Now o

sketch the ¢urve:

7 Histoire des Ouvrages des Sgavans for De-
cember 1692/February 1693 = Huygens, (Buvres
complétes, 10, pp. 407-409 and 418—420.

Perrault and the Tracmx

D:aw the tanﬂ’ent at, an arbltra,ry pomt (::, y) '
on the tractrix, complete the triangle as in the di-.

" agram, and remember that the tangent has length

a. From the p:cture, the slope of the tangent line

Is _ R
2—3:2 _

. .(reﬂectmg the picture m the £-axis would elum—._f : :
_ pate both the minus sign, and a little lesson for

the student), and by. deﬁmtzon the slope is dy/ ciz,
50 we ha.ve the equatmn L : O
dy Ve TET

The hard parf. is now ﬁmshed (this a]ways sur-’
prises students when I'say it; but it's true).-Now . .

“all we have to do is integrate. The substitution ;-
42 = 42— z? feduces this to an“algebraic inte- =
" ogral which canbe evalnated using partxal fractions. /-

(The trigonometric substitution u = = asin(z) s’

slightly harder to work out.) Any student who has .| S

had some experience with these basic integration

techniques has no trouble ﬁndmg the equatmn of
_ the tractrix: :

= ' ‘H: m—am(”m)

1 have used thisasa ciassroom example and aIso as -
a problem ona’ take home exam. When it wasan..
‘exam question a little of the history was. included

in the statement of the problem, and I presented .

" the rest later in ‘dass. In ‘not.h cases Perraults s

tractrix problem was well received.
Related exercises for the students wh:ch are

" well within their grasp, ask for the curve of con- B
© " stant subpormal, or the curve of constant subfan-
gent. Of course, you will have to explain that the .
‘subnormal of a point on a curve is the line segment. .-
- from the abscissa of the point to the pIace where L
" the normal intersects the. z-axis. L

An interesting property of the tract.nx is that -
it is the evolute of a catenary. The subject of invo-
lutes and evolutes, which arose in the work of Huy-

" gens on pendulum clocks and played a large role -
~~in L’Hospital’s calculus texi of 1696, 1s no longer -
"~ mentioned in our books, but would be a good way . -
" " to introduce more geometry. Again Stemhaus has . -
‘anice way of describing this. Toform the catenary =
‘hang a chain on & wall. Then cut the chein at the .

bottom and let the chain fall under the action of
gravity. The path traced out by either-end of the

chain is a tractrix. To keep the chain from falimg
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out of the catenary sha.pe as it unwinds, put some
nails on the concave side of the cham “This can
also be 'lemonstrated in class by cutting 2 cate-
nary out of a piece of plywood and then havmg a
string w1th a pisce ¢ of =halk at’ ihe end which ini- -
tially is at the vertex of the catenary Keep the
- string ‘taut as you unwmd it from 'the ‘catenary ..
and you 'wiil obtain a nice ‘sketch’ of the ‘tractrix.
1t is betier to take a physical tnodel into class and - -
spend thé time dra.wmg an accurate curve than it =" 7N
is to just sketch it out freehand while explammg_'
in words why it works Students will remermber .-
* the model, but not your sketch. Fortunately, I am
blessed with a colleague, Cliff Long, who enjoys
makmg such models a.nd Is wﬂlmg to make them s
. forme.- '
If the tractnx is rota.ted about. its asymptote T
an infinite horn—shaped surface of constant nega- . :
tive curvature is formed.. A ‘patchof the ‘surface
.can be ‘moved to any other place without stretch- '
ing it; you only have to beud it as you do when -
you move 3. “patch of a cone! Every point on- the
sutface is a saddle point. Ernest Ferdinand Adoli -
Minding (1806-1885) discovered th:s property of
the sutface and so called it an “anti- sphere.”®
The surface was used by Eugemo Beltrami (1835~
1900) because it ls:sometnc to part of the hyper-
bolic plane. He also introduced the name pseudo- oK
sphere which we How use for. the surface. Huygens
_showed that the volume of the’ pseudosphere is _
oné-half the volume of a sphere of radius @, where' | -
_a is the Iength of the tangent line that generates .
~ the tractrix. To check this isa challenge.. B
' As a more real world application, we note |
‘that Schiele used the pseudosphere as the shape of
a beanng with considerable Iongltudmai thrust.®
Here again we have seen another advantage of us- .
ing a historical approach. We can mention the-
. oretlcal developments and real world apphcatlons e
that would probably not otherwise be well received
by the students, and would seem out of place with- .
out the history.!® '

e

g3 Steinhaus, Kale_jdoskop Matematyczny, 1956
p. 309; this remark is not in the Enghsh edltmns
~ of Steinhaus. _ :
? For details see E. 26 Lockwood A Boolx of
Carves (1961}, p. 124.
10 An earlier version of this note appears in my
paper “My favorite ways of using history in teach-
ing calculus,” pp. 123-134 in Learn From the Mas-
ters, edited by Frank Swetz et alia, MAA, 1995,
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‘After I did this problem in class, I said that
it was just a warm up for a more difficult and very
famous problemn, the catenary problem ‘This time
we have only the main cable. What is its shape?

. Galileo(1564-1642) had suggested that a heavy .
Tope suspended from both ends would hang in the

shape of a parabola, a conjecture which was dis-

- . proved by Joachim J ungius (1587-1657) and pub- -
" Jished posthumously in 1669; Huygens had an un-

- published refutation in 1646. If you read the ge-
" ometric proof of Hnygens, you will see what a

great accomplishment the new calculus of Letb- - g
“niz and Newton was. The true shape of the curve e
was not Irnown until 1690/91 when Huygens, Leib--

niz, and Johann Bernoulli (1667-1748) replied to

a cha]lenge of Jekob Bernoulli (1654-1705). The
 name “catenary” was ‘introduced by Huygensin a
© . letter to Lerbmz in 1690; it derives from the Latin :

“catena,” ‘which means “chain.” This was t‘.b.e ﬁrst_

mdependent work of Johann Bernoulli, who was -

irnmensely proud that he had solved the catenary
problem (Acta ernditorum, 1691; 2, vol. 1, 48-
51) and that his brother Jakob; who ha.d posed it,
had not. Writing to Pierre Remond -de Montmort
(1678 1719) years Iater, on 29 September 1718,
Johann boasted:

The efforts of my brol;her were w;thout suc-

" cess; for my part, I was more fortunate, for .

1 found the skill (I say it without bodsting,
why should I conceal the truth?) to solve it
in full and to reduce it to the rectification of

_the parabola. It is true that it cost me study

" that robbed me of rest. for an entire night. It
was much for those days and for the slight age
~ and practice I then had, but the next morn-

* ing, filled with joy, I ran to my brother, who
was still struggling miserably with this Gor-
dian knot without getting anywhere, always -
thinking like Galileo that the catenary was a
parzbola. Stop! Stop! I say to him, don’t
{orture yourself any more to try to prove the

" identity of the catenary with the parabola,
since it is entirely false. The parabola indeed
serves in the construction of the catenary, but
the two curves are so different that one is al- -
gebratc, the other is transcendental 3

2H.I.M Bos,_ “Huygens Chnstlaa.n, Dictio- -

nary of Scientific Biography, volume 6, Pp- 597-
613, especially p. 601.

'3 Der Briefwechsel von Johann Bernoulli, (1667

1748), edited by Otto Spiess, 1955, pp. 97-98;

translation from Morris Kline, Mathematical Thought

| V Fredenck R:ckey.

After gwmg a.ii of th:s hlstory to my class,

time had run out, so I announced that we would
-omit the derivation of the equation of the cate-
" pary. To my great surprise, the students howled.'

in protest and. insisted that We do the’ denvat.mn

next fime.: Na.turally, 1 was happy to obhge, buf.'_ S
this ‘event ‘was 'so unique that I have ever since -
~ attributed it to the fact that 1 had presanted the

- problemin its. historical settmg 1 have 7o stmnger o

example of history asa motivating force. -

So now let us derive the. equahon of the cate- - FE

_.nary. The nota.tmn in the figure, with a few changes

- will suffice. Of course, the roa.dway is no longer.
thete. This time the weight is that of the cable o
alope. I is- dxstnbu{:ed untformly along. the cable,
not umformly in-the honzontal dxrectlon Thxs is -
* the main- difference from the suspensmn brzdge- e
The derivation:becomes more complicated since -
. we must introduce the para.meter 5, wlnch denots o
arc length. Consequently, the welght of the cable
is ps. The hor:zontal forces are the same as before R

so we have ™ =0 no I ST G

()= T(x) cos(a)

' but the downward vertlcal force is ,os so thls tlme'f' :

-wehave BRI

ps = T(a:) sm(a)

Ehmmatmg T{::) between thfse two equa.tmns and ._ _..' '.

then solving for s we have s = & tan(a), where k=~
T(G)/p- If we differentiate = and ¥ Wlth ra‘:;pect to .
arc Iength s we have a . -

dz/ds = cos(a) and dy/ds = sm(cc)

By the. cha.ln ruie (what cou]d be mc}re ﬁttmg to._-.'_ 3
use in thxs problem) : R -

dz: _dz ds _ ey .‘___
i E o cos(a) - ksec (o-) = kseca)
dy dy

ds 2
i P sm(a) ksec (cx)

Integrating each of these we have o

= k.in.lse.c(a) —'— tan{a)| ;.;"md. y = k Sec(“) .

from An_cieni;' to Modern Times, 1972, p. 473.
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The Bridge and the Catenafy

- The integral

Finally, if we expend a little effory and elim-
inate o from these two:equations we obiain y =
k cosh{z/k), which is'the equation of a ca.tenary '

Thus we have seen that when a suspension
bridge is being erected, and only the cable is up,
‘then it assumes the shape of a catenary. However,
when the roadway is mstailed below, then the ca-

“ble changes ‘shape to’a parabola. . - )

" Perhaps thisisan opportune pomt to mentlon 5
_the issue of h_xstoncal accuracy in the classroom.
© Contrary to the professional historian, of mathe- . -
" matics, the classroom . teacher need not bea slave, T
to historical -details and methods.  The | ‘teacher
should ot lie, but it is not necessary. to tefl the '

whole story. To provide an overabundance of de- -
 tail will bore the students. and will not advance our
goal ofusing Instory to moﬁwate and 1nstruct f.he;
students. In’ partlcu]ar, 1t is not neccssa.ry, _and sel-
“dom deszrable, to-use, the sarne methods to denve:_
* results that theirinventors dld 'I‘he above derzva—"
tion for the' ca.tena:y is stated i in modem langua.ge S : .
and [ would certamly not. a.poiogr.ze for domg so m : '-"thm-e 1 Burf Farquharsons dassic photog:raph of ﬂm Eaml thstmg
i . _ _ : 1224 of the Tacoma Narrows Bndge under the action of wind.

+ (Photograph courtesy of the Special Collemons vaxsmn
.Umversﬁy of Washmgton I.xbranes.) IR DR :

class.

ﬂgml Kirmin vores s(m:n . on . G by .
palk-m o! alternating vorlices created by the confrontat
.lllltl-lﬂy suggcsl:d as lhc sodice ol' the periadic impuises that drove lhr'l"’amma :l:::w:;"n:’g: :‘::;:::::_.Md bﬂd}' *“" e ""’d

A For a somewhat. diﬂerent soluhon see C H -
Edwards Jr. and David E. Penney, CaIcqus and' _
Analytic Geometry, 1982, pp: 371-373. ‘ ‘j
5 An earlier version of this note appears inmy
paper “My favorite ways.of using history in teach-
ing caléulus,” pp. 123-134 in Learn From the Mas-
fers, edited by Frank Swetz et a.ha., MAA, 1995.

This file, b:iésg»cgtenm.zez, was typeset using TEX on May 29, 1996 at 5:10 P.M.

50



The Bicylinder of Archimedes

In the preface to hrs Method Archrmedes stated o 'But fear that [ wﬂl miss correct prmcxpie o

the: foﬁowmg prop051trou. b S I dare to. et i;he doubtfui pomts sta.nd
If in a cube 2 cylinder be mscrrbed whu:h has" S Waiting -

_ jts bases in ‘opposite- squares and. the- surface:_ e ‘. For one who can expound t.hem -

of wlnch touches ‘the fonr other fa.ces andifin
the same cube another cyhnd 1_nscnbe D
w}nch has. 1ts"oas&s in other squares and the™ :

"tbuchés the four: other fa.ces, :

: '=-ders, which enclosed by the two cylmders;
s two-thirds. of the whole cube. R
'Unfortunately, the proof of thrs proposrt.xon is. not-_-_'; i
included in the only exta.nt manuscrlpt of the work,
© so all'we can dois to conjecture how Archrmedes-’ T

proved the result,? o

- Instead of lookmg at the work of Arclnmedes, P
let us turn to the East. The Chinese mathematr— :
cian Liu Hu is best known for the Haidao suan-

" jing (The Sea Island Mathematical Manual)® of _

AD 263. This volume contains pine problems in-- -~ same volume. . -

* volving surveying that we would solve today using . .00 It is worth remarkmg tha.t the volume of 2
trigonometry. Liu, to use only ins surname',"_ hemrsphere can be computed by Cavaher: s princi-

unsuccessfully to-find the volume ‘of the bicylia- = " .
der, which he called 2 “box-hd - After he failed, © . the crrcumscnbed cylmder from which a cone ha.s

" he wrote the follomng poem about. hxs eﬁ'orts been removed

- Look into the cobe T
And out51de the box—hd o
Though the drmenszon mcreas&;,

1t doesn’t qurte ﬁt

" length of one side of which'is 2v/r% — 22, ‘Hence
“that square has area 4(r? — z%). Now the corre-
“sponding cut from the circumnscribed cube with

square pyramid removed is a square»annulus of

Problems

i Fmd the volume of the wedge whxch is cut from
i the base of a right circular cylinder by -a plane

The marriage preparations’ are complete, - ._:_npa.ssmg through a diameter of the base and in- .

But square’ ‘and circle wrangle, i
Thick: and thin are treacherous. pl ts,
They are 1ncompatxble_._. SO

clined at an angle of 45° to the base. .
7+ History: This problem first appeared in the
e 'Metbod ‘of A.rchimedes, who states it in a some-

1 wish to give my h“mble reﬁectlons R 'what more general form: A right circular cylinder-

1 %._ J. Dijksterhuis, A_rdnmedes p- 314. o 5 %An Archlmedean properky of the bicylmder,

2 For Zeuthen’s reconstruction of the proof see The College Mathematics Journal, 25(1994), 312-
“The Method of Archimedes,” which 1s a supple- 314. DeTemple also gives an elementary : and very
ment {with new pagination) to T. L Heath, The clever derivation of the surface area of the bicylin-.
‘Works of Archirnedes, pp. 48-51. : - der.. Because the sides of the bicylinder are lined

3 See Ang Tian Se and Frank Swetz, “A Ch1— surfaces, 1t;sp0551b1e to make 2 mode] of the figure
nese mathematical classic of the third century: from four sinuscidal lenses of cardstock. DeTem-
The Sea Island Mathematical Manual of Liu Hui,” ple begins his article by recollecting the story of
Historia Mathematica, 13(1986), 99-117. the tomb of Archimedes. He ends: “Can anyone '

4 Quoted from Calculus by Deborah Hughes- refér me to a good tombstone engraver? No hurry, .
Hallet et al., preliminary edition, 1992, p. 531.° of course.”

“This file, ATch-bicylinder.tex, was typeset using TEX on May 29, 1896 at 3:31 PM. o

51 -

Duane W. DeTemple ‘who coined the word o
_{"‘brcylmder, showed an elementary computatlon SRR
- “*of its volume using Cavalieri’s Principle. The idea " -
i5 to compare ‘the top half of the bicylinder with o
““the top half of the crrcumscnbmg citbe; from which
_a'square based pyrarmd has been ‘Temoved (with- ..
. its 'base at ‘the top of the citcumscribing cube and -
- apex at the center) Ifa honzontal plane intersects
the semx-brcyimder at herght 2 above the horizon-.
ooodal :-:ey—piane then that mtersectlon is'a squire the-

area (2r)® ~{22)%. Thus the two SOlldS have the

pleiin an entrre!y analogous way: Compare it with - -
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is inscribed in 2 rxght prism thh a square base
and 2 plane is passed through one edge of the tep

of the prism aund then through a diameter of the . =7
base; the top edge uniquely determines which di- "+

ameter of the base the plane passes through. Then

" Archimedes. gives an argument using his, ‘method
of 1nd1v151bles ‘that shows the volume of the wedge

s one—saxth of the volume of the prism.

2. The axes of two. ngh{: circular cyhndeis, ea.c.h S
of radms a, mtersect at’ ngh’r. angles- Fmd the:-_' S

common: volume. N

HIStOI}" This .pfro.blem also ﬁrst a.ppea.red in

the Method of Archimedes. In his introductory

letter to Eratosthena, Archunedes mentions that

‘he had earlier sent several results,” “urging you to

find the proofs, and that now he inténds to send. - :
the proofs. The first menticned resultis th:s ome, :

_the second that in the. problem above. -

Archnnedes states the resultin a different way_._'-'-_ i

‘than we'do- ‘today. He starts with a. cube and in-’ Sy
scribes two right cxrcula.r cylinders with orthogcy- i '

nal axa._ _‘I‘he r&ult is that ‘the part ‘cut off by

the cyhnders is two—thlrds of the whole cube. The -
reason for this way of stating the result is that the - **

Greeks did not actually find volumes, but rather =

found the ratios of the volumtﬁ of various solids.

This use of proport:on a.vmded the use of 1rratlona1_ -

quantxtles‘ S

Unforﬁunaté!y, the proof of th15 result whlch' S
was to be Proposition 15 1S mlssmg from the only Lo

'survwmg manuscnpt.. -
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Schwarz’s Paradox

After recelvmg hzs doctorate from the Umvers1ty
of Turin in 1880, Gmseppe Peano (1858-1932) be-
" came the assistant (a new position zb Turin de-
signed to give the best students an entry into the
academic world) to one of the mathematics pro-
fessors. During the the 1881-1882 academic year,
- Peano was the assistant of Angelo Genocchi (1817~
1889) who held the chair of infinitesimal calcu-
lus and who had been Peano’s calculus teacher.
Genocchi, who was 65 years old had to ask Peano

- ‘to teach his class because of his fmhng health. Cal-

~culus was’a second year course, with four classes

and two- recltat:ons per week. When the topic of .

'surfa.ce area came up, Peano Baturaﬂy turned to -

the commonly. accepted definition of Joseph Al-
~fred Serret (1819-1885} of the area of 2 surface S
bounded by a curve C:

area is the limit of the elementa.ry areas of the

mscnbed poiyhedraﬂ surfaces P bourded by a

curve T as P — 5§ and Tiom C, where_ th;s- '

limit exists and is independent:of the p: '

lar sequence of inscribed’ polyhéd al:
. which is considered. 1 :

This deﬁmtlon seems quite piausﬂﬂe especxally
considering that it is just a generalization of the
definition of arc length. But Peano found a coun-

terexample to show that it would not work. In a

ten GGHGCChl mformmg hxm of the chfﬁcuity in Ser— S

ret’s definition. After Peano told Genocchi. of his’

discovery, Genocchi wrote his friend Charles Her-

mite (1822-1901) of the independent discoveries of

Schwarz ‘and Peano because Hermite had used the "
incorzect :definition -of Serret in: hls lectures. Her- -

mite wrote Schwaxz for. details so that he could
revise his course. Schwarz ‘wrote up the details of -

his discovery and Hermite quickly included them

in the second edition of his muneographed lecture *

‘notes (1883). 4 This did not please Schwarz forhe

did not feel right in pubhshmg 2 result thai: had
already appeared in print. - The ongmni note ‘of -

‘Schwarz was not: pubhshed until the second vol- S
* ume of his collected works appea-red in 1890.5 In

. ‘the meartime, Peano published his ‘work in 1890.°

class lecture . ‘of May: 22, 1882, Peano gave @ cor-.

rected : deﬁmtlou of surfa.ce area.? This was the
first of 2 long sequence ‘of discoveries that Peano
made rega.rdmg elernentary ‘calculus.
Naturally, he was ‘quick to tell his old teacher,
- but was surprised to learn that Genocchi was‘al-

ready aware of the difficulty. ‘But- Geuocc!n had

not discovered:it himself. On December 20, 1880,
Hermann Amadeus Schwarz (1843-1921) had writ-

1 J. A. Serret, Cours de caleul différential et
intégral, 2 vols., first edition 1868, p- 296, second
edition 1880, p. 293. Translated, with commen-

tary by Axel ‘Harnack, Lehrbuch der Differential-

‘und Integralrechnung, 2 volumes, 1884-85. Trans-
lation from Lamberto Cesari, Surface Area, Prince-
ton University Press, 1956, pp. 24-25. Pp. 24~
26 of Césari contain an excellent treatmen.t of the
Schwarz paradox.

2 See p. 143 of his lithographed course notes.

Although Peano’s work was pubhshed first, It was

clear to all concerned that Schwarz had prmrzty i
for this near simultaneous discovery.”’

“In an amezing example of smmitaneous dls-
cavery, both Schwarz and Peano found ‘the same
example to show that. Serre’s definition will not -

' work. They con51dered an. ordma.ry cylmcier of '

3 U Ca.ssma, L area.diuna superﬁme curva nei
cartegglo ineditio di Genocc}n con Schwarz ed Her-
mite,” Rend. Ist. Lomb. Scz Lett., (3) 83 (1950), -
311-328.

"4 . Hermite, Cours professé & la Faculté de

b -Sciences Pans first edition 1881—82 second edxtmn
188'3

S HA. Schwarz, “Sur une definition erronée de
-l’é;ire d'une surface courbe,™ Gesaminelte mathe-

matische Abba.ndlungen Il pp. 309-313, 369-370.

6 (3. Peano, “Sulla definizione dell’area d’una
superficie,” Atti della Accademia ‘Nazionale dei
Lincei, Rendiconti, Classe di scienze fisiche, math-
ematiche e naturali, (4) 6 (1890}, 54-57. English
translation as “On the definition of the area of
a surface (1890, 1903}, pp. 137-142 of Selected
Works of Giuseppe Peano, translated and edited

by Hubert C. Kennedy, University of Toronto Press, ' '

' 1973. The 1903’ refers to Peano’s very interesting

work, Formulaire mathematxque volume 4, where
his example is given.

7 Hubert C. Kennedy, Peano. Life and Works
of Giuseppe Peano, Dordrecht: D. Reidel, 1980,
pp- 7-10. ‘
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héight H and radius B (Peano tock H = R=1.).

Clearly the lateral surface area of this cylinder -

should be 27RH. What Schwarz and Peano did -

was to construct a sequence of inscribed polyhe-:

dral surfaces whose areas tend to any number not

less than 2= R,

- Divide the iateral_é.i—éé of the 'c_ﬁinder fnto.

n horizontal strips each of height H/n by using . :
a sequence of parallel Horizontal circles. Take m -
equally spaced points arotind each of these cireles,
but doing 50 ‘in ‘such ‘a way ‘that the points on..~

each circdle afc'fﬁi&way,hetwecﬁ those on'the circle

V. Frederick Rickey

infinity. If we let m = n and then take the limit,

we will get the &esirgd -area of QﬁRH . But if we
first take n = m® we get 2wRy/1+ Rix?/4. K

frst m tends to infinity and then n, the limit is

. inﬁ_ni—ty_.g ]

-To_ma.ke.a model of this golyhedral surface,

take'a piece of thin cardboard {(a file folder works

above. By joining every pair of adjacent points: -

" on one circle to the point midway between on the

circle below (and above), a polyhedsal surface con-

' sisting of mn con_grgent ispsceles_ triangles will be
_.form_ed. S o Lo

is

© - 2mnaRsin E—\/Ez—- '+4R25in4.'—3—-.1'-

To guarantee that the sides of all the triangles ap-
proach 0 take the limit as both m and n tend to

 nicely) and mark it with'a grid of diagonal lines . |

as in the ﬁgure(thetopof the figure is divided
into m equal pieces, the side into n). ‘Mark the .

' back side of the cardboard with the dashed linss.. - 7

Now lightly score each of the lines with 2 knife -
and fold back away from the lines. Next rell up o
the sheet into a cylinder, pressing to get the sheet
to fold along the creases. Finally, glue the cylinder

" together using the flap.® T

“The sum of the areas z?re these mn -t.r-i'angl_'és' .: »

5 Thees details are micely worked out by Fricda

- Zamesin ‘_‘Suf_fé{:é area and the cylinder area para--.

~ “dox,” The Two-Year College Mathematics Jour-

o _pp. 165-168,

nal, 8 (1977), 207-211; reprinted in A Century .- o

of Caleulus, Part 1I,°1969-1991, MAA, 1992, pp.

" 324-328 and also by Gail H. Atnecsen, “The Schwarz

paré_doj_:f An interesting problem for the first-year
caleulus student,” Mathematics Teacher, vol. 65 -
(1972), pp- 281-284; reprinted in Readings from - .

the Mathematics Teacher. Calculus, edited by Louise -

S. Grinstein and Brenda Michaels, NCTM, 1977,

> Dubroveky, Vladimir, “In ‘seaxch of - defi-. o

nition: of surface area.. Now you.see it, now you -

don’t,” Quantum, MarchfApril 1991, pp. 6-9; and
44. ‘The physical model of what they call Schwarz’s

- boot, was designed by the Moscow architect and

designer V. Gamayunov. It is described on p. 64. -
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B Msm LIOUVILLE.

Couid thls ever bee done_ .

:alI problems whatever rmght. bee resolved

Isaa.c Newton 16661 .

There is 1o doubt that the avaxlab:hty of Com-
puter: Algebra. Systems wzll cha.nge the way we’ )
teach mathematics. - Soon our students will have'
symbolic integrators available in their pa.lm~top' -
computers. “When the students starh- to use these =

“computers experimentally and enter bizarre fume-
tions:to integrate, they will quickly come across

functions that their machines cannot handle. Then. .
they will come to us, ‘their teachers of 2 theoretl— i
cal pencﬂ and papeér era, and askthe question we .

have always wanted o hear: Why? ‘There will be

many mac]nne related réasons for the failure to'in- .
tegrate ¢certain functions, but there is a theoretical: -
Teason that we must, discuss Some functmns have i

no elementary. antldenvatxves o

tary antiderivatives.” “To say that f has an an-
tiderivative means that there is another function
G, whose derivative is f. Now every continuous

" function f has an antiderivative, namely, [ f(z}dz. -

But this seems to be cheating. We would like to be

- able to integrate the funclion f using . the mtegra— :
tion techmques from a basic calculus course—to
express. the angwer without the- mtegra.l sign. In

this case, G will'be an' ‘elementary function, i.e.,
composed of compositions of alegbralc functions,
roots, transcendental functions, and the inverses

of such compositions.: If we can do this, we say

that f has an elémentary antxdenvatwe or that
[ f(z)dz is elementary.

From the time of Leibniz and Newton it was. _
known that differentiation was an algorithmic pro- -
cess, whereas integra.tion was not. It was not clear -

1 So wrote | Isaac. Newton .in hlS October 1666
Tract oz Fluxmns To put, ‘th15 in modern terms_ :
asks for an antiderivative for’ every function. See *

The Mathematical Papers. of Isaac Newton. Vol-
ume 1. 1664-1666, edited by D. T. Whiteside, Cam-
bridge University Press, 1967, p, 403.

whether every functlon ha.d an elementary antzdenva.»- -
©tive. Consequently, cons;derable effort was . d& T
. voted to antidifferentiating wider and wider classes.
of functions. This topic was of great importance
_ in the nineteenth century, anci interest continues
. even today. As ea.rly as 1694 Ia.kob Bernoulh con-'
' Jectu:ed that IR '

5‘] \/‘_—,-4

R could not be mtegrated in elementary terms (thls B
- thegrai represents the length of a piece of the

" lemmiscate +* = d® cos® ?{8)).  Amazingly, Liou-
“ville proved that there are functions wzthout an-
- tiderivatives.

Joseph Lmuvulle (1809~1882) studied at the o
-] Ecole Polytechnique and the Ec_ole_ des: Ponts e
-~ Chaussées, but he soon turned from en neermg to

" research in mathematics and’ ma.thematxcal physics.

~The change.of Ia.nguage in the PR’-V‘O“S sen- . - " Then he began a studlous but ‘unexciting, fifty-

tence md:cates that we will have tobe’ maore careﬁll P :
~ year career as teacher at, a ‘variety of schoo}s in

of our calculus: termmoiogy We ‘must dzstmgu:sh S

5 Paris interru ted’ onl by ins annual summer va-
between “integrals,” “a.ntﬁerwatwe "and felemen- 2 P Y

" cation and one brief sojurn into pohtu:s Every

student of comple‘c analys:s knows “Liounville’s The-
orem”? and imany have used “Liouville’s T ournal”
(Journal des Mathématiques Pures et Apphqueas)
In 1844 quvﬂle prove(i that t.ranscendental num-

‘bers exist. He also made contributions to algebra,

geometry, number themry, and ceIesmal and ratio-
nal mechanics, :

.- In 1835 onuﬁlle pubhshed 3 farnous paper .
: “Memon'e sur I’mtegratlon d'une classe de. fone-’
tions transcendantes” : (Memolr on the integration .

of a class of transcendental fanctions) in Crelle’s
Journal [1}. In this paper he provided necessary’
and sufficient conditions for the integrability in el-

" ementary terms of a rather large cless of elemen-

tary functions. A specxal case of his result is:
I ff(a:)eg("') dr is an

Lmuvﬂle s Theorem:

elementary function, where f and ¢ are rational

2 Fyery bounded entire function Is constant.

‘Alas, the theorem is due to Cauchy in 1844. The

name arises because C. W. Borchardt heard Liou-
ville lecture on the result in 1847 and attributed
it to hlm o
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functions of z z,and the degree of gl 15 p051t1ve then
f f(x)eg(s) de = Reg(z)

where R 15 a ratlona.l ﬁmctxon of X.

Ifwe assume tlns theorem thhout proof then

grable in finite tenns

Example. f e‘.’ d:: has no elementary a.nt:denva—

five. -

: Proof:
tary antiderivative, then by Llouvﬂle s Theorem
it has the form

j _e“.’_"_a d;g = Ref;"":, i T
where R is a ra.t:onal function. . le{eréntiating :

{and using the First Fundamental Thearem of Cal-
culus) we obtain: : ;

= R'e °’ —i-Re"'r (—-2z)

Smce the e*{ponentlal function is never zeto, we

- can <cancel. the exponential’ term and ‘obtain. 1 =
R’ = 2Rz. If we replace the rational function R
by P/@, where P and Q a.re relatwely prime poly-

" nomials and Q. is not the zero polynomlal Ehen,.:

after some easy mampuiatlons we obtam

a@-renn=re

Now if we ‘assume that the degree of Q is pos:— :

tive, thén by the Fundamenta.l Theorem of Alge- . -
bra {a result we assume already inhighschool, but -

never prove before a course in.complex var:a.bles),:
- we know that Q(z) =:( has a root « of positive

multiplicity », L.e., Q(z) = (z.— )" T(z), where ;

T{a) 3£ 0. Since P and -Q “are relatively prime
polynomials, Q) # 0. We obtain a contradic-
tion by observing that « is a zero of multiplicity

at least r on the left-hand-side of *, whereas e is - :

2 zero of multiplicity » — 1 on the right (because

d:ﬁerentmtmn reduces the muitz phcxf:y of azero. by :

1)-

some degree, say k, so P’ has degree k —1 and

9z P has degree k 4+ 1. These three polynormals of - |

different degree cannot add up to 0,sowehavea
contradmtmn Q.E.D.

_ A_R.lsch 's Theorem:
.. “deciding whether an arbitrary elementary function -
"has an- elementary antiderivative 'or not, More- .

- over, if a functlon has a.n elementary ant1der1va—
we can prove that certam mtegrais am Bilei mte- R '

If we assume that e -z has an elemenah Co

) ntegraIS'

[2] Mead, D. G., “Integrﬁtxon

This contradmtlon shows that Q isa non—zero L .
constant polynomial.’ Thus Q' = 0:and so % be-*
comes @ — P!+ 2zP = 0. The polynomial P has -

V. Frederick Rickey

Recentiy a great advance was made on this

5 irork one which is having a significant impact on

computer algebm systems. Tt is

‘There Is an, algonthm for

' One of- the real va.lues of usmg S h1stor1ca1.'_
appmach is that we can ‘talk abont mathematical

‘ideas that are too hard to present in detail in class.
_The results are still lmportant and of interest, even

if the proofs’ cannot be given. Black holes, guarks,

" DNA, and plate tectonics are things that we have - .-
" all heard iaboitt and understand in a general way, -

even though few of us know the technical details. -

‘This is a lesson that we had better learn from the
'..'_phymcal smentzsts* Popular presentatlons of scient-
- tific ideas attract- students to the field, and leaves
" the general public with warm feehngs towards it

. We close w:th a short hst. of non—elementaryi T

f’lzdz_. /dz/ln(w
. jsm(r)/::dz /sm(x Sdz | =
/ Grois j \/—dx |
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 The Firstsequence.

YBC 7289, a'fabiet.iﬁ".t'he.;Yaie Babylonian .Coi—

Jection, is pictured. It was written in cuneiform

about 1800 B.C. and pictures a sqx_ia.re_,-_if.s'dia_g- '

onals, and three numbers ‘expressed in sexagesi-

mal notation. The numeral along the lefi side of '
‘the square expresses the number 30, the number =
along the diagonal is 1;24,51,10 and that below it -

is 42:25,35. The -product of the first two of ‘these :

is the third, and the second isa very good ap-

' proximation to V2. ThiS_izai)let also r_e_:\_r_e'a_ls that
‘the Babylonians knew the Pythagorean Theorem .
(much stronger evidence for this is giver by the -

tablet Plimpton 322). .

Otto Nengebauer '(1899'-‘.19'90)- and Abra.ham

Sachs were the first to describe this tablet in their

Mathematical Cuneiform Texts, which was pub-

Tished by the American Oriental Society and the
American Schools ‘of Oriental Research in 1945; -

see pp. 42-43. They ‘conjectured—and, no .one
- since has doubted—that the Babylonians used the

Divide and Average Method of computing square o
roots: First make a. guess gg for the value /a.

“Then consider afgo. The product of these num-
bers is a, as desired. If the first-is too small an
approximation of v/a, then the second is too large.
Thus, if we average them we get an approximation

- ‘which is_—_b.etﬁer_ __Lhax_l" gi.}"._he__érs o__f .f:he_zi_'t{_vc':'._lf we r:ei_t; B
. erate this process ‘we obtain a convergent infinite -
cequencer

AN iga
Using this technique to approximate V2 in .

: | base ten!; with an initial guess of 1, we obtain: -

o=l
'31““2"(-1+E)

=15

aslasifpegieniz®

L = 14166 IR
B %{1.4166—:- 1.411_76470'589__.) o
= 141421568628, - -

o0 = Sudrasessas. . LA12IMTST.) C

S LAl2IBEE..
and V3= 1414213562375 0

This is an amazingly cloée approxXimation, so it

" seems that the sequence {g.} -converges to ﬁ

Let us try to verify this.
First we use a technique that is very handy
for finding limits of recursively defined sequences .

(T do not know the origin of this idea). . Suppose . -
+ {and this is 2 big supposition) that {g,} converges. .
to . If we take the Timit'on both: sides of the = .
relation (%) which defines our sequende, we obtain' . -
I=3(1+ %) This quadratic has Toots 1 = £v/a, .

only the positive root of which is of interest to-us.

Thus, if the sefjuence converges, then it converges.. .

to V2.

1 In base 60, if go = 1, then _91__'_=_'.i;30, _.dz =
1:25, and g3 = 1;24,51,10,.., precisely the value
which -appears on the tablet. Thi_s_cq_rﬁputatidn.is

: 'simpler than in base ten for the réc_:ip_ro'cal of g1 ..
. was available in standard tables. However, that of -

gz “does mot compute,” i.e., does not have a fermi-

nating sexagesimal representation, but for_turiately_ o '

the Babylonians had an approximation for it.
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To show that the seqlience converges; we math- .

ematicians are lkely to argue as follows: If go s

Jess than /&, then g1 > +/a and the following -
terms form a decreasing sequence, 50 this bounded - *

monotonic sequence converges. However, our stu-
dents will be much happier if we draw-.a picture io

* illustrate the sequence {g.}. Consider the func-
“tion g{z) = 1(z + ——) which has, isihg the dif- "
ferential calculus 2 Thinimum at (f (a) Ifthe
initial guess gp is less than /a, then'g{go) =91 >
a. Now dra.w a honzontal line from the : point -
(gg,g(gg)) tothe linez =y and then drop a per- -
pendicular to’the .z-axis. This is the point gi. - N
Compute g(gl), draw a horizontal line to the di- . .. .
. agonal z = y, and then drop down to ga.- Contmue R
this process and ‘genierate the cobweb gwen inthe .0 -
- figure. The geometry should readily convmce stu—_ SEPE
R dent.s that the sequence convergcs EO

!. i

o _g
9 'ﬁL ‘{3 ‘iL 3;

The mathematlcal deta.zls of the prevxous para.—

. V. Frederick Rickey

 matics, vol. 2, pp 3‘}3—326 for addmona.l informa-
‘tion. The explanation of Neugebauer and Sachs

pronded a way. of explaining how Archimedes ob-

" ‘tained his square root apprommatzons previously

this was a matter of considerable speculation. -
“When Newton’s method is applied to f(z} =

- z?~a = 0 with first approwamatzon zy, the second.
- is 23 = 3(z3 + Z). Thus the ‘Divide and Average
R 'Squa.re Root techmque also follows from \Iewton 5 -
- Method. The history. prsﬁented ‘above ‘could also ™ T
~-be used to motwate Newton’s method. Of course,
.. it would be silly to say tha.t the Babylomans Lnew S
,'Ncwtons method L A

A Second Sequence

Perhaps the mosf; famous seqnence of a.II t;me U
. . is that of Leonardo of Pisa, or less accurately, P s
" "bonacci, which he introduced in 1202 in his. Liber . _
: " . abaci? In his De nive sexangula of 1611, Johannes e
s, Kepler (15:1-1601) while writing about the'di~
vine proportmn, saw 2 connectmn between ftand
T.. . the Fibonacei sequence. He wrote “It'is impossi- "
'ble toprmnde aperfect examplein round numbers. -
L. AsBisto 8,s081s 1013, appronmateiy, and St
'-:__:_asStol3 sol315to21”3 :
" 'This passage is the’ ongm of ‘an 1mportant i
N __prope:t)r of the Fibonacci sequence.’ This sequence i ;
. is defined recurswely by Fo'= 1, Fy =1, 2ad ‘> :
: .‘_Fﬂ_[_z = F,,+1 + F,. 'We can turn’ Keplers clazm' i '
“into an exercise Which uses the ‘above techniques- - 7>

by asking the studént ‘to find the: hmlt of the se-. e

e quence {F,,.H / F }

graphs have been included to show that a histor- i

ical approach need not be used throughout the: .
problem. Here we only used. the historical exam-
ple to introduce a topic on mﬁmte sequences, and
then went ahead and proceeded as we ordinarily -
would. The historical beginnings show that the =~
-technigue was important to mathematicians inthe
past. There is no conflict here, unless you leave the R
impression that the Babyloniens did all of this. - -
“The Divide and Average Root Method was,
for centuries, attributed-te Hero-(or, less accu- _
rately, He:on) of Alexandria (fl. c.‘A:D. 62}. See .
" Sir. Thomas Heath’s 4 History of. Greek Mathe-

2 See D. L Strm}\ Source BooR in Mathemat— SRS
" fes, 1200~ 1800 pp 1+4 for a tra.ntlatlon of the

fext.
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TheSWihesheaﬁgﬁies .

If ever 4 man had an unfortunate sumame, 1t was .. :
Richard Swineshead (f.c. 1340*1355) Tt would be

‘interesting to have a picture of him. He was one -of

the leading mathematicians and logmans at Mer=

* ton College, Oxford, whose most important book,
Liber calculationum, earned him the title of “The
. Calculator.,” This expository work, “which shows
the influence; of the English Archbishop and math-"

ematician Thomas Bradwardine {c. : 1290—1349) e
became ‘a’ standard- reference work, dealing with =
every aspect of calcnlation and contained 49 rules: - T
dealing with movement. Here is the one that m— S
i L o the additional effect (over tripling) of quadru-
S pling it during the last eight of the intervalis
eqmvalent to that- of doubling it during the

' third subinterval (of length one-eight); and .

terests us most- .

“If a point moves throughout the ﬁ:st haIf of a -
certain timeinterval with a constant veloc:ty,_ e

" throughout the next quarter of the intervalat:

double the initial velocity, throughout thefol- ..~

lowing eighth at triple the initial velocity,an~
5o on ad infinitum; then the average veZoc;ty-‘ O

during the whole time- 1ntena.] wsli be double :

the initial velocxty. e

val and the initial velocxty both have the value
1, this problem armounts o evaluating the infinite
series S50 n/2". Except for the geemetric series,
instances of which were known in antiquity, this
was the first infinite series which was summed.
The first time I .presented this result was at
the United States Military Academy at West Point
NY in a class on the History of the Calculus. Thayer
Hall, named after the father of the Academy, was
under reconstruction {(many years earlier it had
heen a rldmg arena) and there was an air hammer
pounding in the next room. Those Army cadets
never say dig, 50 class continued. I had prepared

a diagram and cutouts so that I could present this
on the overhead projector. The smaall class was .- :
crowded around the overhead so they could hear

me shout and when I put the cutouts on the over-

head one cadet started movmg ‘the pieces around. -

Before | could finisk my explanation of the prob-

convinced me of the real value of tactile mathe-

: matm a.nd I encourage you to make models and L

take them to class as often as possible.

“Swineshead ga.ve' “a long; an. te&lous Verba.l o

“proof”! whichis = oo _

' eqmvalent to arguing that the eﬂ’ect of dou— »
bling the velocity during the Jast helf of the -
interval js equivalent to that of doubling it
during the first half of the interval; the ad-.

. ditional effect (over: doubling) of tripling the = | * e
f._veloclty during the last quarter-of the inter-

" val is equivalent to that of dotbling it during
' the seconid subinterval (of length one-fourth};”

:so.on ad imfinitum. Hence the total cumula-
‘tive effect: is the same as that of doubling the

T _ Initial velocity during. all of the submterval& -

" “This verbose_verbal argument was converted -

O + " to a geometric one by’ the French mathematician
‘When prasentmg thxs asa pmblem in class IR "N1c01e Oresme {c. 1320-1382) in his De configu-
I leave out ‘the the woed “éouble in the state-: L
ment of the proposition, so that the students can L

figure that out for themselves. If the time inter-

rationibus qualitatum (Treatise on the Configura-

“tions of Qualities}, which was written in the 1350s
while Oresine was at the College of Navarre. What

1 had taken to class with me was an overhead
containing the diagram of Oresme. In accordance

with the statement of the problem, the region is
‘most naturally divided into vertical. columns. To

go with the diagram, T cut out several strips of pa-
per. The first had width 1, the second width 1/2,
the third width 1/4 , .. the n*h had width- /2

Each of them had height 1. To fit this mcely onan’
overhead the vertical scale should be about one-

fourth the horizontal scale. These strips of paper

are placed horizontally on the diagram, thereby L

conﬁgurmg” 1& m a dlﬁ'erent way Then they are

1 C. H. Edwards Ir., The sttoncal Deva!op—-
- ment of the C’alcqus, New York Sprmgcr, 19789,
. 2 Marshall Claget.t The Sc:ence of E’ecba_mcs L
in the Middle Ages, Madison: University of Wis- -
 consid Press, 1959 This is 2n edition. of the orig- -

lem, the cadet had provided the solution. This N _inal documents, including a reproductmn of the

O:esme diagram.
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= chifted Teft 2s in the diagram. : : '. ' R -
" Arithmetically, the pxeces in the vertlcal dxa— ' : . _
gra.m represent the sum : ST

ot 4 I : - —] 11,

while those 1n the ‘hotizontal diagram represent

,1+§,+__—+-_-7+_-;;+:-- N I - R

_Wha!; we have done is to reduce. the. Swm&:head
series to a geometric series. We should be sureto = o R
' point out to our students that looking at the same B T I U
' .thmg vatious ways can be extremely fruitful; this - : S R
. is one of the primary ways that we get equations.
‘We should not expect ourstudents to absorb prob- -
lem solving’ techmques like thiS all on their own—
we need to reflect on what we do In- class and to
comment about the heunshc techmques whxch the R
students should emulate. : AR
The 1mportance of this work’ on- mﬁmte se<’
zies, and that which continued in the fifteenth and i
sixteenth centuries, was ‘not ‘the parh:cular results :
. achieved but the change in mpindset that the work L
_ engendered The Greek horror of the infinite was
- gradually ercded ‘during ‘this: penocl and: mathe—
fmatu:xa.ns became meore accepting of mﬁmte pro— _
cesses in ‘mathematies.” This’ step was necessary. ‘.. 2ot
before the- calcutus could:come to fruition: in the . [
" seventeenth century. This historical point is worth = § "
* remembering when we teach calenlus. - Our stue.
* dents are not accustomed to thinking about in-
finite processes and so these processes should be .
approa.cbed slowly and catefuliy. :

o e ltful _-l.\.--;--- A= B At .. : _“ .

= Wb [ P
S e s A .

[P0 i b aap s 1A 1 Bt T E e el et el
> bR Wk T : cu:s ..-qn-: BRI qi\mtwtu uu\ur.nuwc-r map ?ﬁqh -
;‘T“ e \‘m&ih‘ w I'F’q sifnes & ' u"\&"‘%’ G n (i o210 lﬁ‘rbﬂ‘mal' ﬁ'!.:' AR
nmuq F-ufmﬂtm mM-mrs"ﬁ.u—.; Lo e Oy, E-r?n ftrlu.:rl’ac 61r‘l- 10%mE o
Pt el q* ‘am“;‘“dnc:c 3"“"‘1'-—3?“ | . &I"co:‘t's 'y 2 [,,rxgr; L 3T bom '
Rrgme sabe -.__u.“u n_'t‘q..:u.uxu_;—rs 5—,‘-0‘;} L gq-rt:rb 4“":8.1.’ fiz ta .abnv 'Mrn;.q_'r .
t"‘u:l[- < L::m -\lr‘l‘h -qh "-h}'n i ST TP trnm{‘: o UTDQ r‘-ewh“’-'-*bf‘u
g :ﬂqh‘ g2 b oz m aaimoonds til‘yc:gmth hoctmm"'z‘:px't ¢
. L R -
ﬁo:.._. kg :rf:?‘ﬁ"""«"‘m‘u“ﬂ"\*w\ SO fu ate g ¢ x"icbt'?w oy S : 5
LR \.{ et .qlu—.ﬂm f" o t.-\\{h\“'\.ﬁ.- AR ".‘."-«ct =t H:_. ﬁmf. ; r SR A
N : - --f\.uu\.l :‘“.: ST I
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- The twenty year-»old Euler used the leti:er e o des- '_ .

ignate the lumt .

i (142)

.--m a lette;r to: Chnétxaa.n Goldbach on 25. Novem-_

ber 1731, but the letter was not published until

1862 so it had no xnﬂuence. ‘He also used it in his .
. Mechanica’ sive Inotus seientia analyt;ce expos:ta'

- (1736), vol. 2, p. 251, ‘This usage became popu—
lar after the Euler used it in his Introductxon in
analysin infinitorum (1748).

Many peop}e believe that ‘e’ sta.nds for ‘Fu- 7 |

- ler,’ but we have no documentation for this. In
fact, ‘to choose this letter for this reason seems
wholly out of character with the modest Euler.
More likely, he chose it as’ ‘the ﬁrst letter of the
word exponential. -

Inhis Introduct:on m a.na!ysm infinitorum? of -
1748, Leonhard Euler gave the foilowmg contmned _

fraction mvolvm ge

- 1 This e‘:ceedmgiy nch work is now acc&smble :
. in an English translation by John D. Blanton, In- - -

troduction to Analysis of the Infinite, Springer

1988, 1990. French, German, and Russian trans- -

lations are also available. The Latin text is avail-

able as volumes 8 and 9 of series one of Euler’s

Opera omnia.- A photographic reprint of the origi-
~ nal was produced by Culture et Civilization, Brax-

~ elles, Belgium, in- 1967. The equation given isin" - o
§381 at the end of voluine one. A copy of the .
original 1748 edition is on- dlsplay at the MAA L
Headguarters in Washington D. C. It s often sa.id_ ’
that there are no diagrams in this work. Thisis - .
only half true. There are no pictures in volame
one, but the second, which deals with geometry, :

has 149. The MAA copy is interesting because, in

accordance with a note to the binder which isstill
in the volume, the plates have been bound into:
volume one. This is handy in that the reader can * -

then read from volume two while looking at plates
in volume one. ' '

‘Fuler used arithmetic to calculate this result
_frorn the numerical value that he knew for e, viz.
2, 718281828459 (yes ‘he used a dec1ma.‘t comma;

but hereafter weshall use a demmal pomt) By a.

. simple computatlon

2 _.,'.-. 0 8591409142295

' _ Euler then apphed I:he Euchdean Algonthm but g

we can use our calculator and get-the same result.

" Take the rec1p1‘0cal of the decimzl on the nght a.nd__'.'j -
-_then separate the mtegral part ' . :

g+ S 1: :
. g 1 205 —
0,859 409142 95 " T+ .16305341374

Again, take the recmrocal of the decimal and sep—
arate the mtegral pari: :

1 SR
1+ 163953413?4 R
6+ 09929355656 =

'.Contmumg in this fashion, it is easy to venfy Eu— .

ler’s continued fraction (except that round off er-

‘ror in your calculator will eventua.lly accumuiate' -

to give incorrect quotxents)

1n his first paper on'continued. fractmn (pre~- g

éented to the Petersburg Academy in March of

'_1737) Euler stated that although he had com-

puted this continned fraction,

I have only observed the anthmetm progres-
_sion of the denominators and I have not been
able to affirm anything except the probabil-
ity of this progression continuing to infinity.
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Therefore, T have exerted rnyself in this above

all: that I :mght mqulre into the necesslty of R

this progr&ssmn and prove it ngorously
Euler was so concerned about proving this re-

" osult ngozously because he had made the simple
.observation in this paper that a contmued frac- .
. tion termma.tes if it reprm:ents a ratlonai num- -
- ber. Thus ifhe could prove | that tbe denommators S

of the above continued fraction are an- a.nthmehc."”'_
progression then the contmued fraction would be - -
infinite and (e — 1)/2 would be irrational. ‘From " -

~this it would follow elementarﬂy that e ztseIf was; e

jrrational.

Euler knew that € ‘was 1rrat10na1 buf. he was o

" unable to prove it This'is the' earliest dlstmctmn'f: :
between truth and proof that 1am aware of. That - :
.Euler adzmtted that he could not’ prove the result . '
S.isa r&suli; ofhis. outstandmg cha:racter and mteresf. S

~in a.dvancmg mathematlcs

©The Irratlona.hty of & was: ﬁrst proved by Eu— -
ler’s colieague at:the Berlin Academy Johann. Hein-
rich Lambert (1728-1777) in 1761 and ‘published :+: .
in .1767.% Lambert proved the more general result .
that if = is a non-zero rational, then e is. irra- L
. tional- His proofs however, are: too ccmphcated:'_. R

10 be used in class. .

The elementary pfoof of the lrra.tzonahty of o
the ‘pumber e which commonly .2ppeafs in text-
books is due. to J B Founer (1’?68 1830) a.bout' S

1815:%.

2 “De fractrombus contmu:s disseri;a.t.m Com—'
‘mentarii Academiae Sc;enﬂamm Petropohtanae R
9 (for 1737, ‘published 1744), pp. 98-137.= Opera. -
omnia, series I; volume 14, 187-215. There isam
English translatxon by Bosthclc F. Wyman and
Myra F. Wyman, “An essay on - ‘continued | frac-
‘tions,” MathemancaI Systems Theory, vol: 18 (1985)

265-328.

= “Vorlauﬁge Kenntmsse fﬁr che 50 dle Quadratur o
und Rectification des ‘Cirkuls suchen” (Prelimi- -
nary knowledge for those who seek the quadrature' Lo
and rectification of the cirele), Be]trage zum Ge-
* brauche der Mathematxk und deren Anwendung '

II, pp. 140-169.

4 Accordmgtoﬁhe enaIYSt Ernﬁt Wllham ch— i o
C.7 . 24, 7479, 226-238, 285-292 or (Buvres: de Ch. .

Hermite, volume 3 (1912}, pp. 150ff.- For inore .
. on the history of e, see the- followmg. Eli Moar; ..
- e. The Story of a Number Princeton 1994, J. L. .

son (1856-1933] in- ‘his “Squaring the Circle™;

- History of the Problem (1913; reprinted Chelsea S
© 1953 in Squaring the Circle, and Other Mono-"
graphs, especially p. 44) this result of Fourier’s was .
first published in Mélanges d ‘analyse aIgebnque' R
et de géométrie (Paris: Ve Courcier, 1815), but

I have never seen this work. A slightly different

proof is in Konrad Knopp, Theory and Applica-

V. Frederick Rickey

Suppose t.ha.[‘.
' 41T
e=ltyty +3!+

isa ratlonal number p/q Multiply both szdﬁ of
this equation by ¢! and franspose ail mtegral tenns Sl

to the left’ hand snde of the equat.ion-:

g (_e -1 ”%"%‘f“gli— R EI,‘)
"’((q+ ik (q+2)'
RIS
e -'_-'(q__+.- 1) (G T 1)(9 + 2)
B R
(q+1) (41-I~1}1‘Z
1
1—(1/(q+1}}
=1l
"j <1

. The contradlchon here is t.ha.t the ﬁrsr. expressmn '
isa po:-utwe mteger, and it has been proved to be'.’_ i

less than one.

It was not unhl 18?3 that Cha.rles Hermzte:' S
{(1822-1901) showed; that ¢.is transcendental te,
‘not the root of any: polynomla.l equ t'on:_mth 111—" S
'tegral coeﬁiaents 3 ST o

tion of Infinite Semes (1951),pp 194*195 Knopp S

often gives interesting historical remarks and ref- -

~ erences. to the ongmal papers but there is none

on this topic.” =
® Hermite's ongmai paper is “Sur ia. fonchon
exponentielle,” Comptes Rendus vol. 77, pp. 18—

Coolidge, “The number e,” American Mathemat-
ical Monthly, 57(1950), '591-602.-U. G. Mitchell -
and Mary Strain, “The number e,” Osiris, 1(1936},
476-486. :
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Tn Apnl 1696, Isaac Newton then 53 res;gned'.
the Lucasian Professorship at Cambridge to de- -
vote the remaining three decades of his life to “ye

Kings business” ‘at the Mint in London.!" Just
nine months later, on January 29, 1696/72, New-
ton reccived a letter from France, probably from
"Varignon, but possibly L’Hospital, containing two
. challenge problems. The fly-sheet on which this

- “Programma” was printed at Gromngen was dated ‘

17 anuary 1697 and addra;sed

To the sha.rpest mathematlcxans now ﬁoux—
" jshing threughout the world greetmgs from
-3 ohann Bernoulli, Professor of Mathematxcs

Bemoulh s statéd aims in proposmg the pmb— -

Tem are admxrable.

We are well assured that there is scarcely any—
thing more: “¢alculated to rouse noblé minds .

to attempt work conductwe to the increase . -
o of Lnowledge than the setting of problemsat .. -
- once diffienlt and “useful, by’ -the’ solvmg of

_which t.hey may attain o personai farie as it -

were by a specially unique way, and raise “for

themselves enduring monuments with poster- o

ity. For this reason, 1. . propose to the most.
eminent analysts of thls age, some problem,
by means of which, as though by a touch-
stone, they might test their own methods, ap-
ply their powers, and share with me anything -
th'ey discovered, in order that each mi ght there-

1 Y.have used this material at the end of a two
or three semester calcalus sequence.. My purpose’
for presenting it there, rather than'in a differen- .. -

tial equations course, is that it pulls together many .

topics from the caleunlus. It is also a tour de force

that presents a beautiful piece of mathematics: On
‘several occasions 1 have covered the mathematics

‘and history in one fifty minute class period. The =

historical ‘details given here are somewhat more

detailed than I actually. present, as:they are in-. e

- tended ‘for ‘instructors rather than students. -In - .
partlculat, I try to debunk the myths common in

this oft-told tale. =

2 The slash date indicates that the Gregonan o

calendar was not yet in use in Eng]a.nd the date -.

on the continent was February 8, 1697

iswry o_f the Brachistochrone

upon recelve hLS due meed of credlt when I
pubhcally announced the fa.ct
p.224) - L

BernouHi’ s new year s pr&cent to the ma.thematical

World was the problem

To determine the ¢urved line _]ommgtwo ngen DA
points, ‘situdted at dlﬁerent distances from S

- the horizontal ‘and not-in the same vertlcal R,

" line, along whicha mobile body, rufining down . o
by its own weight. and. startmg to.move from T
‘the upper point, wﬁl descend miost quickly to. . '

- the Jowest point. [Scott 1967a, . 2”5}

Joha.nn ‘Betnoulli ‘christened - this emgma the'-"_-
brachistochirone problem, a ‘word he coined from
the Greek words ‘brachistos’ meaning shortest and
‘chronos’ meaning time. ‘He ‘added that the solu- = .
tion was not astraight line; but'a curve well known-
- to geometers, [At this point I am ca.refui not g0 - -

/" reveal the solution to the students.] - S
: “The problem was nat ‘new. In. 1638 Gahleoﬂ 3
" attacked it in his last work Discourses and Mathe
mat:cal Demonstratmns Concerning . 'I'uo NewSci- =
~ ences, generally known in English by the last words .
of the title. e was only able to prove a circular:
arc was belter than a straight line of descent;; al-
though he mcon'ectiy concludﬁd that a c1rcu1ar arc L

was the solution.

In fact, Bernoulh had stated the problem gars
lier. How he happened to oﬁ'er it to’ the world in
1697 as a New Year’s Da_‘{ present is an interesting
part of the story. Tn the Acta’ ‘eruditorum of June.
1696 {pp- 264——269) Bernoulli had attempted to -

show that the cal culus was: necessary and sufficient

to fill the gaps in classical geometry ‘At the very' _
end of the paper he tacked on the brachistochrone -

problem as a challenge- When the six months al-

lotted for the solution were up, ‘Bernoulli had re-
ceived no correct. solutions. He had recewed alet-
ter from Leibniz pralsing the problem and mdxcaté o
ing that he had solved it in one evening. Indeed -
" he had found the dlﬁ“ersnt.xal equatmn descnbmcr S
. the curve, but he had not yet recognlzed the curve -
as an invetted cycIo:d ‘Bernoulli and. Lelbmz in-"
terpreted Newton’s six month silence to mean the -

problem had baffled him-~indeed he had not seen

~ it. Thus they mtended to demonstra.{;e the supe-
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riority of thelr methods pubhciy [remember the =

priority dispute was just beginning]. Thus Leibniz

suggested the deadline be extended to Easter and . -
that it be dxstnbuted more widely. So Bernoulli'
added a second problem®, had a broadside pub-
lxshed -and made sure it crrcula.ted w1dely Thls o

was his New Yeats “Programma

_ The bradnstechrone probiem wWas a d1ﬁicuit L

one. In France, Pierre Vatignon : admitted that he . =~
was “imrnediately rebuffed by its difficulty,”. and_ o
. L’Hospital pleaded that it would need to be “re-
-duced to pure mathematics” before’ he could at- .

tempt it, “for physics embarrasses me.” ' In Ox-
ford, John Wallis was stumped and Da'ﬂd Gregory

" wasted two months trying. to prove that the cate- o
TIATY Was the desued curve before Newton sei imn e

: I ght.

| * Sr. 1. N. was in the midst of the hurry of the - .

great recoinage [and] did not come home #ill
four from the Tower very muck tired, but drd

~ not sleep till- he had solved it wch was by .
4 in the morning.  [Westfall 1980a, 582 3
Whiteside 1981a, 72-73.] - :

Although she ‘probably heard this story from

Newton later, rather than being a witness her— _

- self*for she was probably not yet his. housekeeper
* [See Westfall 1980a, p.- 1595], ‘there is no reason

- 4o doubt it.  Indeed, the next day Newton sent R

_his answer to his old Cambridge friend Charles

- Montague, who was then President of the Royal -~

Society. He did not send any justification that -
the answer was.a cyclmd [see Scott 1967a, p. 226,
or Whiteside 19812, p. 75, where his “solution”

* takes but one paragraph]. The original worl;sheets_ o
are not. extant [Whiteside 1981a, p. 74}, which s
surprising given Newton’s propensity fo save ev- -

ery scrap of paper he ever-wrote on. Newton did
not instruct Montague on what to do with the an-

swer. . Even though the “Programma” explicitly -
said they should be sent to Bernoulli, Montague -

immediately had the answer published anonymously
in February in the Transactions of the Royal So-
ciety {vol- 17, no. 224 (for Ia.nuarjr 1696/7),

3 Bernoulli’s second New Year’s Day problem
was: To find a curve such that the sum of the two

segments PK and PL, on 2 line drawn at random

from a point P to cut the curve in two points K ©
and L, though the two segments be raised to any
power, is a constant. :

L Th:rt.y years la.ter Newton s mece Cathenne '; 2
' .Barton Condmtt recalled

When the problemin 1697 was sent by Bemoulh—m'“' o I
" “Bernoulli wrote de Beauval that “we know mdu-j'_._.- '

*. bitably that the author is- the ceiebrated Mr. New- " :
ton; and, besides, it were. enough to understand'_'- S

V Fredemck chkey : o

“pp. 384—389] Thus. the trap that Bemouih and o
" Leibniz had set for Newton failed to snare its game _

Derek . T. WhlteSlde, who has; publrshed an

+ .+ extremely valuable edition of The Mathematical
"' Papers of Isaac Newton in exght volumes (with an . _
~index volume: yet to follow) clanns thah the fact
oo that it took Newton twelve houts 1o soIve ‘these .0
:problems indicates that his mathematics wastusty =
- from nine months disuse. It also shows that the '~ @
- gradual decline® in Newton’s mathematical ability .- ¢
" -had set in.: However, hxs solumon of the brachls— o
k ':_'tochmne problem is one piece of counterevrdence s
to'the myth that Newton's old age was mathema.t-' o
1cally barren [W'hrtesrde, 1981a, pp- xi, 3} S
- Immediately on receiving the sohition of the = -
' anenymous Enghshman via Basnage de Beauval,

" Bernoulli wrote Leibniz that he was. “firmly con-
‘fident” that the author .was Newton. Leibriz was = .~
“.'more cautious, _admxttmg only that the ‘solution. -
' oeas susp;cmusly Newtonian. Severa.i months later, T

so by this sample, ex ungne ‘Leonem. b ~ Within'a

. few weeks this shrewd gless Was COmmOon knowk
edge across Eu.rope Unfortunately the phrase,
" “from the paw of the lion,” was so scrambled {an-.
initial “tamquam” was added), by Newton’s bi-* . =
- ographers Woodhouse and Brewster that it hasff-g-f o
“¢ravelled from a mere pedestrran cliché tobe'a 7
‘universally parroted {(but no.less spunous) myth” L
[Whiteside 1981a, pp. 9= —10]. The phrase goes back © "

to Plutarch and Lucian, who allude to the’ sculp-

tor Phidias’ ability to determine the size of a lion .
" given only its. severed paw. In Bernoulli’s day the

phrase did, not carry. the power it daes today _
" Not having succeeded in- trappmg Newton,

B Bernoulh quickly.lost mterest Thus it was left to ~ "
- Leibpiz to publish in the May 1697, Acta (pp 201~ :"

224) the solutions received by the deadline. These
included Johann’s own solutlon “Curvatura radii

in diaphanis non umformxbus ..” [The curvature . =~
of a ray in nonuniform media], one. by his older - -

brother Jakob “Solutio problematum fraternorum

.» [Solution of a problem of my ‘brother], one . .
bv ’Hospltal {probably not complef.ely mdepen~_ -

4 The brac}nstochrone problem should not be .

confused with Bernoulli’s challenge problem of De- o

cember 1715, asking. for the family of curves or-

“thogonal to a given family, which was. deSIgned o -
to test the “pulse of the English analysts.” New- - i
ton fared much worse here. See Wh1tesrde 1981a,

p. 504,
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. dently) one by Tschzmhaus, and a reprmt———seven
Iines in all—'of Newton’s. This time Newton was

not anonymous, for Leibniz had mentioned him -
in his mtroductory note (p- 204) Leibniz was so -
embarrassed by the whole thing that he wrote'the
'Roya.i Society. md;catmg ‘that he ‘was'not the au-"
- “thor of the challenge problem. Techm-:.ally, thls' L
" was true, but he had contnved mth Bernoulh to e

embarrass Newton. EPIE T

Within a few. years there were. solutxons by_{
John Craige, David Gregory, and Richard Sault.’
In 1699 Fatio de Duillier publmhedasolution though
the paper is befter remembered for naming Leib-" .
niz as “second mventor of the calculns.: By 1704 -
- Charles Hayes, in his wxdely read Treatise on Fhoe- -
ions, presented it ‘as & mere ‘worked example in”
- a textbook. As often’ happens a* difficult prob—._ R
lem; once cle'verly solved coma w1th:n the grasp’_ RATIoN

- of mauny. -

F ohann s solutmn was elemeutary and clever S
“the path of qmckest destent is the same a§'2 light: "
" ray passmg through a fluid ‘of variable. densﬁ.y '
- This is the solution we will ‘present. Tt is isipor-

“tant because it presents the first example of the

opt1cal~mechanrcal analogy. See Struik 1969a for- |

an Epglish translation and ‘Simmons 19722 for 2.

odern presentatxon of the mathematxcs. Jakob’s -
_solution was geometncal and Iaborious. But it was =
more general and an 1mportant early step in the
‘calculus of: vanatlons ‘Heé Tealized that this'was a

new type of problcm—the variable is a.functlon._ L

Newton did not think kindly of Bernoulli’s

challenge for he wrote Flamsteed two years: Ia.ter,-'_- -'
“J do not Iove to be prmted upon. every occasion

much less to be dunned and teezed by forreigners

about Mathemat;cal thmgs or to be thought by -~ -~
our own people to be trifling away my time about -
them when T should be about ye ngs busmess ERE

[Scott 1967a p 296}

The Mathematxcs

5 Carl Boyer A History of Mathematzcs p. 457
indicates that Johannes Bernoulli,’ “found an in-
correct proof that the curve is a cycloxd and he

challenged his brother to discover the required curve.

After Jacques [J akob] correctly proved the curve

sought is a cycloid, Jean [Johannes] tried to substi-~
“tute his brother’s proof for his own™ ‘While this .
story certainly fits in. ‘with -the -character of the -
‘family, T know of no justification for it. Might this -

rélate to the catenary? See Kline, Mathematical

473.

Thoughi form Ancient io Modern Times, pp.472—

H;story of the Brachzstochrone

= Imagme a curved wxre fromA to B amf a bead shd— B

ing down the wire with friction negiected ‘Which

curve minimizes the descent time? Galileo proved - - '

a circular: path was Bette: than z straxght line

.+ path. But that is not the minimum, Here is how =
/" Johann Bernoulh solved the brachlstochrone prob«
i lemin 1697- D :
- Some Optxcs. In the d}ﬁ'ereuhal ca.lculus we con-
_:_'ﬂdere& the’ behavxor of a: rzy of light as ‘it passed .0
' :-__'--from air into water, a,nd denved Snel’s ]aw of op-
Sotles: : .

sma; : smag RS

where a; is the angle of mcxdence oy t.he ang?e of .

 reflection, 2nd v the ve!oaty of hght in axr, and SR
U2 1ts velocity in water. :

" Now ifwe consxder what happens to hght when :

it passes through ‘2 medium of variable demsity.

" Suppose we have a stratified opt:cal medium, with ..

.- the veloczty constant in the 1ndw1duallayerv. “Then. .~

'-.--Weobtmn e SEREVEE .

SID(XI ) sma.-g. Slnﬂ'a

e Z_I‘Ug U3

Now 1f the Ia.yers grmw. thmner and more nu-

merous, we obtam in the hm:t

smcx:k-r W
v
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where k is constant.

Some Mechanics: A freely falling body has con-
sta.nt acceileratlon i e.,

' whch:nges velocxty in terms oi' the dlstance'falien '

Son;e :Calculus From the dzagram

one £an read off

sin g 2= o (3)
VIR -
or, if some student insists, it can be derived:

1 1 ' |

sin'cur:t:()sﬁ_~

ecf ~lrtanp f +W)?
Comblnmg (l) (2); and (3) we obtaina differential

- equation describing the motlon of the body, shdmg

down curve:

sing

_ 1
v Ig/1+ )Y

k = constant =

y{1 —!—(y’) }— & : whe.re. c= 1/29&:2

. To solve this equatmn sepa.rate the vanables

L _a.nd mtegrate'

i '_-.'..To evaluate the sccond mtegral use the unusual
‘ subst:tuf.mn SR : .

"-'.;"whld:l is; _after some: tngonametry, y __:csm 9 “

Thus

/\/“

/tanﬁ 2csm9 cosﬁ‘dﬂ

/251n2 7] d#?

= ~(25 = sm(?t?)) + c;

form of the solutlon o

_ﬁ e —(29 —sm(ze)) .

-(1 -~ cos(za))

‘where the 1ast is obtamed by a tngonometrlc 1den- e i
~ tity on the substitution we made. These are the
" parametric equatmns ofa cyc:load where the radms

is 79977

. of the generating cucle is c/ 2 and # is 77777, :
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but his view of the bra.chlstochrone prob-
lem (pp. 105-106) is flawed: He makes
Vangnon a pupil of Berpouili and says
there is no hint of a desire {0 score off
agamst Newton

: .Scott J. F.
1957a The Correspondence of Isaac Newtor:, VoI

See letters #561 0 Montague on 30 Jan '_
1969/7 (pp 220-229) and 4601 to Flam- -

steed § Jan 1698/9 (296—7), Whlch are in
English and Latin. :

Simmons, George F.
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" . and Historical Notes, McGraw—Hﬂl See  HERION

pp- 25-31:
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of the brachistochrone problem by J oha.nn
and Jakob Bemoulh, pp: 391—399
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A ‘Source Book in Mathema.txcs, 1200—'
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The followmg example stems from my own teach—
* ing experience. "Once, ‘when I came to the topie T

of sequences and series ‘of functions while teachmg" .
" an undergraduate -analysis class, I realized that =
the book had donea paxtxculanly poor, Job cn. thzs_ AR
" topic (to protect the “guilty, no reference will he
- given). Thus something had to be done. Since I . -
~‘had been rereading Imte Lakatos’s dehghtful Little ©
“book, Proofs and Refutations, 1 decided tosee if
. his analysisof Cauchy’s famous wrong proof couEd L

Cauchy’s Famous

1

be ada.pted to the classroom

In presentmg the toplc of sequences and serxes
of functions, I began, as always, with a goodly sup- '
ply of carefully chosen examples, drew. pictures of '
some of ther, ‘and left others for homework. After
nofing how nicely the examples behaved, 1 coaxed i
the followmg observatzon out of thc students R

- THEO REM.

: 1 Imre Lakatos, Proofs and. Refutat:ons ed:ted' .
by John Worrall and Elie Zahar, Cambndge Uni-

versity Press, 1978, pp 123—-—141

A com'ergent series of contlnu— e

L ‘ous {unctxons converges to a contmuous funchon
o After congratulating my students for makmg =
. ‘this britliant conjecture, 1 pulled Ca,uchy s Cours
"d’Analyse (1821) from my briefcase, ‘attributed the
theorern to him, and then presemted his: proof.

This dusty some lent authority to the argument

- to be given below, and the students were pleased

that T had taken the. trouble to go back to original

- sources. As often as appropriate, I take relevant = -
.. books to class, and after explammg how they bear =
S on ‘the material, I pass’ them around: for the stu-

L ._‘ﬁ'dents to look at. Iithatis  impossible, I try to have
E 'excerpts on overhead transpatencxes to show- The o

" students appreciate this.

Before giving the. proof some notatmn needs :3_

te be introduced. Cauchy is dealing with.a series . x
" -of functions whose sum is the function 5. The '

" nth partial sum of this series is denoted sy, and’’
. the remamder by ra. Today all of this is usually
. presented in terms of sequences, but I wanted to
follow Cauchy fau'ly closely Consequently, Tread .
Cauchy’s proof to them a.nd wrote xt. on the beard R
I t.ranslatxon. R R G )

When the terms of the sen& conta.m the same e L

variable z, and this series is convergent, and.

. its dlﬂ'erent terms are contmuous functions.of iy
"z, in the nelghborhood ‘of a partlcula.r value

a551gned to ‘this variable; and $u, Tn and 5
are again ‘three fnctions of the variable z,of -

which the ﬁrst is evidently continuous: with

respect to = in the neighborhood of the par-. '
ticular valte in question.: This assumed, Jet

-~ us consider the increases that these three func- - |
tions receive when one increases & by an in=: .~

finitely small quantity. The increase : of s, will
be, for all possible values of n, an infinitely
small guantity; and that of r, will become
‘insensible ai the same time as rp. [sic], if one
assigns ton = very cons1derab1e value. Hence, - -

the increase of the function 5. can onlybean o

infinitely: small quantity.. From this remark -
' one deduces. immediately the followmg propo— L
svﬁ:on [i e., the Theorem above] z

2 Augustm Cauchy, Cours d ’Analyse, 1821 .
120. Reprinted in‘his Eavres, I1, 3. .

This file, cauchy-vrng-pf.tex, was typeset. using ‘TEX on May 39, 1996 at 0:00 AM,



-Historical'NoteS for thé Caicuius Classrdom

Smce the students were farmhar with Weler—_ :

strassian e-§ techmigues, I took- the time to care-
fully formulate Cauchy’s proof in the modern lan-
guage that they were learning to understa.nd

'PROOF Let £ >0 be given. Then

‘(1) Sinee eadn function is contmuous theu- partmi .

sum, sn(z) lS contmuous, o
35Va ]a} < 6 ::‘> s,,(:t: +a) = sn(z)[ <e
(2) Smce t.he ‘=ene5 converges at z, oy L

' .ENVR :>' N Irn(z)] < £

o (3) Since the cenes converges at z +a, . G I

3an>N [rn(z+a)}<£.

1s(x+a>—s(z)i o |
IR sn(z) Cra)
< Jonlz + ﬂ) ~ 5n(ﬂ-‘)I + ifn(z){ + lr'n(z + ﬂ)l
<3£ T :

rem. But they were ready ‘to do mat.hematxcs

1 asked ‘zbout the counte:example they had..

'.dzscovered in theu- homework

sm(:.':) 1 sm(ia:) + = sm{3m) —= sm(4;1:) +

Were all the terms of the setles contmuous func- -
tions? Did the series converge? - Was. the lnmt. :
function- really discontinuous? ' “Yes, “yes, yes™ .
they said. Well then, what about the theorem? - -
Cauchy' published it in ‘his' Cours d’Analyse, 50
it must be correct, right? ““Yes,” ‘they readily -

agreed. They had also accepted the proof when
it was presented in ‘class, for it scemed correct to
them. They were puzzled. Somethmg was wrong,
but what?

V. Frederick Ritkey

1 asked if they ‘had exa.mmed the proof to see

i anythmg Was wIong' with it. No, that had not

occurred to them. So I'suggested. that we should
look at the proof carefully. B

© Imre Lakatos makes the argument that it was
in the mld-mneteenth «century that mathematl—

.. clans made the same advance asmy. students were
-~ now makmg When 2 proof is wrong, do not’ Just EER
. ‘abandon it, bt analyze it carefully to see if there . -~ -
" are any “hidden hypotheses™ that would make it © -
' correct: Laka.tos took this phrase fror 2 student of . .

. Dirichlet, Phlhpp Ludw:g von-Seidel (1821-1896), - .-

" who used it in 1847 when he took: the steps tha.t .

o my students ‘were now ready for. .- e

- Thus, we shall now - analyze Cau(;.hy 's proof

T Tastep (1) above we need to realize that'§ depends - -
""" on €, z, and n.. To make t.hise.xphcm we shall wnte_ .
7 8{e,x,n). Now, in step {2), N’ dependsoneand z, .

1 g0 we write N{e, 7): However, instep (3), N de-

" pends on ¢, , and-ALSO on . Using the same no- -
" tation, we express this by N{gz+a). Now comes -
. the critical observation. ‘I‘o make Cauchy s proof.
work, we need an integer M bigger than Ne, z)
" and simultaneously bigger than N{e, z-+e) foreach:
" awhose absolute value is Iess than- 6(6 n) Thus
L : : e .- -we must know that. . '

Henc:e the funchon 5.is contmuous [It is peda.n-':

tic to insist on: endlng with precisely “e.” Why R

_ make the mathemat.xcs even more mystenous for : o
thestudent] QED"

. By careful planmng, the class ended just as -

_‘the proof did, and I was.relieved that there were

' no questions after class.: The next day ‘the stu- -

dents were upset, for they had done their home- .

work (this ses a good class) and observed- that

some of the examples I had given (and left the
graphs as exercises} contradicted Cauchy’s Theo-

M ManN(E t)

: ex15ts for aIl e, ie., that M does not depend on -

z. Consequently, the add1t1ona1 hypothesxs that
we need is the followmg S

_ Vf)(} BM' \fn:_.>_M Vz [r,,(z:)[(

: 'I‘h:s is i.he deﬁmtion of umform convergence, a.nd"_ S
s precxseiy what is needed to make Cauchy S, the« S
- orem correct and the proof - work. G
What I have done here IS to motwate the def '

inition of uniform convergence. Had I just, writ-
ten it down in the usual definition-theorem-proof

 style of modern mathematics, it would appear to -
be very much ad hoc. The historical presenta-
tion allows the student to see the true origin of .
the cnncept. “As Lakatos has observed, the correct

concept. is generated by the incorrect proof. This

" is one case where I feel that 2 historical presenta-
tion is absolutely necessary to the understand’m g

of the material.
You may object that thls type Df presenta.hon

takes too much time, for it did take iwo whole -
class periods. But that is not so. The time was

well spent. Presenting the wrong proof and then
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‘TheDerivative =

analyzing it to see what additional hypotheses are
needed takes far less time than presenting an ad
hoc definition, trying (probably unsuccessfully) to

explain it, and then finally giving the proof Witk

my presentation there is no need to give a correct

proof after the definition has been discovered; that L
“is an easy exercise for the student “In fact; my, stu—_i '

_'dents said there Was no reason for-ine to write. ot
a new proof for they had a deep understandmg

of how it works. Moreover, w1t.h thls presentatwn R
- the students have also learned more. The opportu- ..

" nity to analyze an ‘incorrect proof builds both con-

fidence and skepticism (students must learn that .

books may contain etrors). More importantly, it
shows them where theorems come from: We make

con;ectures attempt proofs, analyze them, and te-
fine them. It also shows: the importance of def- L
L _1mt1cms ‘showing that they are carefully chosen,
" not things arbltranly wntten down just before a-
- proof.. I trust you wﬂl agree with my assessment -
" that without giving this historical p:asentatlon, Lo

. the student’s understanding of the concept of uni-
_ 'form convergence would be severely hampered.

TIn this example, the history has stayed in the.
background but by the time I had finished, the
" 'students were anxious to have some details: Since:
-this whole issue has been extenszveiy and hotly de-

" bated in the literature over. many years, I shall re-

* - frain from giving the historical details here. Many
of them are in Lakatos’s book. -For a_current en—.
try into the literature; see La.ugwﬂ;z.3 Nonetheu_i_" _
less, I must end w1th a hxstoncal point. In'1826, a-'::_ :
.. it seemns to me ‘that the
theorem admits of exceptmns and then provided .

mathemat:cxan wrote

the first counterexample, the same counterexam—
ple that my students had done for homework. The

mathematician was the Norweglan, Nlels Henrlk '

' Abei (18{}2—~18‘79) 4
Ptctures
The presentation of this matenal is greatiy en-

hanced today by the use of graphers.. The first
to adopt the graphical approach wes William Fogg

© 3 Detlef Laugwitz, “Infinitely small 'qt.l.aﬁtities

in Cauchy’s textbooks,” Hgstona Matbemat;ca 14

- (1987) 258-274.

4 Niels Henrik Abel, “Untersuchungen iiber dle_

- Reihe: l+—z+ molmes ) 2+m("'12§”‘“—21 34..

u. 8. W., Joumal fur die reine und -angewandie

MatbematrL 1(1826), 311-339. Reprinted.in French

translation in Abel’s Buvres complétes {1881), 1,
219-250. Also in Ostwald’s Klassiker, #71.

Cauchy s Famous Wrona Proof

Osgood (1864—1943) who, aﬁ:er receiving his Ph. D

- under the influence of Fehx Klein at Eria.ngen n1880 -

taught at Harvard from 1890 to 1933.5 The first -

~ -example that Osgood cons1ders is the sequence of S

'fL‘lIle.lOﬂ.S . ‘.“ _
- 57; = na:s TR

- 'where to obtam the gra.ph of the genéral curve (2) =
. .- “it is sufficient to divide the abscissas and multlply '
_'_the ordmates of (1) by ﬁ-ﬁ : § '

1
L3
1
v
[
i
i
s
T
1
.t
[
t
B
t
il
L]
L F
»
1]
L]
"
b
)
¥
]
1

Thxs sequence of functlons is not umformly conver- ..

gent, as is 1mmedla.tely evxdent from the dtagrams o
For dra.wthe curves y f(z)—i—e y——f(x)-e S
Then it s c}ea: that m cannot be taken.so -

' large that the approxxma.tlon curve y =sa(z)
will’ he wholly wtthm the belt thus marked e
off T : _ Do

S For mformat.lon on Osgood see J 1 Walsh :
“William’ Fogg Osgood pp. T9-85in A Century
of Mathematics in America, Part II, edited by Pe- ~ ©

‘ter Duren et al AMS 1989 and A Semxcenfe—

nial History of. the American Mathematma] Soci- - -
ety, 1888-1938 by R. C. Archibald,” AMS 1938, -

Pp. 153~153 w]nch contams a b;bhography of his - O

works. :
5 W. F Osgood “A geometncal method for the
tzeatment of umform convergence and certain dou--

ble limits,” Bulletin of the Amencan Mathemati- =+ '

cal Society, series 2, volume 3 (1891) pp-'59-86."
7 Osgood, op cil.; p. 66. Matthias Kawski of .

. Arizona State Umversﬂ:y pomi.ed out on the cale-

reform email list (24 May 1996) that there is a -
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HiSiorica;l_ -No;t.g's___for the Calculus (;_Ia_ss_reoiﬁn |

: Exercises‘ '

1. Work oui; the detzuls of Abel’s counterexam~_ .
ple to Cauchy’s “Theorem.” This is a fairly -
hard example to work out in detadl, butitis - . -

-easy to convince yourself by. 'r.he use. ccf a gra—

' 'pher- . "
y=sinz sin 2z  sin 3z
2+ . 2 3 -
. 1.3 = 100
1 . 1 [ | ,é
I 2 3.4 5 T
s 4
138

2. Constriict a problem about Caﬁéhy s Famous

‘Wrong Theo:em that shows the Max can be . :

. mﬁmte-

' beantiful graphing calculator view of the difference
" between uniform continuity and pomf.wxse conti-

nuity (and which is applicable, mutatis mutandis,

to the corresponding notions of convargence} Pic-. .
torically, a function is continuous at a point if
given a viewing window of any height (25) cen-
tered at that pomt one can always find a width
{26) such that the graph exits the window only "
through the sides and not through the top and =
bottom. This is nice for classtoom exploration
~hecaunse. students will. naturally choose different  *
heights for their windows. Now if one traces the
graph, keeping the same wmdow size, and if the

© graph never exits the top or bottom of the win-
dow, then the function is umformly contmouous o

over the mterva.i that you have traced. Students
easily observe that continuity implies uniform con-
tinuity on closed bounded intervals. :

8 This picture is from E. Hairer and G. Wanu_ -
ner, Analysis by Its Hxsr,ory, Sprmger, 1996, p. -
212. This book ‘contains a great deal of 1nterest-"_"

mg historical material.

9 An earlier. version oi' this note appears in my i
paper “My favorite ways of using history in teach-

ing caleulus,” pp 123-134in Lea_rn From the Mas—

Sw (31

/

\\\i\\ \\\\‘

9 jﬁ; ['

| PROBLEMS

"Problems worthy
‘of attack ' -

prove their worth
by hitting back.

 ters, edited'by-Frank_Swetz. et alia, MAA, 1995.
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Preparing Overhead Transparencies

The most frequent compha.nt i
heard at meetings is that " <0 Ry
" The hardest pan‘. of prepanng good ovcrheads is. m'.':_ S

transpa.rencles are unreadable e
finding and selectmg the ‘visuals that you want to .

A Wonderful wa.y to ennch presantatlons oI the L
~ history of mathematics is to include pictures of .-
_ the mathematicians involved, maps of where they - e
worked, title pages ‘'of the books bemg dlscussed P
d1agrams ased in their works, and selected. pages -

_showing important’ mathematmal deveiopments Im,
L of overhea.d_for use in clas\s and in pubhc presen- _

addition to these 111ustra.tlous there are ample op-

_ portumtxes to use “overheads of - & pureiy textua,i T
. nature to support’ your spoken’ message:’ ‘For: X
ample, a chronology of the’ mdxwduals life, an es= + -

“pecially plthy quotatmu, a deﬁmtmn ‘or theorem
that you wzsh to' discass carefully, a2n important. L

. reference, etc. ‘Without much effort: you can think -
~of many thmgs whmh wouid splce up your presen— :

tatmn _ -
Unfortunately, movmg fmm creatwe teach«-

" ing ideas to effective implementation requiresa .-
con51dera.ble investient of time and effort. How
‘many times. have you attended: the: lectire where . .
the speak&r ‘has photocop:ed a page from'a book .-
-and made an overhead transparency- fromit? No - -
one more than 5 ‘meters from the screen can read -
‘it. What’s worse| the speaker often knows it and.- .

' a.pologmes-? My puIpose here is to help you avoid . .-
some of the pltfalis of a poor pxesentahon.. S

1 Robert\fi Fossumand Kenne.thA Ross, Prt,L
'sentation of Mathematical Papers at Joint Math-

ematics Meetmgs and Matbfests A’\‘IS and MAA
n.d.

view, 777--NEED EXACT REFERENCE—‘?‘?‘?

He cites C I Duncan, Modern Fecture Theatres, .
" - London; Oriel Press, 1966, to support: the recom-
mendation that “the mdth of the’ pro;ected fme
.age is not less than one-sixth of the distance. from

the screen to the most distant viewer.” Alas the . -
speaker has no control over the size. of the room, -

‘and little over the :projection equzpment soitis: -
wise to heed the advice that “not-more than fen .
Hines on a transparency or slide will conform with. .

the requirements for good visual acuity.”

! See “You Won’t be able to read tlus but el
» by Charles E. Engel, International Scxence Re-

Flndmg Interestmg Illustratzons

use. This requiresa lot of. effort and rhhgence over

‘the long termn. -But it is well worth-it. Ca.refully_'_ '

' prepa,red ﬁlustratlons can. make a good presenta- -

" tion into a superb one.’. You will find ‘that good -
" overheads can be used ina variety of sxtuatxous,}i SR

so it ‘s useful to bmld up a substant:a.l collection

ta_tlons

as overhea.d transpa.renc:a: because of the lack of °

" contrast ~— the various shades of gra.y all come out
_bIack and so the end product is., cften una.ccept— B
able. "Of course transparencies. for:use in a shide

'.pro_]ector can be made photographically, bat, that .
x§ rnore expenswe requires special equipment dur- S '
mg your presentatxon, and is léss convenient, both .~

‘in preparation and use. Thus.I shall r@trlct my' .

 attention here to the usé of the ‘overhead. L

. “When faced with interesting material that will
not reproduce well, 1 often take the book or JOur-' L
nal to class and pass it. a.round Students are very .

- receptive to'this and enjoy looking: at the books.

- The best illustrations to:make ‘overhead: trans o
pa.rencxes from are woodeuts or etchings. .1 always RO
try to find illustrations that were produced. con- S

tempcra.neously with. the uld.nndual concerned; T

have a strong personal dislike for illustrations that

have been prepared for modetn books:. ‘However,
early etchings ¢an be hard to find.” The best. ad-
vice 1 have isto be dﬁwent in searchmg out good e

SOurces.;

thle Paces .

.The tltle pag&s of 1mportant mathematmai works.

often make very antractne IIlustratlons for use in
a lecture or class. Often ;hey contain a pnnter s
device that is visnally atiractive. The fitles of the
works are themselves interesting. When they are
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Some penodlcals,: such as, T!Je Ma.thematlcal N '
'InteHJgencer contain many. excel[ent photographs._'
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ever, photographs can be very hatd to reproduce L



sttorxcal Notes for ihe Calculus Classroom '

in Latin, or French or whatever Ianguage, they
are a quiet comment that not everything of value -

has been written in Enghsh or ¢ven transloted into

English. Thus, in'some small way, thls encourages =

the study of languages. :
‘On any given title page, there are alwa.ys sev-

L _eral things to commient on, and this should be
viewed as an opportumty to preﬁent. a ncher pic-’

. ‘ture of the history ‘of ‘mathematics. - Usually ‘the

title ‘gives a good indication of the contents, es-
'peclaﬂy the older verbose titles: ' “There- -may be
some words’ that nieed expiaimng, for e.xample,
after Copermcus pubhshed his De revo]utzombus '

“orbium coe!estmm m 1543 the- word ‘revolution-

ibus’ changed in mezning from revolving (around
_the Sun) to overth:owmg accepted- dogma or in- -
-'stxtutlons, as’in, pohtlc.al revolutions ~There may -
be somei;hmg on ‘the title-page mdlcahng the e .
thor’s affiliations. This provides an‘opportunity, -
to explain what such things as ‘FRS’ mean. In
many. seventeenth—century bogks the ‘dateisgiven”
in Roman numerals, but ia an open format, where =
‘M” is not used but ‘an’ “older ‘variant: This gives - -
"the opportumt.y to discuss the fact that symbolism e
changes over the centuries. Thus ‘the main point -

~ that I wish to make about the use of title pages is

that they are not justa way to spice up’ ‘the presen-" "
. tation with. vmuals but that they actually provide
Can opportumty to discuss things that would oth-

erwise have to be forced into'the dzscussmn.

So kow does one obtain photocop:es of title ~
pages to make overhea.ds from? There is no stan--
dard source where all can be found, but there are
books that reproduce many of them.? These range -
from David Eugene Smith’s . Rara arithmetica (1908)

' to Heralds of science: As represented by two bup-~ .-
dred epochal books and pamphlets in the Dibner:
- Library, Smithsonian Institution {1980). The cat- =

alogs of rare book dealers often contain’ excellent:
- illustrations. Most textbooks about the instory of
mathematics will ‘contain a few title pages. With
the use of 2 photocopy machine that enlarges these
can often be made into excellent. transparencies.

'Resea.rch a.rt.lcles on the hlstory of mathema.tlcs

2 For suggesmons ‘on possible overhead trans— L
parencies, but primarily restricted to pre-calculus - -

mathematics, se¢ Barnabas Hughes, “Iransparen-
cies in the history of mathematics,” pp- 187-196in
History n Mathematics Education. Proceedings

of a Workshop held at the University of Toronto,

* Canada, July~August 1983 [=Cahiers d’Historire

& de Pbﬂosophze des Sciences, no. 21}, edited by -

L Grattan-Guinness and published in 1887,

V. Frederick Rickey _
are an excelient source of title pages and ot‘.her
illustrations. Finally, the ultimate source is rare

. hook rooms. The d,lﬁiculty with this source isthat .
-'you ‘will have to go to the place where the book.

is located and then you will have to gain the con-

‘fidence of the librarian in order.to get a photo-
* copy made. Often, because.of the condition.of the
' . books, librarians will not allow. photocoples tobe. .

made. They. will probably let you order 2 photo-
graph of the tltie pa.ge but t}us is time consummg

and expensive.
Another way to obtam a copy of an text is

"to -use ‘a microfilin ‘of the original. An amazing -
_ pumber of older ma.thematical works are 3.va11able' -

..on microfilm.

: Finally, a‘last resort for plctures 1s to use the s :
commercial picture services. : :

- 'What you. need -fo: do i 15 to constantly Leep_ o
.‘)’OIIT eyes open. for good illustrations. :Everytime =
~you Jook at some. h;stoncal work, thmk about the' : o )

* illustrations that are there, ‘Are. they ‘suitable for . .

reproduction -as an- ‘overhead?- Wikl 1t be useful .

" o you in your class? In a lecture you will give? -
In some future publication? You should definitely = '

keep notes about where you find good Hustrations,
for you will not always {ever?) Temember where

-you saw them- when you want them. S
Oftentimes, one wants 2 specific illustration -

ané then -the problem is. moore dlﬁicult I have .-

looked hard for a portrait of. Robext Hooke but .

I am coming io the conclusion ‘that. none exists.

" The illustration: of Bernhard Bolzano repreduced .
- in the note about the Intermediate Vaiue Theorem .
" came from a volume of his phllosophjcal wntmgs :

So do not restrict your attention to. m_a.thema_tma_.l _

works when looking for illustrations. When look- _'
ing for a specific’ illustration, you should look first - o

in general sources, then:in works about the indi-.

o vidual, then'in their: works, and when none of that '~ -
- works; ask afnend or post a note on the internet. 3 L
“ Qver the’ years it is. poss:ble to build up a -

considetable collection of overheads that are useful
ina vanety of sﬂ.uatzons For 2 gwen lecture it is

"3 There is an emaal group dealing with the h;s—_

tory of mathematlcs To subscribe, send email to
najordomo.maa.oxg

. cons1st1ng precisely of the single ime‘ )

- Usubseribe math-history~list .

. Momentarily .you will receive a message mdlcat- Tl

mg how to post messages to the list. However, it
is advisable to. be a silent reader for a while be-
fore starting to participate. This will give you the

“opportunity to Judge the level of the discussion.
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Appendlces

probabiy dxiﬁcult bo ﬁnd a.il at once, the 30 or -
40 illustrations that you would hl-.e to have Thls_ :

must be dcme over the Iong hauI

Stralght Text

-Whﬂe I frequently use, straight text overheads in
presentatlons at: meetlngs I almost never use them
in class. The reason 1s s:mple, when usmg them-_.

: you go t60 fast.

- Overheads that involve. only text are easiest
to prepare, yet ate often maost pooriy prepa.red _
The most . mportant thing - to ‘rernember is that .
one has a tendency to reuse ‘the same overheads,
s6 what may have been prepared for a small group,”
s later used fora large crowd When thls happens B

a dlsaster results

: When usmg a computer to prepare an over- i i
o head my rule of thumb is that there should not be -
. ‘more than 12 lines to a page. ‘This may see seem
like Very few lines to you but remember tha.t. of-
- ten you will want o' use the’ verhead in a Iarge" S
. zoom. If you are going somewhere to'make a pre-
sentation, you mever know what kind of room you

will be faced with. Consequently, an overhead is
good for an outline of what is planned for the talk,

4 list of items, a. short, pithy quotation, and other -
‘such items. But résist the urge to crowd in more |

“material. A erowded overhead is a poor overhead.
Now admittedly, I break my own rule. Some-

' “tirnes I'make ati overhead of a-page of a book, bat
-, only when 1 want to show an effect, I use over-

heads of whole pages from works of Descartes and
Euler to show the notation they used, o show dif-
ferences between different editions of the books,
and to give the feel of the original. But I-do not

expect the audience to read the material on these |
overheads. Everythmg you want the audsence to

k comprehend you must say.

To prepare good overheads takﬁ practxce and

experimentation. I keep a file of sample computer
generated overheads, each marked with the point
size and font used. A point size of 14 is the mini-
mnum that should be used; 18 or 24 is better. ¥ pre-
fer fonts without serifs. Since all of this depends
on which computer system you will use, specific
details are probably not too helpful here.

’ Occasmnaliy, because of time constraints or
the use of complicated mathematical symbolism,

I draw an overhead by hand. When doing this be -

sure not to crowd the overhead. Be sure to use
a black or blue washable marker. Colors such as
vellow, orange, and red look good to you when

__'Prepanng Overheaci Transparenczes B

preparmg the overhead but. they cannot be seen
by the aud1ence : : . . .

Makmg a 'Il*ansparency

. Letus suppose that you ha.ve seIected the ma.terial ) sl
{7 'that you want to make into an OVerhead Proba— i

bly, you have in mind an 1Ilustrat1on that ‘appears..

" .in some book. “Take it, together with scissors.and ..
.+ ‘tape,to: the best photocopy machine that is avail- © . ..
- able to you, preferably one that has been' servmed L
recently. It is essential that 1t be capable of enlarg-.:.
. ing (and occasionally- reducmg) the original. Place -
‘the book on the: photocopy ‘machine. If it a whole _
page you: want. make a copy. If itis JllSt a portion S

" of the Ppage, ise the enlarger, for you want the pic- e

. ture n-your; “gverhead to fill.up miost of the page. = .

Tt may take: several tries to:get the proper enlarge-' Ghen s
. ment; another opticn'is to enlarge 2n enlargement T

| you have. aheady made; but remember that each .

B time an image is photocopled some quahi‘.yls lost. . Gl
Now ‘take the photocopy and trim any dark

edges- (too often this step is.omitted). If the fig- -

" ure eopied has aﬁgurc number, you probably want. - - B
“to trim it too. ‘That may make the caption that . - -
came with the figure off center, so cut off the whole -
caption and ‘move it dver.. ‘Then tape. the twoto- . ..
gether at the back. If: pcss1ble, don’t let the tape i
show. Almost always; the caption willnot: belarge: o
enough to-read on'the overhead, so. enlarge itbe-=
-~ fore using it. Now:go back to the phutocopy ma--
chine and’ miake another capy to see bow it looks,:
for this is the way your overhead will look.  Are ..
- the various pieces’properly aligned? ' S
 Often'l make a dozen photocopies to produce T
- one overhead. ‘This has a tendency to make my -
. departmeat chair, who'is in charge of the. hudget o
quite nervous, “but T insist ‘that there is‘no rea- = =
"son to prepare an overhead if it is not done Tight. ..

I alwa.ys win this issue, and so encourage you to

' permst This problem can beavoided by prepar-

ing overheads in the evening; also your colleagues
aren’t encouraging you to burry up. After years -
of makmg overheads T hiave not become more par- -
simonjous with materials. If anything, I am now’
fussier abont how: my overheads look and so make
more photowmw in preparing them.

When you have everything just the way you :
want it; then’ you are. -ready o make an overhead... -
You want to use the type of overhead master that. ;- -

can be run through the photocopy machine. (the'_-- g
particular kind depends on the model of copying-

machine you have, but hopefully the departmental -
secretary will have solved this problem for you).
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Hxstoncal Notes for the Caicuius C!assroon _

Under no mrcumsta.ncd; should you ‘use the old ]

thermofax type transparency master. They make
terrible overheads. When everything is just the
way I want it, I make one final photocopy Then
feed in the transparency master and with one rore

: ‘push of the button’ you havea bea.uttful overhead .

* transparency..

" very distracting:

Finally I take that last photocopy and make -
a note-on it -where the ongma.l came from (if you . .
don’t you' ‘will be embarrassed wher: someone-asks.

where you got that. plcture) JAlso, 1 make notes

on this photocopy remmdmg me of things I want . .
to say while the overhead is on the projector. Per-.
“haps those notes are some. biographical informa- = .
- iion about the individual, something on the: over-. .
head that you want to be sure to. miention, or the .

If you intend to use the same overhead several

times during your talk, it is best, to make mnltlple_ e
copies. It is amazing how hard it isto keep track' :

of them while making your prwentatmn

If you choose to write on your tra.nsparen—

cies during your 1ecture be sure to use washable

pens. Don’t turn and point to somethmg onthe . -

. However, yoﬁ ha.ve not ﬁmshed The kmd of . screem; ‘Tather pla.ce the pen on the overhead to -

masters L 'use have a blank sheet-of paper attached .
to the plastic with some gooey stuff. SoI. immedi- - .
ately peel off: the backmg sheet and repIace it mth,' '
the the final photocopy that I.made. If you don’f
do this then you will ha.ve to spend fime durmg .
your-lecture peeling the. backing sheets from the .-
transpa.rencms {and. they make 2 mess by sticking ...
to other stuff).. Other masters have a paper strip R
" down the left side of the plastic. Immediately af- . -
Clter maklng atransparency I.cut that off and throw . .-
‘it away; [ hate'it when people use tra.nsparenczes' '

Where these black stnps show on the screen.. It is ¢ ; .
. Have'a great presentatmn. But ‘remember, T

good overhaads are; “only 'a necasa,ry cond;txcm i
You have to- prepa.re the whole lecture thh the R

" point to what you wish to emphas:ze. 1 you point
with your hand you wal hlock out too much of the— R

o screen.

Don’£ fasudlously stack up your overheads af

" ter you use them. This gives your audience theim- =
pression that you care Tess a.bout them than you
do about, not havmg to sort; our your overheads -

Ia.ter- .

. After your presentatxon mahe notes on how o
t.hmgs went. “How could your prese,ntatlon have T
‘ been 1mproved"’ How did your transparenmes Work“’ L

Should you have a ‘picture of somethin; 1g ¢ else?~

same caré. ;..
Good luck'

translation of some: fore:gn Ianguage text.’ Dunng e o

your prasentatmn yotul should place the overhead BT

on the projector and hold the marked photocopy
in your hand. 'If ypu ‘have focused the projector
carefully before your talk; there js. no need to look
back at the screen. You can face the audience and

use the photocopy as.a crib sheet to .remind you
of what" you want to: say T hey Wﬁl be 1mpressed_

w1th your erudxtion

Gwmg Your Talk

Get to the room where yoiir presentaf.mn w111 ’be--

made before the andience arrives if at. all possible, .
" Check out. the projector that -has been provided. . -
Put an overhead on the projector, turn it on, focys L

it carefully, and then move to the back of the room

to see how ‘it looks. Have you focused properly?
Is it adjusted so-that the image fills the screen but. s

does not go-off the edge or over the top? ..

My preference is-to have two. overheads and .

two screens. This allows me to lea.ve some .over-
heads up for reference - :
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READ. 'I‘he best way to lea:n abouf: the hls-

tory of mathematlcs is to'read as much material
as you possxbly can. If you are a.ct.lve in research, v
read about the hlstory of :your 1 field and also the .
original papérs; you will benefit greatly. Allteach-
.. ers should read somethmg abcut the hzstory of the IRt

' mathematics they teach. g
It is very. rewa.rdmg to read some of the profe;— L

sional journals, Historia ‘Mathemiatica has muchiof

with lots of book Teviews.

Ongmal sources ¢an be most rewardmg Two Ty
- of Euler 's works are currently available in- ‘Engiish 5
" from Sprmger-VerIag ‘Elements of Algebra.and " "
Introduction ‘to Analysis of the Inﬁmte. I recom—' SRS
mend both of them hlghly ' il

JOIN To f)ecome actwe in’ the hxstory off <
athematxcs commumty you need: to -get involved ...

motivate then— students. EPM publishes 2 Newslet-

ter that ‘will ‘be sent me}i:penswely to interested .

~ . teachers. To: receive it ‘send ‘you name and.address ..
to Victor 1. Katz, Editor, Department. of - Math—. i
ematics,  University ‘of the: District of Columbza, G

4200 Connecticut Ave. N.W., Washmgt.on D. C

© 20008. You can also conta.ct hnn by ema11

vxuz@uncmx hltnet -

This group meets each yea: in con]unctxon thh
the anmual NCTM meetlng and ‘every four years )
with ICME. The talks almost always. deal wzth o

how to use history in the cla.ssmom.

The Canadian Society | for Hlstory a.nd Phﬂos— S

ophy of Mathematics meets annually in late May.
The talks at CSHPM are primarily at the research

level, but there is much to benefit the teacher. Re- -
cently they have been publishing proceedings of

- pers.

" their meetmgs.. J'ommg CSHPM is the c}]eapest B

. 'way toget a.subscnptlon to Hxstona Mathemaf;ma o
.. dues are $50 per year. “You need a recommender TR
o ]om you ¢an use my name. ' S

ATTEND. : Actwe pa.rtu:lpatlon at meetmgs :
is the only way to really find out what is going on. T

. You will find the historians tobea _most congemal_ s
_ group.; Bemda; the annual meetmgs of HPM and

' interest including information: about current liter- "CSHPM; here are a: couple of upcoming speczal"'

B atare, The Archive for History of Exact Sciences
- isavery. h1gh level JOumal that contains first class”
Tarticles. ISISis & general lnstory of science Journa.l RN

i meetmgs The first one should: be super. _fj O e
' 'The Eighth Iute_matlonal Congras on- Math— AR
ematical Education {ICME-8), will be: held this -
. summer in Spa.m It will be preceeded by an HPM S
‘Toeeting in Portugal. . ... el

"The? Mzdwest Conference on. the Hlstory of_- T

Mathematics is heid every two years.. -
In conjunction. v with the. ammal 3omt AMS /: MAA

© . meetings thete are frequenf.ly specxal Sessions. on
‘the history of mathematics Look for them aud SRR
attend.’ You will rneet alot of mterestlng people B
‘this way including, many of- t.he leadmg schola:s ig IR
with the profesmona.l ol:ganxzatmns-_ Here are. the S the ﬁeld ) : e
Ctwo most active ones.in the US: i L
History and Pedagogy of Mathematlcs (HPM) L
is an affiliate of the International Commission for .+
Mathematics Education that encourages teachers R
at all levels to use the !ustory of ma.thematlcs to

WR.ITE Don’t hes:taf.e to wnte to h;.ston—- SR

"ans abeut their work and the questzons ‘that you '

have. _They are happy to send coples of theu pa- i

T have an ema11 group dea.lmg wxl:h the hxstory S

of mathematlcs send email to

.' 'maj ordom'o@maa.org LI
nsmtmg of the smgle Ime
sn'bscrl‘be math hlstory 1131: SR

to jom-
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. Finding Aid

'One of the most dliﬁcult. ta.sks for a.nyone mter~ Ll
ested i in the history of mathematics is“to know

. where to look for mformatmn on a specific’ topic .

of interest: After checking in the gemeral histories E

of mathematics (Dauben 1985a lists 29 of them -
on pp- 22—28) and followmg up the often meager-

references thete, one needs to know ‘where else to -

fook. ’I‘he iterns lasted below are: some of the most

helpful souzces that I know.' I'have used all of R
them repeatedly 1t would ‘be impossible to-give
a comprehenswe llst._ Only thmgs wh:ch I have-

: _found part:lcnlarly useful are mduded

. Dauben, Joseph W

York: Gatland ISBN. 0-8240- 9284—8 :
A_u annotated cIasszﬁed list of over 2(}00 books :

__a.nd papers contnbuted by 49 spec:ahsts FThe
. standard for inclusion is ]ugh so this is the ﬁrst AR
“.and best place to look for the best Titerature on-

" a given topic. Exposxtory papers are not'usually
included, so we need -2 volume like this for use by o

students in hlstory of mathema.tus classes
Read, Gec11 B. and Bzdwell James K. :

1976a . “Penod;cal articles dealmg with the !ns— o
tory of advanced mathematics,” School Science
and Matbematlcs, 76, 477-483, 581-589, 687-703. . -

Earlier versions of thls mth various titlés, can
be found in the same journal, 59(1959), 689~ 717,
_66(1966) 147-149, and. 7’{](1970) 415-453.

This is a listing of the titles of papers in nine -

common journals which deal with the history of
mathematics at the level of calenlus or below. They

- are grouped under a few large SubJECt headings.
This is the best bibliography for students {o use
when writing papers for’ hlstory of mathematics

* classes.

May, Kenneth O. (1915-1977

1973a  Bibliography and Research Manual of the
History of M. athematfcs University of Toronto Press.
Reviewed by Grattan-Guinness, HM 1(1874), 192
194. : : :
This is an exceptionally valuable bibliogra-
phy of books and papers, both of an expository
and research nature, on the history of mathemat-

s

"-1cs covering the penod 1868—1965 It begins with
‘a “research ‘manual? which discusswc the basicref-.
erence inaterial available (p. 7 fI. }). the absolute e

necessity of some personal system of bibliographic -

record keeping (p. 12.1f; He. recommends slips of

paper and discusses how to use them.), and some -

" of the dangers of historical writing {p. 28 ff; Forex-

" ample, the various kinds of. plagiarism). It is well

‘worth your. ume to read. these mtroductlons- The +

. bibliography which follows lists about 31, 000 en- =

-7 tries under’sonte. 37’00 headmgs ‘There are exten—_-' L

. sive sectmns dealmg with. biography, ma.themat1- R

" cal topics,areas- reiated to mathematics (eplmath- s
o ' ' ematical’ toplcs) and 2 ‘classification of papers by | LI

1985a . The History of Mathema.ncs .ﬁ'om Ant;q—- = historical pemod No-ciie ml‘.erested in the history

uity to the Present. A Selective szlzagmphy, New "

of mathematics at any level can afford not to be

- "acquainted: with this work. ‘The main drawback is
that the titles of the papers are not ziven (tosave
. spa.ce) and sb you cannot use the inter-library loan .
©_service. Unfortunately, Professor May’s collectmn"

of refe:ence slips:was. destroyed aﬂ'.er he dxed

Gillisple, Charles Coulston = .- S
1970-1980  Dictionary of Sc;ent:.ﬁc Bmgraphy,

- New York: Scnbners, 16 vols. . Two. supplemen- - -

tary yoluries appeared recently. . See “The DSB:
A Review Symposlum, “Isis T1{1980}, 633-652. 1
know of no re.vxew spemﬁcaﬂy of the mathema.tlcal _

portions. =

A f.ruly superb ‘source of accurate up—to-date

information’ a.bouf. deceased scientists. Each arti- .

cle contains b;ographlcal information, a sketch- of

the person’s work and 2 bibhography of primary - - _
and {only the very best) secondary ‘sonrces. ‘This: . -

very high level reference book is the first. place to -

ook for information about a mathematician. All .

of the articles about mathematicians seem to be
at least competently done; the best are excellent.
Volume 16 contains a name and subject index as
well as a {ist of scientists by field.. There are also
very useful topical essays on India, M%opotarma

'Egypf. Japan, and the MaVas- S

Grattan—Gmnness, Tvor =

19772 . “History of rnathematxcs pp. 60-77 in :

Uses of Matbematzcal therature A R Dorhng -

- editor, London:. Butterworth

A Dasic mtroductmn to ail a.spects of the his- -

This file, findingaids.tex, was typeset using TEX on May 30, 1996 at 0:43 AM. -



Hlstorxcal Notes for the Ca!culus Classroom '

‘torical hteraiure. It is a greatly expaa;ded vexsxo_n
of this finding aid. Contains, along with much else,
a lists of bibliographies, catalogues, and ]oumals
for the history of mathematics. :

Jayawardene, S.A.
1983a  “Mathematical sciencés,” pp. 259—284 in

Information Sources in ‘the History of Sczence and
" Medicine, edited by Pietro Corsi and Paul Wem- o

' _ dling, London: Butterworth.

Another basic guide to searchmg out :nfor—_

matlon in the history of mathematics. There are

" quite a few. of these, but this one and Grattan-

Guinness 1977a are the two best that I know of.
These references will help you find more special-

ized bxbhographxes and a great wealth of reference .

works. Other chapters in this volume give valuable
mfoxma.tlon on more gene:aI findmg aids. o

Warmng- Whenever “you photocopy somethmg o
you should :mmea.’miely write the full blbhographlc
details on your COpYy. Don’t trust’ your memory; -

"at the very best you will still ‘have to retrieve
the volume from the library to get the exact ti-
“tle and publication date. I have had a copy of
" the Jayawardene paper for some time, but until
- serendipity recently léd me to this volume, I did

not know where the paper came from. An excel- -
~ lent way of learning about other valuable ﬁndmg o
. tools is t6 spend several hours carefully examining

" the books tha.t are in the refexence sectlon of your
: hbrary._ s :

A F_‘_re_déi-ick Rickey - '

.up with the hterature. : '-:

Bmwsmg f.hrough the cur}:ent _]oumals is very

| _valuable, but no hbrary has them all, so one must

" ‘use the abstracting Journais H:storxa Mathemat- S
ica has both reviews of bodks and short abstracts =~
of papers. - Isis pubhshes a Critical Bibliography =~ -

'each .year.as the fifth number of the journal. It~ 0

_covers the whole of the. h:sbory of science and also co -

. contains an mdex of book reviews. When readmg _

a book it is always interesting to look up ‘several *
" reviews and see what specialists think of it. Math- -

" ematical Reviews and the Zentralblatt fir Math- . -

ematik und ihre Grenzgeb;ete often contain valu- -

able reviews of historical papers. Na.turally there -
is considerable overlap in these four sourees, but: SR
each contains information mlssed by the othgrs so o

- all should be consulted on’a regula.r basxs

Many Journals ha.ve cumalative indices and o

| these can be very useful. The Mathematics Teacher -
has one for volumes 1-58 -(1908-1965) and an- .

. other for 59-68 (1966-1975). Kenneth May pre-

pared the Index of The American Mathematical 7

Monthly. Volumes 1 through 80 (1894-1973). Isis
has a’ curmulative bibliography for the first 90 vol-
umes, 1913-1665, and another for 1953-1982; both.
of these index book reviews, which car be very
useful. Mathematics Magazine also has an index.
You should make sure that your library has pur-
chased these indices. They will be very useful to
you and your students.

Regardless of how many bibliographies you
have access to, there is still the problem of locat-

ing current work of interest. The. “Telegraphic Re-

views” in the Monthly, “Media Highlights” in The
College M af;hematzcs Journal, “Reviews” in Math-
ematics Magazine as well as “Have You Read” in
the Newsleiter of the International Study Group
.. on the Relations Between History and Pedagogy of
Mathematics (HPM)" are all useful ways to keep

- Browsmg thmugh old 3oumals ‘can aiso be .

| quite interesting. ‘You will almost always find some-.
thing of interest. 1 particularly-enjoy old issues.of =\
The American' Mathematical Monthly and Seripta - v
 Mathematica. When you' go'to the library to look: i

" up an article it is. worth while lookmg through the L
entire volume it is in; if a journal published: one N
historical paper there are probably others. Never. .- -

go to the:library without taking alonga pad of -
slips {index' cards- take “up 00’ much space) on.

* which to record references Whenever you see some:’ :
.- thingofi interest, eﬂ;her of current interest or possi-.
_ ble future. 1ntere£t, you should immediately :ecord'- :_-Z o
the. refexence on aslip. Ttis of no belp to remember S
that you saw a fescinating paper if you can’tte- .

. member where it, appeared so be scrupuious about

recording references_ .

The most recent and potentxaiiy most valu- 5

* able resource tool available to us today is the in- = .
ternet.” 'I‘he indices. available on-line through the oo
library vary considerably: from school toschool. At~

" Bowling Green, Thave on-lin€ access.to 23 univer-

sity libraries in the state of ‘Ohio'via. OhioLINK; *
to the WorldCat (OCLC-FirstSearch) of nearly 30.

‘million records of books and manuscripts as early -
as the eleventh-century, to 1.2 million Disserta- - -

tions Abstracts published since 1861, ‘and to a
wonderful periodical list in History of Science and .- .
Technology (RGL—Eureka) describing _Iouma.l arti-
cles, conference proceedmgs books, book reviews,.
and dlssertatious from 1976 to the present.  Other .

indices which T seldom used before such as Art o
Index (1984«prescnt) and Cumulative Book Todex .- &
{1982-present) have recently yielded interesting in~ ~ . .
formation. Since some of these are commercial -
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- Ap pendaces

: adventurﬁ, they may of may not be ava.iiabie to R

- you. I encourage you to devote time to master-

ing the computeér, library system avaﬂa.ble to you.
This will enable you ~ and your students —to . -
become a much more efficient hbra.ry user_ If there - -

isa nearby research library you use, ask the librar-

ians how you ‘can teinet to their ca.t.alon'ue sothat
' you can se! if from - your homte base.’ Much fime
is saved by searchmg the onhne catalogue before -

' you arrive at a hbrary.

. The World Wide Web i is potentlally the ‘miost
valuable tool’ avalla.ble to the historian of ma.the—-. -

matics. - Rather than try to describe this rapidly

 changing scene, I encourage you to take a look at e
- my Home Page: ..~ - -

http:/feev: bgsu; ed.u/ ~vr1ck&y/

. and a.lso to let me know of other. mternet Tesources : .. |
_ that you | ﬁnd 50 thai; I can add them to my Home_ N

Page.

'-thh t.hem.. e

One ﬁnal pxece of advu:e" get ta imow your. B
" reference hbrana.ns They have a wealth of knowl~ : "
edge and are anxious: to share it, especially once " -~

they leaIn you rea.lly want to know the answer to

your question. The libtarians in rare book rooms ©
are often especially knowledgeable. When' I go'to’ :

a rare bock toom for the first time, [ always in- ;-
" troduce myself to the librarian on duty, indicate . - -

. that I am a historian of mathematics, and explain

what my special interests. are. Time spent talk- .
mg to rare book librarians: ‘may, seem extravagant
ngen the shortage of research time, but in my.- ex-.
perience it is-time well spent. After puttingina -
call for the book I want to see, I ask where the
washroorm is, explaining that I want to be sure my.
hands are clean before I touch any books. 1 also.

bring along a handful of sharpened pencils {never

use a pen in a rare book room)‘and a generous ' '_
supply of blank paper. On a first visit I am very . -

reluctant to ask for photocoples The purpose of

"doing these thmga is that I want to &stabhsh that

I know the rules of rare book rooms and that 1

have great respect for the valuable materials that = S

the Kbrarians are wiiling fo share with me.
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. F mally, the best way to. ﬁnd out what is worth S
_'readmg is:to falk to people who read a, lot of his- Ll
torical work If:your questmn is. not too specific . '

there is probably something in the literature about .-

it. The more specific your question theless likelyit .-

is that something has slready been written about .~ .
it. I would encourage you:to find someone who .
shares your hzstoncal mte:asts and fo. correspond SRR
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A Short Bibliography

. -Thls'blbhogtaphy indicates some of my . favorite
- .things to 1ead on the Instorv of the calculus. It is
o spec:ﬁcaliy demgned for people who are just mak-
. mg their way into the ]nstory of the calculus_

Boyer, Carl B. Remsed by Uta C. Merzbach :
1989a A History of Mathematics, Wliey This

- second edition contains revised bibliographies and’

revisions of the later chapter. Cha.pters 1?’-21 and

.25 are the pertlnenl‘. ones.
“Edwards, C. H. Jr.

1979a  The Historical Devefopment of the Ca.Icu— '
Ius Spnnger A very good sketch ' .

Euler, Leonard - - - : B
1988a Intraductlon to Analysls of the Inﬁmte :

P Springer. La.place saxd “Read Euler, read Euler,

" he is our master above all.” Before John D. Bla.n—
tom translated the two volumes of Euler’s 1748 In-
‘troductio his advice was hard to follow. Now you
‘can easily proﬁt from seeing a master at work.

Gllhsple, Charles Cmﬂston, Editor in Chief.-
1970-80  Dictionary of Scientific ngrapby, New

.Yozk Charles ‘Scribner’s Sons.. 16 volumes 4 2

recent supp!ementa:y volumes. . The DSB is the
preemment source of blogra.phlca.i information, so

~ if you don’t know it, go to the: dibrary and have a.
careful look. You wﬂl find information on virtu-
- ally anyone who has made a contnbntlon to the

calculus.

Grabiner, Judith V - _
1983a  “The changing concept of change: The
derivative from Fermat to Weierstrass,” Mathe-

" matics Magazine, 56(1983), 195203 - Distin-
-guishes four stages in the chronological develop-

ment of the derivative: use, discovery, exploration

"and develcpmient; definition. In your reading try

to adapt this scheme to the other concepts.of the
calenlus. “Invention of the calculus” is explained

“on p. 199,

Gratian-Guinness, Ivor (Editor)

1980a . From the Calculus to Set Theory, 1630~
1918. ‘An Introductory History, London: Duck-
worth. - Also available in paper.  Six excellent -
chapters by some of the best- contemporary hlsto—
rians of mathematies. '

1987a History in Mathematics Education. Pro-
ceedings of a Workshop Held at the University of

- Toronto, Canada, July-Angust 1983. Published

as no. 21 of Cahiers d "Historie & Philosophie des
Sciences, Paris: Belin.”  This volume contains
several papers that dISCUSS the use of hxstory in

the classroom. - _
: Hajirer, E. and Wanner, G.

1983a Anralysis by History, Spnnger, 1996. Thxs
is loaded with mformatlon )

Katz, Victor J. R

1993a A History of Ma.themat:cs Ea.rper—Colhns .
This and Boyer/Merzbach are the best surveys of
'the whole history of mathematlcs ava.ﬁable- '

- Kitcher, Philip

19832 "“The devdoprhent 'of ana}yszs A case.

study,”. chapter 10, pp. 229-271 in his' The Na-
* ture of _Mathamat:ca] Knowledge, Oxford Univer-

sity Press. Paperback 1984. A penetrating sur:

©o vey,by a good philosopher of mathematics, treat-

ing Lakatos's ideas on Cauchy’s famous wrong proof.

Klemer, Israel 19892 “Evolution of the function -
' .concept' A brief survey,” _The C'ollege Matixema.t~ :

ics Jouma! 20, 282—300

S R.lckey, V. Fredenck ' _
.. 1987a “Isiac Newton: Ma.n Myth a.nd Ma.th-—_
- ematics,” CoIIege Matbematzcs Journal, 18, 362—

389, A survey of Newton’s contnbutlons. '

- Stmmons, George F. :
'1986a Calculus with Anal ytic Geometry, McGraw-

Hill.  Since one facet of this Conference will be
a discussion of how the history of the calculus can

_be used in the classreom, I suggest you look at

this textbook. Most. obvzous is the long (pp. 763~
848) biographical section, but there are mumerous
historical remarks scattered throughout

StruxL Dirk J.

19672 A Concise History of M'atbematics third
- If you have time for .

revised edition, Dover.
nothing else, rgad chapters V-VIII of this. Note
how he pays aitention to the social history.

196%9a - A Source Bock in Mathematics, 1200—
1800, Harvard. ‘Reprinted in paperback by Prince-

' 'ton, 1986.  The importance of reading ongmal
| sources cannot be overstresa;ed The selections and
introductions here are excellent. The Ie_t half of

the book Qea.ls with the calculus.
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