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;,-.bored by mathematlcs, both. the able ‘and-. the barely
_fﬂ;prof1c1ent ‘and do it well: and do: 1t all in the same
'chlassroom7 “One.. way. ‘that 'is galnlng acceptance in- colleges
- ‘and universities nationwide is to'ask students to write -
TV,thelr mathematics. Llnklng the symbols and notatlon of.

- 'mathematics to words {which are more familiar: to- students)
. puts mathematics back in the customary world.f This helps . .00
: “the- mathematlcally adept student to'more fully’ realize the PN A

¢,jfmean1ng .of “and. motlvatlon ‘behind’ the manlpulatlons whlch he sﬂyxf.,}
~.already does. well. It also helps ‘the unintérested- student
<. see'that: mathematlcs 1s more than meanlngless symbols and
_j-manlpulatlons o

INTRODUCTION

The USMA Department of Mathematlcal Sc1ences has a’

_funlque m1351on., “There are: few other colleges whlch requlre o
c-all students to take two full: years of. mathematlcs, not oo
-rllncludlng algebra and® trlgonometry, regardless of: thelr J,Qm,yfml
.major.: .Since the.United: States- Mllltary Academy is" by T
_,"Htradltlon prlmarlly an englneerlng school, what we do. = i
Coisupports not. just math: ‘majors, ‘but’ largenumbers of future
" mechanical, electrlcal,_
'4$have the: further: ‘challenge of: teachlng ‘those whoy' by '
measures of high school. preparatlon, 1nterest, and ablllty,
.faare decrdedly unmathematical, " Taklng a more far-sighted
- view, we:support the: Academy goal of. educatlng leaders of e
-+ Character for the. natlon “Looking at our mission: either. wayy{
ooshows: al dauntlng task: o
Cany ‘engineering. tracks -
];ﬁleaders ‘of " character, ‘with all the attributes. ‘that go. w1th
.-i.that appellatlon, is. very: hard_
" -benefits of a sound education in ‘mathematics: students RIRALY
- develop the ablllty to describe the world: u31ng mathematlcalﬁ '
fjilanguage.- ThlS in turn helps them solve complex problems .
and dlscover ‘relations that aren't always apparent. We. have*jﬂV“ “
. to.teach our- students to think’ loglcally, use clear~--- SENS
_;.,deflnrtlons, and a ‘generous measure Of creat1v1ty “These - A
v ..skills are an 1mportant part of our m1551on,.wh1chever v1ew @f.ﬁ_ '
'-H;Uyou take.l oo ' ERN

rsystems, and civil: englneers'“’We

ST ‘prepare: cadet_}academlcally for
~hard; to. prepare cadets. to: be -x“

of- ‘course-we: know ‘the."

How. then} to teach both those lnterested and those

“This: faculty'gulde is an 1nstructor s handbook to

fjexplaln the why, -how,™ and ‘what of . writing in mathematrcs
- .The' essays.included are just a- sampllng of.the- llterature L
. available in professional. journals.- Each was’ selected to- -
'ggprov1de information and various approaches ‘to usrng wrltlng AT
v in mathematics: classes.j The essays. are by ‘educators from: R
'~,large ‘and small schools, ‘both" publlc and prlvate,=across the* S
“.country.. The intent ‘is to persuade you that’ writing N
. assignments are a worthwhlle pedagogical: tool.- Nothlng is
'-jmeant ‘to’ be directive ‘in. nature; indeed,: the nature of e i
oo writing assrgnments is such that each 1nstructor can develop.;;ﬂ
“g”_hls own. rules w1thout vrolatlng any sanctltles.- B S




. meaning, creativity; - ”
- the how of writing mathematics, gives you some ideas. about S

HlspeC1f1c -as well .as 'some: general wrltlng a531gnments.1m~
.. Price,: Phd., Purdue Unlver31ty,_for ‘over ‘ten years. ' He

'}”glves ‘these guidelines to his studentsvat the beglnnlng_, el
ﬁknow ‘the rules before the gameils 1n“ Rt

Sectlon T covers the why of u31ng ertlng in
mathematics classes. The essays discuss mathematics as a _
'language .which can: be meanlngless for some: . (most”) students
.and-‘as. an" 1ncomprehens1ble process, respectlvely “Both go
- on to: dlSCuSS ‘ways .in which: writing can:show: students the .

,-and power of mathematics: ' Section II,

- exactly how, as a math.instructor; you can teach and == .
cevaluate your: students' wrltlng., ~Section ITI- contalns somef

'Sectlon Iv,: Student Models, ‘is.a selection of actual’ cadet L
Swork:ii It w1ll ‘be used in the: Faculty Development Workshop o
h:to teach you how. to ‘evaluate wrltlng a331gnments Flnally,_.
- Section V.excerpts some writing’ guidelines used by e

'Tthe semester?so the

ffiﬂneeds or'lgnore ‘them entlrely.n"'

P e




‘ The two essays 1n thls sectlon argue persua31vely that_”.aﬁ.
N mathematlcs w1thout meanlng——mathematlcs as. empty symbols R
"j;;ejuggled mechanlcally——ls sterlle ‘and ‘as frustratlng to teach o o
..ocasiitodis toclearn. - Mathematics should be’ ‘presented for what;[ﬂﬁ B
ﬁ';lt 1s-f a language as rlch and subtle as the Engllsh N
'ffflanguage 1t replaces.;ﬂf el R







o Attemptmg Mathematrcs m a
. ;Meamng!ess Language

:_':_'.'Mariha B. Burton - e
N -.Umversny of New Hampshrre Durha

: Hampshrre " _.: .

A oolleague recemly reoounted an und ergraduale S oomplaml about B

his- hrstory-of-mathamanos textbook. The otherwise passable text,

. said the student, was loc frequenﬂy rnterrupted by. -pbjectionable ..
B :parades of symbols ‘across the page, This student had proceeded -
' with 'equanimity through pages of English words, which are nothing .

/i not symbols themselves. Thus the problem was not- really one
‘of deahng with'a symbollc language, ‘but of confronnng symbols.

~in our own experience:’

: '-._no referent in our expenence

Tk Begmmng undergraduates in ma_ maucs nee io seme symbol- i
Lisystem: of eiememary algebia ds’ a language ‘bigt it s ‘common for
= them:to experience phrases of: the algebraic; language as: symbols- =

- w/without referents.. The student. who describes the meaning.of the .

o syrnbol zas T .. just a:_---.:s not: apt-1ofind any referent: for the .-

" symbolic phrase 1//Z. Even more common is fo-experience an
" v algebraic: symbo[ as ‘'empty-in ‘the sense of referring _only 1o other_
“aigebraic: phrases ‘soithat the: referent of. 17 T -might be surnp!y :
VZ /::._ ¥-thisis a referent; it is of !he rnosl-lnwa] and clrcutar_

S ckindi aocordmg ‘to this underst
R’ meanmgs but only synonyrn"

o Yet no real’ Ianguage is 'so ;mpovenshed as 10 descnbe only’ ns_-
Srown ‘words.: Language has 1o be about somethrng to'be real, and . <
th -algebralc Ianguage sually be-:
i e’ lhal iifunclions as a. Ianguage ltiis 10 be. seenin books and -
journals, so 1har ewdemly it supponsalleasl some kind of commu- .
pication.between ai least some soris of people.” Do mathematicians .

o gven students who'are miit

: al supper i converse in this sirange manner? The students’ ques-

-Iatsons are; first- year calculus studenls at the Umversuty" of New

it caloulus questions, They. afford the Maiheérnatics Center's stalf
sla pﬂwiegad view ol the ‘ways in’ wthh latge. nurnbers of s!udenls

" ‘address problems ‘in ‘mathematics. Mathematical- m:sconcepltons B
_'_.hat mlght otherwlse be’ pul down 1o lndeuaI -error -sometimes -

ecause so man sludenis R = ' R
Y U The! Enghsh senlences Iha‘l have i gebralc 1ranslauons are lhose :

" .*having 1o do with quantities. They have nouns thatrépresent quan- "

' tiliable entities, and often their verbs-—iike cosr and ‘weighinthe "
.=-'example—oorrespond to measure funcuons rhesewords appear- . 7
‘ingas verbsinitha Enghsh sentence wul! :nsle.-.d appear ‘as'part of
-anoun, phrase irvits algebraic versron ‘For. instance, oorrespondmg FNY
‘1o the verb “weigh™ is the measure functionweighl,r; so thatthe =~ -
“English sentence “The: «dog wenghs 75 pounds has for ns'algebralc'if.'. e
'-._equwalent ‘weighty; (dog) is; 75 S

. "'A Iarge pan of oir smdems dnﬁnoul!y wnh'calwlus wouid appear o

“ito'be language based ‘They'seem 10-use their algebralc language: :
. n syntactic aspect; dinding
- hits descnpuve meanmgful aspect lnaocessmle Thus, for instance, -
o theyean ‘comnplete word problern soiuuons—once lhe meaning of
"\ the problem has been distilled into an algebraic senience. They.

“» almost exduswely nits ca'lculauonal

: eventuaily wade through xhetr algebra remed:auon—prowded ‘they

The rmmmal charactenstnc of a symbol is’ :halu pomts beyond nse[i ::-‘-”_'Algebra as a Subset of Engllsh
;~1o somelhmg else. A phrase in our natural Ianguage hds a relerem I
et airplane”is a real symbol becatse we "

B _know whata jetairplane is. 'Slnhy tove"is an empry symbol havnng .

b tion. is nof’ enl:rely frlvolous for they usually ioilow itwith the rrghr

: Hampshlre pamoularly those whovisit a: Maihemaucs Depanmem'
Iaamy ‘called. the Mathemancs Center; "Some are 'orng requnred "
first-semester. remediation in elementary: algebra an mgonomelry, o

.. soe are working on projects in numerical integration: some dropin From our pomt °f Vle

concentrate on s'ynt'aotic examplas, those having to do with solving

algebraic santances or rewriling algebraic phrases. They find limits

“exerdises In caleulus balfling, since these ptesant only algebraic

phrases whose values are 1o be esimated, whereas tha ‘student

. -prefers algebraic sentences which mlghl be soived by grammancal
_‘rearrangement. in all these situations the studenls are w:lhng and
- able 10’ ma.n:pulaxe the syntax ‘of algebral.c sentancas, but cznnot
; fi nd o express meamng in zhe algebraic Ianguage - o

Center bega.n wnh a cartam ‘hint Included i in“a numerical mtegra-
tion: problem set. Thrs one-line’ hint was dearly stated in. algebraic
~terms; yst not only was it rnoomprehensible t most students,’its -
. .crucial part was actually: invisible 1o many of them, We will, shorlly s
© se8_how this careful altempt 16 “communicate’ informahon o st -

.,-dems m 1he aigebra:c Ianguage mex wuh uner lailure S

o, the extent 1hat students daﬂiculues are. relaled to 1hen' mususe ol S
king caréfully notonly atste- -
-dent use of the.language: bit-at the characteristics of the language o
Lritsedf Tis the assurnpnon mroughoul L‘ms paper that: 1he -system o{ s
'algebratc symbols is-notan. emlrely separale language. Rather,in .-
Hits descriptive: aspect atieast; it s’ ate!egrapl'uwlly-wrmen subset
»-of aur natural, spoken language Senlences ‘written:in lhe algeoralc .

he: algebrarc language. itis worth

“even’ mose denoled by Ieners. 'are 19" bé" understood as quanmy ;
' pames: The ‘calculus instructor ‘who writes "wi= - d .on a black- -
;j board is srmultaneously utter:ng some: Englrsh sentence ooma.lnmg e

.’Assuming that the algebraic Ianguage is 4 subset'of English, we R
: -should ‘note: thai the inclusion. is proper.: There is, for lnstanoe [« IR

e '_.algebralc equwalenl 10 *The dog needs a: bath." So'a’ reasonable . _
' .-;:furs[ question is: which English senlences have algebraic equwa--'. Co

lhe stnkmg thing

- dren is a remarkable pro-;' S
~gess, not. completeiy understood ‘andof wide interest among fin- .
: gulsts and: psyoho]oglsls In thls oonnecuon ohe Imgurst wmes i

is -lhat lhe examp!es ox%-
. "cluded verbs are juslisuch as mrghl oceur in the word problems n
- .- of elemeritary algebra. Hints 'should be taken wherever they are
" found, and ihis one suggests that on!y certain verbs will- oocur oo
_-:Engllsh sentences thal have algebralc equwalenls SR



- Producmg Algebratc Sentences-

Some Ways. that Work, and Some that Don t e

"lnabtltty 1o extract meamng trom an algebratc sentenoe is one part
. of .our students' difficulty tvtth this essential language. Even more

B obv:ous is the oonverse oblern of, expresstng meaning in tha jan- -
.guage.: Thts is. apparent in thetr reluctance 10 atiack- word prob- L

s lems,. wheré the [missing skill is that of summarizing - the meantng

- roblem

E :'The ther trouble wrth advroe about mretu[ readtng is t-a

.. problems in- elementery algebra and ‘calculus are often chock-tull siid
‘of data: As with-a ‘tangled. skein of yarn, fi inding the loose ‘end is

- TNOTe: pfor flable than carelully oontemplattng the whole tangle. What
;" the student needs is not'so:much careful atiention 10 the whle of
--the problem as'a way 10 find the particular piece of data or potnt ol 2

view: that wrll statt the -problem unraveltng

: .word 'problem "by giving. every quantity.in’it. a ietter-vanable name.

; Students: ‘seem umversally 10 have. aocepted this -advice; they are.

everywhere to be, seen duttlully ;

nitiating problems_wuh glossanes

What the student needs is not sa much careful atien-

B ..tion to the whole of the problem as a way to find the.
: par_ttcular piece of data or; pornt- ot vrew that wall start

L the':problem unraveltn -

5 requiring -no glossary entry at aII

. glossary for-a'word problem is a preliminary task for: the’ ‘student:

: that ytelds nodurther tnstght into-the, problem, At best it produces a
. .correspondence between Engltsh noun phrasas and their algebraic

student. to the destred equatton-. i

Verbs tum phrases tnto communtcattons-_ in the: oonstrucuon o an_ e
'-'...'falgebratc sentence, the ‘crucial ‘step is 1o’ combing noun’ ‘phrases - -
"_;meantngtully witha: verb The traditional method of oonstructtng an .-
. algebraic sentence.is to.do it wholly within- the algebra:c language. -~
. One names the variables, collects aigebraic noun phrases and then -
- (somehow) assambles them with'an approprtate combtnattort ofthe .
verbs “is” and "axceeds.” If this’ approach wers productive, students ..

- _would be much more. suocesslul wuth word problems than they are, :'

.ot the problem in algebrzic: tanguage Letus consider first.a pair of -
‘strafegies that donot halp-students produce algebrato d escrtpttons : _
: - lems in this way, but oddly enough they do not need help in supply-. -
" .ing suitable variable names. Providing i invented names for thingsis .
an acttvrty humans. even very young childran, are’ ltnown to.do with- S
: _-'out instruction, [2] In. tat:t one has only 0 listen to 1their. everyday o o
“conversation to hear siudants ‘produce variable names: ‘a recent - -

: 10 the, student 1o read the problem care- .
L '-:t’ully This good adwce is redundant, for the cause of fallure witha .
- ‘problem s aptnot to be careless readtng of it Fteadtng studants’in- -
.- cofrect attempts ‘at word problem’ solutions will often make it plain - _

. that they have indeed understood the problem requirements, but. "

_ have not besn’ e.ble to summanze them in an algebratc sentence. -

f_._S ttng Up Word Problems i

' dvroe oommonly gtven to students IS to begtn a rnaxtmum-mtmmum pmhtems in calcuius

: sltetch

.'be-briel, but il. should. be:

-.Forinstance, the names 'z: and " oonvey no meamngs Students :
L use ltterat variables because they think it is the correct thing to do,”
- yettheir Use starves the student in the midst of ‘semantic plenty.-ln
zrjts descnpttve aspect; the atgebratc language is part of Engltsh with o2
.. English nouns available for use as variables, its pointless to begin..*. -
L e problemy wnth the. statement ‘let T = wsdth of pasture” when the
: :.'Engltsh word width® ‘wauld have beena more meantngtul vanable '

tnoome less total oost

..r?ttty, we ask the student to rettirn 10 the problem for extra information R
_relating these “competing tndependent ‘variables. The. dvantage =
of descrtbtng the target quantity first, and only afterwards consider.

:-1 equtvalents, gwtng the student somethtng extra to remember. _:' o i itfits!
: e g _problems central

3:"_'.Butthe chtet reason t.hat g]ossary-burldtng is nonproducttve is thattt."'-.__ variabie. For tnstance ‘the' lollowmg maxtmum-mtmmum problem o

. provides references only tothe sentence’s noun phrases. Withonly
... the nouns in hand; the:student will still: not know whal 1o say ‘about .
- them.. The trouble is that the verb is- mtsstng. “Untii the problem .
:;.statement tias & verb; “no oollecuon of 'oun phrases ‘will jead ihe

i Center where !1 natur ]|

planted per aore in. order to produce a maxtmum yteld"

On a recent atternoon thres calculus students and one of the Malh- 5

'A better method “we betteve is: to assemble tne wnote sentence ' (

in Engiish first, The student 1hen has the advantage of using tha
familiar natural language for ‘thinking about the problem s summary,

_ ‘and the English summary sentence wiil- emerge already equipped
" with its verb, ‘Naming the. problem vanables is delerred unul the '
- ._-summary sentenoe ls wntten‘ : ST

Students need some.penmsston_and gutdance ln begtnntng prob-

favorite has baen’ *Well .. .‘whatever.” It does ho harm, therefore,

~fo_omit the. formal -construction of- a variable glossary, proceed. di-

reclly _10 ‘the: stage of- suPPEYIng a senfence, and allow a’ deferred SR
variabl -nemmg process to.occur naturally. 2

Toise how' problem-solvmg algonthms based on these €0 Sld-.

; erations. mtght differ fromthose: that’ are: usually oftered 0 sty R

d’ents ‘we ouiline the Mathernattcs Center's dtrecttons for orgamzmg FRR i

Students arefirst .asked 1o be sure: that the pr_ blem realiy is a-'._-

maxtmurn-mt imum problem andtownte downin’ English'the name e
_ol.the quantity 10 be optimized. This: has the affect of enoouragtng N

he student to_read the’ problem .t.'.arefully. yet offers’ focus o the - &
eadtng Th‘ student is also “1o-ill sirale the probtem thh a i

ent.is.next asked lo write senten e desonbtng ihe target S
terms-of; other-problem quanttttes ] e_sentence 1) B
English: “Area is. length_ times. width,” -

_'Total Area i is. area ol rcle plus area ot square,” or 'Pro_ﬁt_ is. .

er quan—

ing:side condiiions felating other quantities; is1o keep. the' problem's

‘Main statement central inthei imagination.: W‘thout somé Kindof hi-

rarch_y among the problem’s. relationships, the student is ‘aptiobe. - Sy

: d_ __'erted by' elattonshtps-that are valtd but do not. tead to a solutton e

op-down strategy can qt.nckly produce the .
c'guatton. complete wrth a surtable tndependent

‘. was taken from an old calculus hour examination.- The calculys Jac-

twrers ‘asked that th:s__sarnpl_e ‘exam be posted in the: Mathemattcs

: expect an average ytet : R
'.-bushels ol oranges per tree when it plants 20 trees on an’
cre’ of ona ftelds.

'tree oecreases by one-half bushel How many trees ‘shouid be' E

S

ematics Center student workers, a senior mathematics major,‘spant i

: :. ten: mtnutes COﬂSIdGl’lng how to set up an equatton lor this prob[em




r:at:‘l person s poruon can be re- descnbed Sonyas share for .
_Sbc.ﬂ.CE will'be 172 stack ‘per’hodir, mulrrplred by me time: the com-_ L
" vminee spands’ readang the papers “Rewriting each reader’s share S
.__-_m .hrs way leads’ :mmedlalely to an equauon in lhe one vanable Sl

o 'Ihe focus of lherr discussron was on the quanuty ‘lo be chosen P
- for the independent variable. . Because the problam asked’ *How
.. many ¥ees .,
- the. mdependenl variabla; but then they were confused by the.base :
- condition_of the 20 initial trees.: The: sludent worker. pointed ‘out -
that :20 1rees. correSpond 10.40 ‘bushels per tree, 21:irees10:39; 5"
o _'_.;bushels, 22 freas 1o’ 39 bushels. elc. Considering a- small table of
e lhrs dala led the studenls toan. approprrale ohoroe of lndependent. o

- 7"the studenls proposed making. numbder,s ¢recs

N '-.'By oonn'asl notice how aturally an. equauon shows rlsell when we: s
. proceed lop-down begrnnrng in English wuh a descnplron of ihe _
2 'larget vanable Y:e!d whlch is 1o be- maxrmrzed ERRTE

'eld is number.,; e times” bushelsp,,. tree.

: 3 Beoeuse Y;eld is ot yel desonbed in terms of onl one mdepsn— '
we recurswely descnbe lhe successor expressrons

dent quannty.

‘and bushels,,.- Aree

lem irom. general elememary algebra lhe Engllsh semence should
S _summanze the relauonshrp among quanmres aller lhe problem s.'
£y '..'requuements are mel. For mslance g

i _Example Sonya, Henn. and Fehx are gradmg a stack of cal- ':: i
| “:culUs ‘quizzes. Sonya could ‘grade the ‘whole stack ‘alone in.2 - S
“hours, Henri in 3 hours, and Felix in 4 hours. Howr long will it

'f'.i-rg-ce lhern 0 do lhe work 1oge1her'7

"~ “reading material.

" ‘guage itself is visually sufficient..

'—Vlsuallzmg Problems

"Plctonal lmaglnatlon is a cruaal pan ol malhematrrzl problem-
‘solving - aclivity, and, one. which many sludenls tail fo use effec- - -
- tively.:It would be mis]ead' ing lo class:ly this kind of |rnag' ) B
“nonverbal®. in the sense of being ‘something quits. dworced from -
language On: the conlrary itis worth considering the! drflenng pie-
forial resources of the two. languages calculus: sludems_musl use,
S :and the: s:luat:ons n whrch they-are apt (o not. apt)ﬁto cture their-

ation. as

Prctorlal lmagmatron is:a crucial par‘l of mathematical S
- - problem-solving -activity, .and. one. whrch many stu-_ c
5 _dents fall to use elfeclrvely._ _' =

The nalural language ﬁrsl aoqutred by young chrldren rs rrch 1n lhe '

~names’ of familiar: obleots. ‘Indeed, first:books.in the .nursery are =" : ©
.usually simiple: collections of: llluslrallons of:named. ob]ecls The_"“: ‘

" profuseness of: :lluslranon in small children's slorybooks !ogelher Y
~with-the low.: propomon ‘of text to illustration, make it clear thatthe ="'
et alone cannot ‘convay.t lh meamngs lnlencled - Not: only; arathe v
-pictures-an. essentlal part of the: slones, '
:-_.'_.aclually parl of lhe language nself

'readers rnalure

fMaxr-\um minimum word problerns in calcu]u' are more easily’set
upiinan are’ the woid: problems of elemenlary aIgebra Th'ey are -_
.-+ 'mota uniform in type, and the: quantity to' be optimiized is usually = _
o _easy 10 5pot. “The word problems found i in elementary algebra texts SRR o

y S
we drsplay lhe senlences tha: form their boundanes .erh a drs-_"' R
anc ‘measure applied 10 pornls on'the, bounding. graphs wa'can
@ height and breadih 1o thair snclosed . ¢
- ._planar reglons But 1he regions lhernseives arg- o

ascnbe geomemc notions lik

lbut the visual images: re L

"wrmen text supplants imuch of:the rlluslranon |n' S
is not 1o.be ‘supposed that-older: ranaders: have S
: ceased t_ enjoy plclures bur tathér that the expandmg language L
o -'aoqu;res more and more of -its own: visual: ‘power, Popular adult ="
e paperbaok mystenes, _even those we :should deseribe:as graphic, " - . .
contain no: fine drawings.. They'are not needed, bewuse thelan- .
Poeuc language isia more ex AT

_ lhe terse ‘and pnhyi__- e
chness of natural - “ 1.,
1z : cale 5@ "-necessary. supple-.
‘mental. llluslranve :lrgures- As wnh the. p:ctures in children's Books, "
“the figures in a calculus, 1ext are not extraneous but are rather part "
..o ‘the language -of exposition. ' The algebraic - language itself, at

- least in its semantic aspec‘ls can; reqmre acwmpanymg llluslralnon N

o er |rnmve recorded objecls are ordered parrs ol' i
numbers. As: lhe reoorded pa:rs have ooordmates wnh some rela— :




- the Imagination, and it can be nonintuitive to students that regions in
ihis entirely antificial coordinate plane are described and measured
as il they had nalural—world reality. A ceriain level of mathematical

_‘indoctination is requ:red ‘before the Cartesian coordinate system

p --acl'ueves rhe raahty ot a Iandscape in the natural wor[d -

o Frrst—year sludents oﬂen have trouble v:sualrzrng geomemc appl|~ -
. cations of |ntegrat:on such as: areas ‘volumas- of: revoluhon ‘and -
- icentroids. With surprising ‘frequency studentls’ atlempt thase prob- " ",
" Jems without: any. sketchas at all, srmply mserung 1 kely-!ookrng al- .
3gebra1c phrases into standard formulas that. they have memorrzed .
-+ Thus they ‘delste’ from thair a!gebrarc Ianguage its- necessary added o

i vrsual oomponeni wrth resulls that are usua!ly drsastrous.

It. should not. be |mag|ned that students use mernorrzed torrnulas Ny
. " inthis unilluminated way: because: they oannot picture the require-

; menls ot problems.:Many.of tham are studylng physics and angi- - -
-~ :neering, where: presumably they ‘are used 1o problems that must " -
. bevisualized. Indesd:we have watched them.do their trigonometry - = .. :

o remedrauon and seen therr many 'skelchas showrng tlagpoles atop S S
-+ buildings, forest rangers viewing fires, and:brave guaners aiming * ‘we can count on: them 1o’ continve. It will ths be advantageous:

..cannons at the castle of the avil Count. Even. ‘when' they can gono e Ly
Lo memorize. anyway, :and'we have just: suggested thatong. waylodo. o

- this Is to use natural language fragmentsin their'standard formulas, . ¢ % -

" Another way would be 1o place a relevant sketch with aach formuta. -

* ‘This suggestion may ‘sound suprernely redundant oonsrdenng the - :

- multitude’ of sketches’ already in calculus ‘texts. - However, it 'has” .~ . .

- become standard " practice for texis 0. appear with imponant fects S
and lormulas hrghlrghled .on the ;page .in"boxes. of soma second .~ .
-color. These are the. things the students memorize, and if a formuia - i

isina oolored box rhen a sketch of is apphcanon ought 1o be there SR
"also-.'.' B . .' '

tunher wuh a word problem, sludents are apt to rllustrale it:

; There seems to be a dlﬂerence between those problems far: whlch_
LB students consantito’ make sketches, and. those which they:be- .
.-gin without'any ilustration.. Students do generally make’skeiches -
o for problerns that: ongmate in 1heir natural language. They sketch
- views of their natural world, or of some imagined vanani ofit. _They
s correctly see |1Iustratron as oneof the slages in oonveﬂrng a atural- :

Ianguage problemfor algebraic resolution,

} lt is chiefly hen'lhe problem. both originates and s resolved within

an algebrarc tramework that. students slight. the task.of ‘sketching;
o Thrs should not be surpnsm '-.The sketch- must be done within, the o
algebralc Ianguage ‘s less! 1amrlrar wsuai environment; and drawing .
“ ivis“acurve-sketching task in anatyuc geometry The techniques

o 'lor thrs are probably not yet part of the students easy competence.

'._';'Geometnc applicat:ons_suchﬁas volumes-ol-revoluuon problems_".
- usually. originate. in the context .of- analytrc geomelry. and in the

_l_'_:_standard Tormulas’ already provrded W'th ‘both'the

: _'lroml problem rnto the formul

e Encouragmg Vrsuallzatron

B Consrdenng the vrsuat propertres of rherr languages suggests some S
'general ‘ways of fOstenng mathemalical ‘visualization by our.:stu-"

dents. We need 1o ancourage. swdents both directly and mdrrectly,

S make and rnterPfet sketches in order:to do therr homework' rob- Lo

; :_-'ﬁneed 10 be drrecuy lo[d % do th:s But we also need other ways to

./ interrupt-the,short circuit from’ algebraraally described problams.to . R
' .. 'bs for the symbol 10 enjoy soms partidpation in the thing-10-which - -

L St pomts. A nauona! flag pamcrpales symbohmlly in the d:gmty of
“its nation, making it & symbol in’the strong sense. . By contrast,
~the: umform yellow. colof of school buses is a weak symbol simply -
Sral oonvenlent ‘way of: makmg the vehrcle obvrous and .easy torec- - "
. _ogmze People are offended 1o see the fiag used in mappropnate_ 2
.. ways, whareas’ they would be merely surpnsed 10 see.a car painted - .
:school-bus yellow. The stronger the symbol, the more troublesome S
1_ iS lts use apart from ns proper referent. : ! B S

G phrases frorn problem o formula;:

L One srmple approach ls to use fragments of the more vrsual nat-" o
% ural language in:both summary formulas and thair accompanying -
sketches It may be less: elegarit 10 desonbe an alement of vol-'

- uma as 27 - radius - height - thickness than 1o describe it as
I 21rp(x)h(z)dz or 21rp(y)h(y)dy. butit's & lot claarer, The natural .
N _language descnpuon leaves lt to the sludem to deode whether the o

' ::.jNarnes and therr Symbohc Fteferents

u.volume elernants *thickness” corresponds toa drﬁerenlxa[ in'z or

¥, and then to describe radius™and *height” in terms of that same

vanable. This procedure; admmedly wordy, " nevertheless shows .
- the student the decisions that actually have 10 be made i seting
- “up'the integral,: By contrast ‘the ‘fragment: p(z) in the standard
: algebrarc language neaﬂy but taortly conveys that since‘'the vanable L
of integration is 'z, the radius of the shell will have fo be describedin’ ' -
.- .terms of thatvariable alone. The: message’ may srmply betootacit = .
dor the student reader, who often assumes that p{z) represents - -
© 'some a[gebrarc expression already specrf' fed inthe, problem. .Good .. -
students ‘have told us: that they wero. oonfused about what to ‘put A
--down lor p(z) - ¥ o - R

10 encapsuiate more meaning into the formulas: they are goingito. -

L Both these suggested remedres have the liavor of a qurck ﬁx or:‘ N
S patch ‘and 1o be'sure, there are times when a well-chosen pmch SR
:.is needed and appropnate But another view .ol ‘our ‘possibleres .
: 'sponses begrns when we oompare the sketches the students mukei'_'f;'. E
with those they omit. They will avoid the curve-sketching involved . -
<. rllustralrng 2 volumes of: revo]utron problem. where they: would R
" not hesitate. 1o_sketch the na'ural-worid dlmensrons involved in a :
L o -j'rnaxrmum-mrmmum_ problem Lol et
. language of algebra;-Not_ only are these ‘problems subject tothe =~ -+ I
difficuliies just noted, ‘but’ they ‘reach the ‘student with associated "]
preblern and A
Coits resolvmg formula-written in ‘tha’ algebrarc language the student: .
< finds. 'rt=reasonable 10 proceed by transonbrng algebrarc tragments

‘Wa have oonsrdered severa] aspects ol the algebrarc language that
- calculus students’ lrnd necessary to use but difficult to 'use mean- - - -
inglully. The central thread ‘of this troubled web is thair, attem_pt 0

use a!gebrarc names drvorced trom therr symbolro_ relerents

-'Earlrer wo sard that lhe rnrmmal property of-a symbol was'ns abtlrty : .

to°point’ beyond rtself o’ somethmg alse. A stronger ‘property would

P

. .'But we also need other ways to rnterrupt the shorl Sy
~circuit from algebraically described problemstoalge- = - =
braic language fermulas, in which the student merely S
' .transfers phrases trom problem to.formula. - L
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"language is complete, all its nouns will have been treated | in this

coasa measumg modmer in an algebrarc vanslauon

"+ become, for example the desired equation that Summarizes some-
“given problem, Rewnbng the a]gebrarc senlence -aceording to the]
-syntax-of the algebraic languageis a process that amountis10:solv- -

7 10 the algebraic language : are samply calls on the axiom syslem of
: the real numbers. :j-:- i G A

'Some Semantrc and Syntactrc Pecuharmes :
of the Algebraic Language I

o Everylanguage has a semantrc componanl-ﬂs descnpuve aspeci '
“the ‘part of the tanguage that carries meanings—and a syntactic, - -

--1here Is ‘an asymmetry between the. semantic and ‘syntactic’ com-. _
“"ponents that is dear, but worth’ expliclt mention. The language of .
' .elemenlary algebra being a shortened . vers:on of ‘our nalurat' lan- -

" of the algebraic ianguage is ‘not fixed: 2w might mean "work done :
- .. or "weight” orsomezhmg alsa ennrely Nevenheless. whaiever spe-
i ific mean:ng we assrgn to w will bea meanmg from our nalural'.

T Ianguage DR . . _ : L

S By conlrasl thl syn!ax of the e]gebralc !anguage is thal o the real o
*. numbers, Sentences in the algebraic language are subject 1o gram- -
- matical transformations which reflect the arithmetic properties of the . ¢

*-real numbers,: lndeed the algebralc language is invoked.in prob-~
- lem solving precisely in. annc:pauon of grammatical Iranslormallons -
: 'on an. algebrerc phrase or sentence el B SR

s The syntacuc power of the algebra:c Ianguage. pro\ndmg asit does L

' ‘the means of sohnng problerns is. the source of ils mponance

" ‘Unlike the grammar of & child's first Ianguage the grammar of the -~ -

.-'algebralc language is exphcuuy Iaughhostudents Mostof a course - SRBTTE
~in elemantary algsbra represents instruction in'its grammar. Mis o

_ E '.The algebrarc languages pecuinar dwergence of semanncs and .
- syntax, with its: semantics ‘Teflecting the natural language and its
" -syntax deriving Trom the real numbers, sets up an interesting. trap' A

- >whara this’ bmd is, we must consider ‘what a _meaning. mlghl be ;'- i
o and in parucular what it m..-hi be in the algebraxc language. o
Meanrngs of Algebralc Sentences 5'..' L '_ _
There is great di d‘ i culty in spacifying just what meamngs are and we. k_

. _"'descnptrons. For instance, even if wa could confi idenily specriy the
S meantng of asu‘nple dedarauve sentence hke ‘The grass is green

By the ime the' enoodmg ol’ an Engl:sh sentence info the aigebra:cr '

way. Each will have had appiied o it some measwe funclion whose _
value is a real number, The English sentence's verb may appear P

become an algebraic staterment relating real nurnbers. It may have

ing the equation, for the grammatrca] transformations appropriate

or grammatlca[ component. ‘In the case oi the algebraic language

guage, borraws the naturai languages semaniics. The semantics .

i

L hardly surprising that students use the languaga of algebralc sym- =
"bols in a pnmanly grammancal algonlhmlc splm e

for-the student who must find meaning in 1he Ianguage -To see .

will have to be salisfied with approximatsé and philosophically fuzzy

. "symbol lable and-the-valies'of ‘sentences o’ be 1

: m!ormauon to them, their response was 1o attempt verification ofthe. =
. séntence. Srnce the means of verilication in the algebraic. 1anguage'__: e
. 'are ready-10 hand, and are syntactic in‘nature, the very atempt .
: _to access Ihe staiements meamng deioured the sludenls |nto ns

T Hlnt :
. f“’(z)l

S we’ mrght still be hard put 0’ descnbe the meamngs o{ rg[azed
= queries ("ls the’ grass green yet'?'), commands {"Grean:up, grassl‘) )
. or phrases {"the green grass”).The meanrng ola slmple declarative . -

-sentence—or, at least, somethlng very closefo-its. meamng—(s of-

" ten taken 10 be_ its mrensron.‘An intension’is:a’ function ‘mapping |

o W 'possrbie world
. _Srnce 1he noun phrases as they appear in lhe algebra:c versmn are

- values of measure functions, ‘the verbs that ‘can.occurin the alge-._

" braic translanon correspond 1o relational oparators, Baslcally only & i

two verbs will ‘appaar in ‘algsbraic sentences: they.ars is'and ex-

. ceeds, ‘Combinations and. rearrangernents of these, such as “Jess
5 than or. equa] o, are grammaucal vananons of these two verbs.

: onto the set{ T, F} of truth values of sentences. .
Each-of us at: each’ moment of -our lives. inhabits a different partic.

"j-ular world so ‘that, by a posslble world we should undersland the

o _totalrty ot our vrews knowledge and expenenoe at: som vinstant,
" Thie ‘intension ‘of. ihe sentence "The grass.is: ‘green™is a funcion -

- which, appliad. 10 a person's own world,” produces one of the val-
e yes {T F}. 1t is the means by whxch we venf that sentence in

" Once the English sentence has beer ancodsd algebrarcally, it has:'_ . ourown 9"99"9“"9, :

A dlfferem sxample may make 'lhlS notion fore appealing. Sup- -

pose we are computing’ values of the expression 3z 4y, and we ..

.- haveinteger values of z and y'stored'in a symbol table. How shall =
We describe the meaning of: the: expressuon 3r 4 4y? sheuld %"
. be distinct from any one of its values; which are mtegers foritdes o
. pends on the stored.values of 'z and y. It makes: SBNse 1o fake .

“theiexpression's meaning 1o be'a functio "mappmg possible sym- .

bol lables into the set of thy Xpression’s poss:ble values. ‘Now Heo :
we: take ‘our own knowiedge and expetience fo be a kind of grand

e 'at somethtng very ilke the rdea of 1he rnt_

. -H lhIS deli muon of meamng seems scho!asnc and e:hereal rmagme' o
our ‘surprise when we saw calculus students. in :the: Mathemsics -~
.-_Center actmg it out. ‘What fo!lows_ is a_m
*the failed hinl, earlier me
O numencal mtegranon. The’ lhmg 1o nolice is tha

r complete descripionof -
|, that was included in aproblemset - 1
an students -
ere presented with &n algebra:c s:aiemenl meant only 10, convey..:,'-_-

syﬂ‘ax. .

The hrnt was in:ended 1 lmpress upon the s:uden!s tha( eroress
“-timation in Simpson’s rule’ requires use of the inlegrand's’ fourth &0
- desivative, whose form may be exiremeiy awkward. At the seme .7
*time the students were’ oﬁered an upper bound for lhe unwaeld :

: denvatave. L o R

](l+cos:r:)(1—5¢:osz—2cos ::)-3sznz(5—-cos‘z'):]"'
SRR (1+cosz) e
<‘34__'

We soon knew tha: we had done the wrong thlng Repealedly
students told us they couldn’t understand the hint. Many students - -
g rmmedrately sat about calculaung an upper-bound for’ the ungamly' i
;- expression inthe hrnl. Very few of them took any note of the number "
~.34 offéred, and a surprising number told us they-had not even been
' .able 10'ses #. Confronled with information written in the atgebrarc
S ;_'-la.nguage the sludems instead tried 1o compute somethmg withitr: 2507
[ in'atlempting 1o understand the hint they were drver:ed from the . S
S .:-languages descnpuve aspect into- its aIgomhmrc one.: S

: .Eventually. of oourse the students shon-carcuued the:r preblem. L
~The siudent grapevine is very- efficiant, -and -the ‘word went out,: L
"Don't 'evén think ‘about i1, Mis 34" A subsequent ‘edition of this’ w
_.problem sst contains.the same hint wrmen paﬂly in Eng[;sh which - o
i, has sefiled the drﬂrculty : :




Names.in general have historically been seen as imponant sym-

bols, sometimes having been axtremely strongly linked to the par- .

sons or things named. The use of @ name without respect for its. - - =, = b,
-~ symbolic linkaga.has been found offensive in ditferent ways in var- - ..

+io ious circumsiances and cultures

... Jtis worth remembaring that mathematical naming ispartof awider = 7
..-and_ older praciice, -long assodiated: with peculiar symbolic pow- * - .y
- ors and hazards. An algebraic name, onca atiached to 4 number,
.. participates.in the algebraic syntax exactly as its referent number = -
.+ Would: the strength of ts symbolic connection with the named quan- .~
- ..y Is what makes:the name 50 Usaful. - By the sama tcken, that . '
g -.-iVBfY;.symbdlic_-s.tr.ength_'m_akas-"an"a'r_ript_y'us'e"of an algebraic name . | .
.. ‘worse than useless. For.our students the vacuous uss of algebraic -
- -names is ruinous, Teduding their understanding of mathematics to -
_ meaningless and formal exarcises on sets of Jetters. 0 L
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exactly same. lask day aﬂer day. year after year

the military draft: the amount of interast 1

: the right dlrecuon yet always belng fooled by mrrages

quicksan .'

: 'drown'

. .:=Th e’ are.some of:thi

icsiearly in iy Wmmg Seminar-in’ Marhemach course. Their:

o f:metaphors make it clear: rhai, the’ sluden . who iake the-ooursej_'. :'_

‘femer elur:tanl tor approaoh' _aihemaucs seemg rt as mechamcal

S year comprehenswe oollege in upstate New York The students are
..entering ‘freshmen. 'who. are better-than-average writers, ‘and who
. 'want to: avotd a more lradmona! malhemauc course. None ol ihe .-:

. .or oompelence. :

- '."l'he goal BN 1o change lhese students conceptlons
-ofmathematics as a discipline and of thernselves as .

L Iearners of mathematlcs. o

The goal-of lhlS paper is no: to descnbe the Semmar S0 that the:"-' '

. “readerican reproduoe it bul rather 10 entice youfoiry : similar. writing

“will be shared as weil-_ g

"._The goal ol the Wrmng Semmar in Mathemallcs is zo 'change these "

students’ oonoepnons of mathematrcs asa dlsCIphne and of them-
selves as learners of ‘mathermatics;

' Everybody Ccunts

an assembly llne where a large group of people perform the _

".'_The reporl oornpares marhematlcs__to wmmg. Siahng ﬂlaﬁ- o
oornparable 10 how muoh soldrers hke the thought_ of dylng - >

the Sahara Desen. wander about almlessly. .trymg 10. flnd .
- ___revrsron and refinement. They are, therefore. reluctam to 1ake lhe-

: : o frsl ste
lrnd mysell drown:ng in a mass ol equahons
and’ vana.bles fi ndmg Ihai 1he more: struggle. the’ more i

metaphors udents chose for mamemat-: 5

'=-Many mathematrcs students belleve that they are' L
7 iwrongiunless thelr work:is. perfect ‘They do not see
- ‘mathematics:a

- Sludents writé about their expenence wrth :hese-evenls ina ]ourna] g
Cwhich' 1 ‘read: and; oomment on Jevery: other: week. My -comments;

:-suppon the: students ldeas ‘and theif’ srruggle 10 make sense. of
the’ marenal raise quesnons ol danllcauon, Iryto. lead: students: o
T5e8 1helr mlsoonoeptnons and oonsrder alternative. points - of ‘view, LN
*" and invite them 1o think more deeply about mathematics, While.f -7

'-T‘he Developmental Process of' Change

."Swdenrs seem to go mrough a developmental procese in chang R
~ "ing their-view of mathematical knowledge. .What |.am seeing-as " .

"] read the words my. Writing Seminar, students write indicates that - -
 tha first step in a changsd belief about mathematics comes whena . "

1 accomplish-this by. having : .
- studem beg:ns to own hlS or her own 1deas- Thls seems 1o mvolve R

. '1hem pan:crpate m mathemanca] s:luatlons, dlscuss lhelr sdeas both : B

‘in small groups and vmh 1he whole class. wme |nlormaliy about

their ideas and the: prOCBss ‘they: wused to generale those ldeas in

a ;ourna] and then; to express their- |deas more iorrnally in _weli-_ '_ .

developed essays

eporr to the Narlon on_ _he Future of Mab‘r-_ :
-_presents a plan for. -

‘ematics Educalron. released in January 198

: radlcal change in. maxhemauos education irom kindergarten 1o grad- S
. ".uate scheol. The report stresses: that “students learn'mathematics -
-well-only when they :construct their own m
- ingT-(p. . 58)-
* “which siudents can start with their own ideas ‘and use these ideas -
"/to construct their own understandlng “Their lnformal wrmng ln 1he|r S
: }ouma!s allows me 10 paruorpale in th|s process T Nt

ematical understand- R
Inthe Wrmng Semlnar ey 1o create situations in |

“Ineach _1he final product must’ express good ideas olearly and
rreotly, ‘but'the ideas mustbe’ present before the expression .o
t_ake lorm. Goodl eas poorly expressed can be rewsed 0

'thelr work is! perlect They do ot see malhemancs asaplace: for

o ‘_rnalhemanml rhmkxng. i

~ --l belreve Ihat rnathemal:ca[ ~rhrnk|ng is- strmuiated by mstances of-
_ -’-surpnse ‘of oontrad:cuon “of- belrevrng,and ol doubting.. Therelore. S
“o 1 provide: experrences ihat lo,
“particularly desig
“cal thinking Studenls dre ‘encouraged {o-explore: the snuauons, L
. _:generaily in m e
_.ol rdeas, hlms, and enoouragement‘ butithat . wril ot glve them PR
_'-answers Ihelp: these students become: awars of their-own: oxpe: :
- “riences with mathematics, accept that they can and dohaveideas
:-and lnlumons about mathemancs, and vahdate lhese ldea.s and in- AT
: tumons lhrough lhe use of mathernaUcal theory L : S

on a series ot mathematical'events * " - -
igned-lo Taise’ quesuons and: generare maihemau- P

all groups. “They realize quickly that 4 am a source .

s a place for. revision and _refmement TRt

SUgQest ;ournal {opics 1o students; | also encourage them 1o tise " " :

"~ the journal in their own ways. Each sudent writes two two-page Gt
" entries per. week. Itry 1o develop dlalogues with the students urging

':'-;ass:gnmems in your OWn COUrses.: lwrll prowde five malhemancal : '-_ihem o respond to my. quesuens and cornmenls regularly {For R

5 - slluanons eaoh of whlch oould be used if many dlﬂerent mathemat— ;
) '-|cal semngs, and d:scuss how these examples, used unhe context -
ceel oognmve—deveiopmental theory; canbecoms mlalysts for chang-_ S

©"ing students’ conceptions of mathematical knowledge. Examples of
: 'Q.'_'students wrmng which illuslrale 1he|r mathemancal ernp werment e

.::an aocoum of one: sludents expenence n uslng ‘a’journal in lhl.s S
o course see [4}) fE




acknowiedging"fhat mathematics was and is made by people. This.
happens befors'sludents bacoine comfortable with the theory, the -

algamhms. orthe prdcedures lhal are so necessary ln rnethemancs.

- This process is supported by cogmlwe-deve[opmemal !heory The:
E students -eniter my courge. believing that’ mathemaucs is somethmg N
" that they ‘can-have no'ideas-aboitt; thal svery ‘question has-an‘an- "

_ " swer; that every problem has a soluition. “Teachers know and teach ”
'f-these truths. Studénislearn mechamcally. following the rulgs: pre-.' -

) -.casely. The exXcarpls from my students metaphors for maihematlcs '
" listed at the beginning ¢ of this essay. reflect this view, whichis tarmad. L
: E'-"duallsm by William ‘G, Parry. Jdr. °{8, 8] and* reeelved know{edge Tl

: by Belenky C[mehy. Goldberger and Tam[e [2]

I crea:e an env:ronment in this: oourse that helps the s:udents be- _' '
' .come aware ‘of both’ dwersny and: uncenalnty in maxheman_cs ‘and
s _gam amore personal sub;eawe view of mathemaucs Anl-us pomt ool

howevef ‘that knowisdge is the' product Tather than the procu_

- the inquzry, but 1hay can_now Ieam Irom lhe expenenoe df peers, for _-:

: .'_-"_.’_fheanng. also they begin to mo!d ideas, but often without being will- -
_ _'.'mg of able 1o deiend them Thls new phase is mlled mu[tlpllcny, L
s K

- “that some: truths are truer than others; that truths. can be: shared

and experuse respecxed They ‘become ‘aware that:it is: thapro-: =
cessof constructing knowledge that is lmportant They move away-' e
- from subjecu\nsm leamlng 1o respecl established: procedures and
. “their-own msughts, lastemng carefully 1o ether pomis of :view: ‘while ;-
' _:-}'eva]uanng ‘heir: own. - The-course helps: students- move ‘through
.7 this process-in’ their view of'mathematics.: Through this: ‘process -
-+ swdents-become. empowered'and then become:less. 1ear!ul ofthe - ';'
/10 stress the need for def nmons ‘where you. _ :
" multlple melhods, or where ‘you.need-to. generaie 1he formula, ior T
: .'.._'.the sum of ﬁ'le ilrst n posmve mtegers. . .' i

procedures ‘and teehn:ques needed 1o do: mamemaﬂcs.

'_Recla:mmg Intumon

-a.nd conhdence 1hat they feei when xhls happens.

:-Srrumou ONE : . e
; —The f irst probiem I ask the students to thmk abom xs., i

handshakes‘? ; _j' :

G Please before you read on s:cp and 1h:nk about at least 1we ways ;- i

: 'that you would fespond 10 thls questlon

o .[ plan :h:s as an early expenence for severaJ reasons w:th a ht-_' '

© i tle.ime. and. encouragement everyone ‘hasan approach a‘formula :
‘does not usually' come 1o mind;"it’' doesn't ook like a’traditional

& school problem and soseems more approachab!e and lhe mean- T

L mg of 'handshake |s open 10 nmerpre:alien.}_ :

: -Swdents thlnk about 1h| quesnon on pa.per lndmdua[iy l eneour- _
-age thinking in their own shyle, insist that wa all remain quistso ev- . .
| eryone can gat an Idea.on paper, and urge those with one-method -
- to-find a second or third, The discussion’ foeusee on the vanety o
.~ of mathods peopie have chosen.: (Ses. 13, 'pp.; 20—21] Hor.a'tew -

.These students next beoome awa:e that mlumons may d_ elve- TR method(s) WOUId YOU uss? Why? Build & hbie with & column.

. :Many students have fold me that their mathematics classroom sur-
wvival strategy has always’ besn to wait for the:answer 16 be’ ‘pre-

perrmss R,

: __:5SITUA110N Two : .
+To help students t ink more deeply about what lhey are domg' when e ;
.--solvmg a malhemam:s problem or usmg an -algorithm, .| often; ask
~-them in wriling 1o explain @ concept 10’ a close triend not in theif o

" class, 1o & parent, to aroommate, to a younger sxbhng, or 0 a sixth
:_-'-grader Awant them to use the:r own words, and to avoid: mathemat- SR

" ical jargon that is not their owr. “Try:having your students explam as
" conceptto apeer. You will learm what thay really understand about

' ’Ihe Handshake Ouesr:on if snx of us: wanted m meet by st ak.-_'_ 5
ing “each ‘others' hands haw would you enwsnon lhe number Of___f:

of tha possible’ mathods.) We-gat as: many ol the methods on; e N
board as possible and as. .the list grows' ‘somaone will: ask’ which © .00

: “one Is "right.” This Iaads a d:seusslon of the- virtues: of d|ﬂerent S
* :methods, ‘which will-be amerrupted by somaone wantmg to know A
o :whnch answer ns correct. : G e _ : o

By thistune wew:ll have at Ieas:the follomng answers' 6x6 6x5 N
:(6x5)/2,and 54+4+3+2+ 1. We discuss whateachiscount-
ring. Fer. example, in6x 5 each person initiates fiva: handshakes, S S
- ona with each other person. ‘A pair of people ‘will-shake hands L
o twice, since each of the pair must initiate a handshake. A discus- .-
sion of the' importanca of defir hitions ‘ansuas;
. .count handshakes 1his way. and others do not,
. consensus, but rather. have each student

_n_ce some wantto .
‘do not enoeurage'._ S
the foliowing Journal

ntry outssde of ciass. :

<Journal Enrry' Give two methods you used 1o ﬁnd the' A
ber of handshakes for &' ‘people. Give two additional meihods
-+ discussed in ‘class.’ Which ‘of these:methods ‘do’ ‘you'like best. - .
< for finding the, number. of handshakes for 6 people? Why? i
* you had to find the number.of handshakes for 17 people, which™ -

for the number of people and another for the. number of hand- .
‘shakes needed Hfor. them 1o meet each olher-- Usa' 1 203, 4 R

shakes co!umn What are the next thrée numbers'-' Why" o
you needed to find the: number of handshakes for 100 people, -
. how would you'do n? I 'Ihe anym:ng eise you want 1o say?

nt to encourage -

' 17-The fe[lowmg mree mathematlcai sltuauons are used early in 1he S many the | 9"“P°W9f ment is ta see their own method among ‘hem‘ R

course 1o help students become ‘mote sub;ecnve about mathemat-.:
".ies, and o acknowledge thal they can’and do'have ideas about :
_mathemaucal questlons and ‘that many of these |deas -are:: valid;
* . UStdents 'seem 10 reject, their. own thmkmg when they betleve tha!"_ S
- ‘mathematics must by learned in‘a rote way. - These snuanons ‘are

’.deslgned 10 help: students to redalm their: intumon and :common |
. sense about mathematics and 10 enjoy the sense of empowerment

nted.: The dents need 1o’ be encouraged 10 1ry 10 solve. this .
prob!em for: themselves. they will try emhus:asucaﬂy_ when gtven

the concepl.* This is-an appropnate activity,
class in lhe Wnnng Sem:nar. the ass;gnmen

: Fract:on Paper Wme a'paper expla:nmg 103 sixth:grad both : j:.--
 how and why we add (or mult:piy) nurmeric !racuens m: : '
do S . R

Bk Smden!s remember qu:cldy how to add (or mu[ttpfy) fracnons but EI

_* are convinced that they ware ‘niaver told why ‘and cannot figure it ..
“out By working: cdoperaiwely in small. groups, askmg quesuons o

i :-and wrmng drafLs in their joumals xhey develop good explanat:ons *




~ ‘They are again empowered through developmg the:r own mathe-r R number doubles every month. But as'wa started dlscusstngf '
- - naiical ideas and explanations, by understandmg why we multiply the problem out loud in dlass, 1 realized that | was not allowing
- ractions-as ‘we do, and by realizing that t.hey have not all chosen . ferthe one-mmthpld non-reproductive stage. i tried working
: j ‘te same. explananons 10158, o T with plctures again, as was, being demonstrated.on the board,
' b ’but it seemed tobe gemng 00, oonfus:ng for.me: to follow

) »rrumon 'I'HREE s ANy : S -
~ - - -emphasize examples of the Flbonaca sequence and the, golden- IR retrelled that a ohart had helped in. the ules problem 50" l.: PR
i atio.. ‘Students are. surpnsed that these numbers appear in'siwa- " o _deorded 1o ‘make a chart.’ Maklng the charx was -easy fo. do——-- I
~. . -ions that :seem to:be totally unrelated. They ‘are also: surprlsed 577 i the number, of newborns the month before was the numberof == ©
C ; iter. counting sprrals on pina ‘cones, pmeapples and artichokas, - - one-month-olds for this, month; and the: number of. adults and .

»-+‘hat these numbers occur in nature. One of- several problems that . 1 newboms 3 was always the same. As I worked on. 1he ‘chat, it

g f use:is: F' bonaocas rabbu problem' B was like a light shining’ through the leaves of.a dense: forest, . - '

: : L - "(l know itsa Jousy simile, but that's. really how it.was.) ['saw. -
Rabbrt Problem. A pair of rabbns one month old are too young *I'knew. ‘I wanted to raise my hand and shout ot, ™I have the

... to produce more.rabbits, bt suppose that i their' secondmonth . anawert s Fibonaccrl" it seems rea.lly srlly-now but atthe
and every ‘month: thergafter they produce'a new pair. ‘If each - o -trme lwas ecstaﬂc. e - o

e pair of rabbits: doas the same, and none of the rabbits dis, L
“how miany rabbits will there be at the begmnrng of aach month" : Frnally, Jenet descnbes ( n:
Work the: problem until you can predict tha ‘number bbits leelrngs after the eprsode._
the; begmmng ot the twalfth month. e R

ge pape) ha thoushtsand

1 feit proud thattsolved lhe problem alone; but'something'elsa =~

S 7 .:mereased My oonlidence My friend; Ginger, who.I oons:der_'- el

LR : - quite.intelligent, showed amazément.when | solved the. probs -0
o DtUd.ems Changlng Concep ttt)ns of Mathemat:cs i -lemso accurately * She-still drdnt unclerstand how 1 arfived at. -

: _\-s_:]-hag'e irid]cét_é&' my"g'o nithis-_c'ou_r lslo changg my stidents' .+ the solution,-and she asked me-to. explam Shocked 1 1old'her
. onceptions’ of mathematics ‘as a discipline- f themselves as: - . thatl;probably needed more math help than she did. However, R
“earnefs o ._malhema:ics_' Part of this change is 10 reclalm their -~ ."she |nsrsted sol attempted an explanatlon As), explamed the =" s

" Atvition and commen sense about mathematical ideas, an intuiion .. " solving process, | found that I truly Understood the problem, -
which is Jost when they come. 1o believe that their own thinkxng s Helping Ginger understand-it. made me'feel confident, not just: ..o
_na_ppropnata m a ma[hama ji classroom : - about the: rabb:t “problem;but. about the. whole: mathematroe RO
- : SR subject. 1:never helped fother people wrth math before- they‘-.'- :

: _ athematrm[ experiences inciuding the o .ajways helped me.. Thl ew:
T :1andshake quesuon, the'fraclions | paper. d:soovenng he Fibonacdi - S never before'axl ted S
8N .equence _and golden ; several settings, readmg Flalland e
: eted l gave the followmg writing stgnment

_' 'After 1hrs event, math lost the myslaricusness and impossibility oo
=] thought it: prewously possessed. ilost some: mnmldaucn and s

, _nte a paper descrrbmg a spemﬁc moment
when you reallzed a change_ ‘in.your thinking,in your mode o
scting, or'in your feel:ng about'a mathemat cal questlon' du ing

aclassroom malhemaucal eplsode : o

- procedure usmg a chart that:-had Worked for her sma]i group e
o 57 o an ‘earlier probtem. ‘Not only did she come up with asolution; -

o :,tuoents are urged lo develop thetr tdeas rnforrnally in‘their journals‘, .- but it was.imore satisfying .and more effictent than the-one being. ..
2elore prepar Ing a more POllShEd paper "+ developed on the blackboard. Her sense of feeling empowered’ byl
- “her suecess overwhelmed her-=first when she-reoogmzed shahad -0
~a solution, ari second when. she. real:zed she could explain it to = -
..'sorneon" else :

: -_':Dne student whom ¥ wrll oell Janet chose her expenence wcrklng_:

"+~ an the rabbit: problem as her ‘moment of change. ‘She first talks {in "

0B, ]ournal) about the ‘way: she approad'ued mathematrcal oblems’
. : e with s

. -'-".Students seem to reject their own thinking when they . o
_f__belaeve _that mathematrcs must by: learned ina rote'_?' o

v ._ol domg a word problern;' '.lls_a‘mental block almost i see:-;.
i word problem; ‘and l:-xutornatlr:all)r prepare :myself for, confu-

: sion.. Usually when’ donng problems in class; | 'can. follow the A seoond student whom g wnll call: l.ee wrote ‘his ohange paper":".
solution—as fong’ de someone slse does it first. {(This applles'-vi' ,about his’ expenence wrmng 1o0.a sixth grader about how and why *. .
' Cwe, multrply fractions the way we.do: ‘First:Lee describes (in_his

“toall’ robiems, not ust word roblerns Sowhena roaching = :
P ! p X PP g “journal) his view of doing mathemancs before he worked ;on. hrs O

" the Tabbit: problem, | figured that I'd aaempt to.de tha problam, i .
;.. notbe able to, and then wait forthe answer 1o be explained o lracuon paper. assrgnment‘
.. me so bd have soma jdea of what was going on.: [ realize now
.. vihis ‘'was a negalive attitude 1o take, but ther it didn't seem
- like ‘an Tattitude®. at-all=it was’ siriply ‘the -way i had alwa s
rcached mathematrcs. : i o

Math |s done I[‘l a stnct step-by-slep process :n whlch-one

.- missing, rtloglcal “of wrongly done-step will fuin the sntire prob-' :
: Jarn, Finding the correct answerin math is the'main thmg. while’
" ‘using the taught method 10 find that answer is also lmportant..l
% -Doing mathematrcs can‘resultin a preclse answar or an es-
0 timate.but:itis not really &’ thmklng process.” Rather it js*
; ' L " processiof identilying;: comparing, and doing-a problem in‘re-

What is the problem askmg" What necessary mforrnatlon is: - lationship: 1o-that identification’'and companson i yourgot the -
grven'? ‘At first the problem didn't seem 108’ hard--each month: > . problem wrong there ‘are.no *ifs,” “ands,” or "bu!s" you'got” R

. anew pa:r of rabblts is produced 1rom the exrstmg parrs The S it wrong ll you got_ the problem nght and used the oorrect}' : 3y

I Next Janetd' scn‘bes (m her journal) he expenence workmg on the
problem S i 5 :




mathod, you got the problem rlght. The rnath prooess is one -
-in which aff attention is focusad on-a. narrow subject. ‘My mind
is not allowed to crazte; wander, ‘or think about dotng the prcb- :
~lem.. My mind says;."Comparg this. problern 10 others that are

‘like it and base your answer on 'the way you found your answer -

' . 1o that other. prob[em.__

Next Lee descnbes (rn hls change paper) has expenence.workrng

on the assrgnment._ :

and ‘comparing process” did.not appear in ‘my flgunng of the

' _'the problem usmg a prevrously specmed method

ke wrmng marnly because I receive salrstactlon when 1 ﬁmsh . :
@ solidly written pieca. - While wiiting: l am, at the: same time,” .

B - thinking and underetandlng what I'm: wntrng about.” Until.the. .

. fractions paper 1 could not say ; the same about doing a math " )
problem i thought out and understcod what I was’ domg whlle; FEARSEES

'} was figuring how and' why 'we.muliiply. fractions the way we -

' '. -do. { lelt like.1 was wmrng my own 'chapter of a math textbook.' .:3- e : : :
' S Most student (rn fact, most people} b 'lreve )
tiny will fit under the belt and. are’ surprised by an answer:of fore -
. thn: six ‘fat. Followrng an extensrve drscussron of both intuitive "
~and algebraic" so[utrons ‘students’ are- asked 10.write the tollovnng S
S ;ournal entry gy L

Frnally Lee descnbes'hrs feelmgs and thoughts al‘ter the eprsode
- with the trachons paper.. The first. quole rs from hrs ch' ge paper
.. and the second is from hrs ;ournal

B My domg the lractrons problem well produced a sausfactron -
<. that’ sparked my.interest in math. Furthermore. because tdid. .
e “the problern wrthout referring: to:any: examples of. any suppos-.i e
T edly proper. methodology. I'controlied the. problem. {chosato: -

.+ 1ake the problem in the direction | did. Finally, the. abrlrty to'be"
SN o'eatrve'made me wantt 't the problem

i 3;,Math. wn be more than ust-ldentll' catron and "comparlson

e “Math can. mvolve letting the mind wander; creale, -and yes—
T think.- My mrnd can say, “Well why don’t Itry this anotherway L
50 1-can draw up new conclusions: or relatronshrps Mathcan -

R rnclude more lhan just numbers and tormulas. L

"'-'l_:lrke wntrng m
“Lam, at the's me time, thinking and ‘understanding’

' _'-_;-'-could not say the same about dolng a math problem.

:For Lee mathematacs had been a subject in whloh he d‘ d not thrnk, :
- but rather ;dentrl' ud and compared, ‘As he worked on the tractrons‘__- o
"+ paper, he realized that he would:not be. grven amodel that, indeed,

"he was belng asked 1o think:the problem out for: hrmself To thrnk

‘10 develop his own ideas; to'come to understand ‘the process of

- multiplying fractions | Inhis. own way were empowerlng and satrslylng o

. .'.expenences for Lee

: ;:_: Beyond lnturtlon

i The earty sttuauons in the: class ‘are, desrgned 1o get. students to}'_
. accapt and reclaim their intuition and common 'sense about-math- -

... ematics, an :mpcrtant step in changtng their views of mathematrde .
. Howayer, in mathematics one's intuition: must be: supported by the-._ e
w7 ory, loglc and date The theory, lcgrc _data and the intuition must __
S S _‘ on the surlace t'lhe ball (cr the earth)

5 be evaluated

" After- students have galned some conﬁdence and courage 1o try

_3'_SrrumoeFoue SR BT R

. ‘Please, bafore you read further read the Belted Earth questron and IR
i : S resolveitto your own. sanefactron. : T

; :_- _We workedin small groups firstand extended this. group activ--

' :'rtytomymdrvrduel work,’ Surpnsrngly. tha dreaded "identlfylng"- : b in w mtumve response only then thl nk aboutasoluuon

~problem.-1'had no example 1o follow. ‘1 could not rnerely solve R :
" . the equator o that it follows. -exactly the. contours of the. ‘sarth,

T lread and- comrnent o, this antry : o &t

. an investment in understandtng mathematrcal theory andiwantto
" make. senseof this: -SUrprising result. They wantto understand what
"..piis, why we don't need the actuai circumference of the.earth,and - ="

- why addlng 40 feet to: any crrcumterence Yields: the same result = ;-

+-of more than six feet. Sea [3, pp.- 22-—23] for-a dlscussmn of the

- ly: because l recerve satrsfactron_:" _ 'me"em"a"y able, aduit women

. :when I .finish'a | solldly written piece. While: writing- s,wmou ,-:,VE ;

' -, A second situation designad L

. what 1'm; wntlng about. ~Until the Jdractions ‘paper:l: :.t:'mtumon ‘and then Jook o theo . logic; ‘and data fo: evaluate it ig -

- ~the extensive mathematics-unit .developing the nation of strarght .
-on a'sphere.” Students begln wrth their intuition. about suarght on-;

. a curved surtace but then are encouraged through the "belrevlng :

. else who might have'a drtferent balisf than they do, They panig-" "
- pate’in the developrnent of some mathemaiical theory and atleast

- defstanding of these’ ‘mathematical ideas. The tollow:ng descnbes b
v the sequence of ectxvmes that i S,

., STRMGHT oNA BALL

Vi F rsr m,cne class wa discuss the ‘many uses ct the word strarght i
" our general language andinour mathematrdel languags.’ Tthenask .
- “tha siudents to consider whether or .not 'we could have a stra:gh '
“lina-on ‘the surface of the large ubber ‘ball | hold before, them. We. - "

: mathematlcel «questions and 1o share their own mathematrcal ideas,

“Jusethe tollowrng question, The Belted Earth, to generate a conflict ;
- between their Intuition and the mathematical. theory developed 0.~ -

--solve the problem, ‘This qusstion helps maka. sttidents aware of -
_3th|s conlﬁct and urges them tc resolve it for themselves. ‘ :

_ .Tne Belted Earth ln the tollowmg questlon tocus frst ‘on: Wur" L

Thlnk of the equalor. Puta flexrble steel be]t around the eanh at .

- Now add. forty feet to the length of that belt and arrange it so :
that the beltis, ebove:the equator! for.i its entire length. The belt
sill follows the contours of the sarth at the equator and is rarsed =

e the. equator by'the same dlstance at every pomt

_ ‘The -questlon :s what wlll trt between the earth and the belt'?-:
- "That is, what is the dlstance between the earth: and the belt'?

y sornethrng very'.' :

-Joumal’ Enfrr Desonhe your lntumon about the Belted Eerth i
.- quaestion, : Dlscuss the theory developed in class., Wh:ch one conl
'_.do you'belleve'? “How ' '

development of this: problern and the-res

ponses o it by ¢ groupof

‘game” [6, pp 1474 a1} to conStder the perspeciive -of someons _': :

“one’ rnathematrml proof, and develop in their joumnal writing theirun- .

‘have a lively dlscuss:cn with many ideas both pro and con. Then . .
| ask them 1o write g Joumal entry: exp[almng what -stralght means .
10 thern and drscussmg whether or not we couldha e‘_.strerght li nes j :




| agree'to define great «

' ; ';,sphenmi tnang[e uslng Jlﬁrey Weeks': method {10 pp 137—148]

. expenence

Seoond, { read and oomrnent on 1herr joumal en:nes about sua:ght '
on the earth. My comments primarily ask for darification, especially -

when some of their statements are oontradlcxory Sludents lend to
dxscuss one or more of the followmg

- Straxgh: appiles to hnas on the plane and not to llnes on. curved .' o

su:faces. T

v existona sphere

Slralght is a rnaner of perspeci:ve A student wnll talk about a.
< straight line 6n'a sheet of | paper, and ask if it ioses its straight- "~
- .ness when the paper is_bent. Another student.will‘argue that . -/
= if you look’ dlrecﬂy atthe. equalor drawn on'a globe it will !ook_' Ay
'stralght, but it: you ' the globe slxght[y, it wull appoar ourved i

- Third, ask them o reread thexr own ]oumal entry and lhen in smail S

. - groups 1o play the believing game ‘I8, pp._147—1 1), bellevtng that - :":
-there are straight lines 'on the' surface of the ball. 'Whila many do
- not hold this. belief (a straxght hne is. defmed on the planal), thay,. -
work hard. ‘considering what ‘a_parson who does believe it would .
. “*have 1o say. (For ‘example, th [parson_might say that there must .
o be'a. shonest ‘distance_between points on-the ‘sphare.}’ FoI[owmg_-.'_ o
“the small’ ‘group and- whole. class discussion-of these befiefs, we o
cles as 'stralght lines on the sudace of a;

o sphere

S Founth' wediscussthe deve!opment ofspherml geome!ry as math:
“.emalicians have déscribed it, ‘going back to Euclid's postulates. We.
see triangles with.an ‘angle sum. grealer than 180°. You can watch e
L the’ ripple: of: surprlseldlsbeltef ‘moyve thfough’ the dass ‘when you";‘
- produce (usmg rubber bands’ ona’ bali) a; mang[e wnh three’ ngh:

; angles c!early defined.: We 1hen considar: ‘properties: we. relam and

- 'propertie ; S 5¢ £re in |
. Properties we lose as wa move from. geomeiry.on the plane 1o ge-. “ o Aheir: ohange papers are 1yp:w.l desonpuons of the. e_rn wermen

. swdenls feel :hrough theu' changmg oonoepnon of rnathematlcs

~omelry:on:the ‘sphere. We: develop the formula: for: the area‘of a

* - Fifthi:in their journ
“ might be’ “straight” .on other surfaces hke a oone a cylmder, or the
:_walls of our dassroo_ L : -

Cloa sphere than a: ptane ask them' to make' that oonsnderauon,
2in laght ofiwhat we:have discussed as ‘a ‘class and of their ow

i -Seventh 1 ask therh to consider the historical deveiopment of spher

- icak geometry in response 1o the quesnon 'Was sphencal geometry.f
e |nven1ed or. d:scovered'?' :

-Lee was reluctant 10 accept the sdea that .stralght 'could apply IR
“to lines drawn 6n’ ourved surfaces ‘We developed a. dlalogue N

- his journal’ conceming - *straight on-a ball" that began when'| had .-
_-trouble underslandmg where he stood on'the « quesuon and needed E

- cladfi cation.

- _;DOHOTHY. Can you have straxght Ilnes on the surface of the ball‘? SRR

LeEl: No Iti is lmpossxble 10 have straaghl lmes on the sudace of a:
- . ball because even the slightest of curves cannot aooommodate_'_
"+ a straight line. Thers is no part-of the surface of-a ball that is not..
i curved., Thereg is the poss:b:hty thata smalk marlung ona bail may
Lo appear ke a straxgh: fine.*But this is only ‘appearance. Soma-
* times the human' aye: -alona, cannot peroeave accuralely between"'

§ :srraightness and roundness

- a plane and :hal a![ of its po:nts wall rneet.

o U Straight IS the shortest dastance between two pomls and so can'- A : S
P T Lee was oonlem to talk about great cerdes as w__ .devetoped the )

B .theory of spharical. geome«y in lhe otass d‘scussnon. :He'was, how— R
' "ever, roluctant 10 use *straight” in thal discussion. : ‘In-his joumal 1

. continued o ask him 1o develop and refing ‘his definition of *stirct"

~by’ considsring fines on a cone, a cylinder, and the walls .of our

B Metaphors for Mathematlcs

Y th:s paper 1 have desmbed thre ‘mat
‘handshake ‘question, the fraction’ _
‘quencs and rabbit problem} that heip students to reclaim their: In=:
tuition in.mathematics and two mathematical situations (the balted =~ ..
. earth and stra:ght on a ball) ahat help. students toimove: beyond- S

empowerment Ihai are  documenied in their change; papers. Theex- = .

For me math is mosl i:ke th : '"Sah ra. Desert _wander: : :
" about’ almlessly, trying to find the r:ght dlrect:on, yet
always beung fooled by m:rages. R e

o Sixth,in their ;ournals Lask: them to consnde_.why ghey learn only :
- Eudidean geomeiry since we. do, in fact, fivé on a surjace closer

als, ¥ enoourage the students to oonsrder what_

. -On 1he fi rst page o{ ThIS paper are. excerpts frorn 1he paragraphs'
- written by. Writing"Seminar. swidents.

: Donomv. Inventanew word for the lhmg you would consrder thst_-"--'-,metaphors. then, - about the' twelfth ‘week (of a folreen week L

“losast that ‘You .can.come 1o * *straight” on the surface olaball? -
What propemes would Ihese thmgs need to have'? -"_ T

Lse. The closest thlng to stra:ght‘ on f.he surface of a. balt is mﬂad
*stirct.* if something is stiret & must follow the shape of tha.round
surface perfectly. The stirct Tine will meet itself across the surface |
- of-a ball an infinite number, of imes. The stirct lines ‘can’ hava no'
deviations from this ‘infinite cycie. Asstiret linia is: the sameasa
_straight fine-in all 1h|ngs except that it does nor have 1o-exist’ on -

classroom. At the end of the semester, he was $till - developmg

: these |deas, but had made hlS del‘mmon of snret lass restncuve. L

paper and the Fibonacdi 56

their inwition.and use’ theory, Ioglc and:data 1o support their. ideas. '

I have discussed how |- participate in;their. developlng thinkzng as I___ L -
_ read and_respond to thelr w’ntmg i, 1hear journais - e

m.not always prepared for the. descnphons of SRS

aveiop

| have one oiher tndmtor of studem.s changmg mathemaural vnews .' S
-f.dunng this course. . Early'in the' 'semaster; | .gather the students'
- metaphors for mathemaucs. 1 usua!ly wait uniil: the; second week,
- because a trust relauonshxp neads 10 begm 1o develdp. before Ihe
Z“sludems w:ll be wndud about :heir vuews o, mathemaucs

} i Mefaph I the classroorn semng each student wntes his or
" her own responses ‘to’each of the' follow:ng-orally glven darec-_
Slives: i pane e

S "f Llst all the words you wouid use to descnbe mathernancs' TR
(5—?m|nutes). S Y P

- !magme yourself ina snua!:on of domg malhematlcs and hst_"
o ;'.ail of :he feetmgs lhat oome 10 mmd (5—7 rmnutes) :

E.:s: all of :he ObjGCts (nouns, thlngs) mat math is Iike for
: -you. (5—7 m:nutes) : BRI

i -'Read over your u'lree ﬁsts and wnte a paragraph begmmn
_'."For rne math is: mosl llke auil (20 mmutes)

.| ‘collect : this - first sat of. i R

Py semaster), | gather metaphors a second nrne. The followmg cass. o
. I return both metaphors to lhe mdmdua! sludents and ask them to T




“write the following joumal entry refiecting on their rnelaphors and - Ina desen, you can walk 1or hours and not knéw when you'll -
‘the similarities and differances they observe about themsalves as’ .- get where you are going. ‘At least o a rofler ooaster. mere s o o (
they road the metaphors they have chosen for mamemaucs S a sat lraok and nts rhe nde thats drtf' oult. ) 3 .

'Joumal Enl‘ry Place lhe two melaphors that you have wnnen : Janet desonbes her rdeal melaphor ‘lor mathema!rcs as ﬂ're'follow- - -
this_semester in yourjoumal How are thay similar? ‘How are - -3rn_g: L N I SR LRI

- they different?:How does sach ona of them fit your present view. . .

of rnathemauoe and of yourself asa learner of mathamam:s‘? e

" —a forest wrth patdres of sunlrght but shade from’ me trees s
) il -Evefyﬂ'llng is different-——different Kinds of trees, drﬂarent Knds ..
. "Is there a way you would like 10 view malhamatrcs that is: noti . ofieayes, differant kinds of animals. You might get lost somes
. yours:yet? What metaphor: would you chioose o describe this =« . * - times, but you're never scared, Even in the darkest partofthe . e
new. vlew for: yoursa[f') “What QX.PBHBHCSS wou]d you nggd to‘ o fOfBSI the leaves Wl“ never be so danse lhat YDU (aﬂ't SBB tha_: IR L S,
: be able to adopz ‘lhls new vaew-?_ VL : i : Vi

'Janet_s_ Changmg Metaphors -

_To oond de, et me- share the metaphors 1hat Janet used o de—' :
.scribe maﬁ'lemalm as the semaster progressed. Her first metaphor_
“has characteristics tha: 1 ‘often see, As she wanders a:mlessly she.
isat the mercy oi the_ elaments, and a sudden- "-blmdrng sandstorm

*aimlessly, trymg 1o ﬁnd the right direction; yet always being’
" Jooled by mrrages Oocasronally 1 might stumble upon-a lake"_
Coilled: with:ice: cold waler; :but. sooi enough ['get-lost agam : 5
o surrounded by the ‘expanse; of desert: The intense’ heat’ grves R
" 'me a headache as | ry 1o rememiber where | came fromand~ -+
"~ whera I'm going.. ‘All the landmarks look the same-—each cac-.
Cus, sand d_un and lizard. _The wmd prc.ks up ‘and | can'find

in dolng a problem yout lhrnk of asolution xhat is correct “but you

. aren’t sattshed with your fi first ‘solution; you just keep worlung -On:;
St Betng oomfonable ‘enough with & ‘concept to want-to-keep’
__-workrng wuh # 1o fnd drﬁerem paths a d:ﬂerent soluuon

‘ ;once agarn unable 1o find my way'm 'solrd land

In her seoond metaphor Janet mdrcates lhat she ofien sull feels out
of oomrol and “stilt expenences ns bu: she is: now
-, course and she can expenence exh atron, iun and cha[lenge

the- rabbrt problem. She now wams through malhema:rcs, 1o o
-plore; thrngs 10 be ‘unsatisfied with her first’ oorrect answer, but ™) e
- erjoy the challenge of lookrng for. ailemauve paxhs, ‘methads;-and '

' 'ﬁ : For ma, malh is rnost like a roller ooasrer Maxh has us ups and
' downs. Sometimes there are these really big hills that seem*
S0 ‘go stra:ght up foréver, It's really 2 slow; arduous ¢limb 1
...the 1op::Once you get 1o’ the 1op, there'can'be that: exhrlaraung
i feelang of flying, dowa’ the' hill:atlop speed without'a care-in- the:
“world,” At olher times,: gemng ‘lo'the top'is only an-iltusion: The ;
i *top’”. wirris out 1o.be level ground wrth another huge hili- ahead
A roller coasier is. also a huge loop, a circle with yeginning -
¥ and no‘end, The ride can be 4 and challengmg"a: times: ye:
wloat other umes it can be dark and saary :

attiwdes and to help lhe studems acknowledge Iherr own. changrng-
‘conceptions: of mathematical knowledge and marhemauos Iaarnmg-‘
“in ather: semngs 1 galher rnataphors in"ona c[ass, Tead them, ‘anc
~return them the.next dass, generanng a discussion about mazhe~
'=mat|<3 and. ‘mathematics laarrung. “This. discussion’ can ohange lhe
- "classroom envrronment :10.one in whroh sludems dre :more: -open
i therr thrnlung and ‘more wrllrng 10 try their own. 1deas See [50.
* . “for the mataphors of some secondary school Advanced Placement c
: :Calwlus studems p :

Ja.net tn her ]ournal 1alked aboul these :wo metaphors. .' L

- lguess Ifeel lhat Imno longer totally helgles when it. comes A )
" o math. 've ‘come 1o realizé that math is not alf bad, as.the -~ Wri rtmg °PP°“U‘1‘1'33 have put me: m touch “"th e
-desert metaphor’ suggesis.- ~There are challenging aspects 1o~ - Sludents’. conceptions- Of ‘mathematics ... The can-’ - .°

L math, and if you are courageous encugh to brave the big hills, | -+ - did writing of students continues to surprise, 'dellghl
you may be rewarded by a good nde down. e disiressa sustain, and teach me.

' '-'Another drﬂerence between 1hese Awo: metaphors is rhal rn the " __Wrmn opponunmes, like :hose desmbed : era have put mae
i Sahara Desert | 'was.all a.iona but on aroller. ooaster there'.:' 7 touch ‘with -studenis’ ooncapuons of: malhemalics -and made me
- are other people 1o go through zhe experjance with you. Tve . aware of Their survrval ‘stralegies. for the mathematics dassroorn'~
'drsoovered that i'm far from alone in’ ‘my frustration: with' malh '---‘Through nontradmonal mathemanml situations,: rnvolwng -wiriting;
. “And yet, Tve sean glrrnpses ‘of how: some people are fullrlled ‘have been able 1o change students’ drsempowered parterns an
S by the ohallenges that math oﬂers. e sk "approachesto malhemalscs leamrng and help them leel the empaw




sIMBNT MAl COMes INreugn reciaiming helr maamatical nfuition
. and tasting that intuition against mathematical theory. Cognitive-
_ developmental theory has helped me undeistand this change pro-
cess and guided my design of writing opponunmas lo facilitate this

change. The candid writing of studanis continues to surprise, da- )
_light, dlstress, sustain, ‘and :teach ‘me, as i work {0 ampowsr stu- _2' )
.. ‘dents in mathematics. | invita the reader.of this _essay 10 lry. these R
- wiiting opportunmes ‘and’ othars of h:s or’ her ‘own ‘design, Begm ST
- slowly. “Read carefully and seriously.y what your students-say. Ask
for clanf:cauon to help you reafly, undersland their thinking. Be.pre- -
'pared to be surprised. Be patient both with your students and with -~
_yourself. You will find lhat both you and your swdents w:il bacoma IR

empowared by the axpanence i
'REFERENCES ' _' ' :
L '._Edwm Abbot Flatiand, Dover Naw York, 1952 | :
'z Mary Belenky, Biythe Ciinchy, Nancy Goldberger, and i

- Tarule, Women's Ways of Knowing: the Devefopment of Self ' '_ e

: -'__Vo:ce andMnd Bas:c Books New York, 1985. i

' 3 : Dorothy Buerk 'An Expenence wnh Some Abie Women="_ ._ sl
A \Who Avoid: Mathamancs. For_ rhe Laammg of Mathemaax AT

3 - 3(1981): 19-24.

4— Carolyn Warbnls Journal. Voncmg the Struggle o
S C'Make Meanmg in Mathemancs, Working Paper #160, 1986, .
* Available from the Wellesley Callege Center for Researchion ™
. “Wormen, Wellesley, Massachusetts.02181 for $3. {ERIC Docu- PO
L rnem Repmducnon Semce No. EEJ 297 977 mlcrof che only) e

5 ' 'Mathemaucal Metaphors from Advanced- Plaeemem' R EP
- _'__qudems Humanistic Mathematics Network Newsletter, #3, ...

1988, Available from Alvin Whne, -editor, Depariment of Math-

_ ._'E"'_'emaucs Harvey Mudd Collega Claramont Cahforn:a 91T e
- B '~Peler Elbow Wntmg Mmout Teachers. Oxford Umvemly._f i

"---Prass !.ondon 1973,

~ Natlonal Research Councal Evewbody Counrs. A Reporr o
| ..". ‘the Nation ot the Future of Mathematics Educat:on, Nazlonal_ o

Aademy Prass Washlngton, DC 1989. s

S __Zwllt:am G. Perry. Jr.. Forms of !nteflectua! and Eth:cai Devel-_"ﬁ; '
"o opment in the College Years: A.Scheme Holt thehart and o

__'Wmston Naw York, 1970.- &

S 9 -—-—--— Cognmva and Ethlcal Growth The Makmg of Meanlng, ; _ I
g AL Chwkenng (ed.}, The Modern Amencan Collegs, Jossey-';--: AT W

. Bass, San Francisco, 1981: 76116, . -

- 10, ';'i.Ieffray Weeks The Shape of Spaca. How fo V'suahze Sur-‘ o i
" faces and’ Thrae-D:mens:onal Mamfolds Marcel Dekker, New' S

: .York, ‘1985

P







f H°Wt° "erte Mathematlcs E e

L ThlS palr of essays dlscusses the “nuts and bolts“ of f: Bt
j;wrltlng mathematlcs.- ‘The first, "A. ‘Source of Help:: Duke Sl i
- Writing Across: ‘the Currlculum Program,"-addresses how ;”.f'_:g,-fguf_
' mathematics: 1nstructors can teach -and evaluate student TRy S
;;;'?ertlng.z ‘The second, by a long—tlme mathematics. professor,;pg_~;;;jr~
+: . describes his technlques for gettlng students to wrlte on - o :
'Ethelr graded work e L T Ty e R
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o _;A Source of Help Duke s Wntmg Across the Cumcutum Program

S We have been drscussrncr the problems that beset
““write in ‘mathematics classes. What of the’ problems that wﬂl beset the instructors?

- Must they learn methods for helpm° students with their writing? Aré they to add to' -

their already substantial burden the new and uncomforrable ‘task of teaching

wntmo? Will thc new requrrements conﬂlct vnth the mam task at hand teachmﬁ__ E

- mathematrcs"

. Duke: Ianers:ty is. burldmo a Wntmv Across the Cumculum Proaram that RO
i supphes the kind of help a mathematxcs ‘teacher mrcht need ~The major dlﬁ'erence . :

- f-_between the Duke" program. and. others is its reliance on.2 new. methodology for . . .
*teaching -and- analyzmu ‘writing. Thxs methodology ‘has proven eﬁ'ectne in. domﬁ'__ o

: -_‘-:'consuiuno work with: corporatrons law"firms, and govemmental- acenmes it has’ . .

. been eﬁ'ecmely taught for six years at the Harvard Law School; and it is now in use -

“ ' in‘the: u-rdergraduate progrars-at Duke and the Umversrty of Chicago, The creators:

- of . this theory ‘are Professors Joseph erhams (Umve—suy of Chncaao) Greoory ST
; 'nd ‘George Gopcn (DuLe University). - -
s and can be applied by f"cult) from all_ i

LU 'Colomb (Geor.la Insmute of ’I’echno]o_)),'

_.parts of the umversrtjr
; ';ﬂ'_l'he mt:tlmdoloo er

: expectauon

:ling course mstru"to.—hown _
e ':._enouoh for students 1o be monvated to Wnte anyth.m‘=r at all "Reader expectatmn

" "-'-..-:,_asLS the more Pertrnent and lastmcr -question, “Is the reader hkely to come away:. e
. from: th.lS prose. wrth the prccxse thouc,ht(s) I mtended to commumcate"" Eﬁ‘ectwe‘ IR

" find’in the prose precrsely what the writer intended the Teader to find.

'dents 'he' they are requrred to_ '

Readers ‘have what we call “reader energy’ for the task of readmc each drﬁ'erent :
unit-of discourse. (A unit of dlscourse is anythm in prose that has a be,:mmno and S
8 an end 'a_phrase clause, sentence, _paragraph, argument, article,” book, etc.) Those ..
ene ' ' -cornplex sunultanerty one reads ‘a clause. whrle reading s
- entence wh.rch 1s also part of the chapter, .. . Each of those energres isavailable for -~
two major tasks:: (1) for. perceiving, structure (how the "unit-of drscourse hangs L
e _tocether) and (2) for percewmv substance {what:the unit of discourse- was mtended ST

B o) comrnumcate) For the most part, the distribution of this energy is 2 zero-sum "

.. game: 'Whatever eneray is devoted to one of r.hese tasks i is. thereby not avaﬂable for .

- 'the other. For. most ‘expository prose,:one almost could define bad writing as that =~

' :whrch demands 2 drspropomonate amount of reader enervy for d15covenn° struc-

S _:“;\\ nter stmteoy" aslts “What .c:m,_ the \»nter tth of w© 5'1) next”"'_': St SR s
'-'.Such an approach probablv grew out.of the more 1mmed1at° problem t}wt aﬁ'ucted- ORE

13, [6] [7 _._-Once c0nsc10usly awarc of these structural locations. a' wnter can. know__:‘ R
;how to make thetorical ‘choices that maximize the probab;.hnes that a’ reader w111 R

'__'ture If a reader is spending ‘nost. of the. available reader ene-cy u}fm° tofind out SN

'_.__substanuve thought.

 wh here the syntax of a sentence Tesolves 1tselr or: ho“ tb.ls ‘senience is connected o
'.-the sentence’ that’ preceded it; that reader can havep precnous Ettle: left for cons;dennc'_-af R
"-‘what ideas the. wriler is trying to communicate. On the othcr hand; if the resoluuons.-" ST
o and connectrons appear exactly. ‘where the reader expects them 10-2ppear, then the = =

B _reader can devote most o the ava.ﬂable reader eneroy to percewuv=r the uature of the i




but remarkably significant effects. That subtlety requires that we treat in some detail

- Placing information in one structural location instead of another fesulis in subde

. Please bear with the non-mathematical example.
" () What would be the employec reception accorded the introduction of such an

“(b) How would the erh) lo '

e questions of “better” and “worse,” we can probably agree that (b) is

“easier 10 read than (a). What makes. that so? At first-‘we ‘might suggest that (b) is -

shorter than (a); it tums out, however, that the reduced length is a manifestation of

ch words are peedless. -

nly to those who know already, whi

Instead, we would do better. to inves

entences, what actions are taking place. When we seek out the
ords of the first sentence, we find . several candidates: “be,”
“accord:d"’“ Cti

possible action

-sentence:
-/ Why the gr ;
n the sentence’s verb.. That}:ej;p_éctéi{ibﬁ?:'l'e'aﬂs'}.ﬁ's_ftq_pgrEEiV_é_s action in the verb slot
‘unless that perception makes no serise. T ence (s)
action but makes no sense a5 an action. When ‘that expectation
- look elsewhere in the sentence to find the action. ‘Unfortunatel
 eXpectations concerning & secondary structural clue. All that rem
Lighly interpretable semantic clues: “Reception™ “Introduction”
Perhaps some concept not actually named by a word on the page?

d, we have to

¢ are using our

could have pointed out t0.us easily by deposit

- probability” that: the reader will perceive
- When something i3 badly wri ten, more than cosmetic grace is at stake;

(b) Was an inaccurate revision of (), sin

hem both into verbs.

- author had intended to say:

- “introduction” -are. both. actions, ‘make ‘'t

lote that this revision has forced an’ rticulation of who.is ‘doing

worth considering here. -

(“the Council”) as well asa qqaﬁﬁe_a_'tipﬁ'-'t_"‘-.ét"--'j_ﬂﬁs

Revision (c); according 16 the ant or, articulates clearly wha

- -Tetain the author’s intentions. The problem of ‘the prose in (&) had not besn merely a

- one example for which we know the authorial intentions (because she told us).

' improyement, not & cause.of improvement. *Omit needless words” is helpful advice -

tigate exactly what is going on in the two

“reception,” " -

+ When we turn 0 the (b) Sentence, our task is significantly simplified. It is clear to =~
- 2 majority. of Teaders that recéive” is the one and only action happening in this
eat difference? Because readers xpect 16 find the action of 4 sentence

ntence: (), “accorded” sounds like an .

remains is a set of .-
“Agreement™?

Teader en_ergy'_-..m_rr:_hu‘n:_i_n'g_gh_ro;ugh_;t_hej:_:'-s;m:c_tu_ré_jtb_'ﬁ_n_‘:d. something that the writer P
epositing it in the verb slot. Fulfilling the ~ =« - .

ation itself may falter. As it turns out. the uthor of sentence (z) complained that "~

an inaccurate revision of (a), sinc it omitted the concept of “initoduction,”
- which she had intended as a significant action. New solution: If “reception’ and 0
*int ” ons, | 5. Here is what the = '

S SR _ AL reniates what-her mt'gt;’tioﬁ#:héd_ R
 Deen. Revision (b) may have been brisker and easier (0 read then (2), but it falled 0~

"L Jack of grace, but rather 2 Jack of clarity. We would argue that the two cannot be - -

Fac

readers have no’ -

Teader expectation (thal the action will appear in the verb) greatly increases the s




/. "Reader expectation theory allows readers to identify 2 lack of clarity by perceiv-
- inga difficulty in structure. We may not know what is missing from the thought, but -
- We can Jearn how (o ask the right structural questions (“What did you intand the
- action of this to be?" “What verb would articulate that?”) that will eventually turn
“‘up ‘the answers if the author is. present. These principles, -then, do not give the
~ * instructor the ‘power 10 revise ‘students prose ‘effectively, ‘but. rather allow the
- instructor ‘to help students revise their. own prose. Only. the ‘author knows what
©ithe author intended. " L e R T T T
. The same kinds of discoveries concerning reader expectations have been'made on
the sentence level for the locations of context (“where am I coming from?”) and of
- emphasis (“what is new and important here?”). Yet others have been discovered for.
" the linking material between sentences, for the placement of points in paragraphs,
“ - and for the placement and development of thesis ‘statements’in complete essays.
- "None of this maerial is strikingly new in and of itself; good:writers, upon hearing
- the principles, will nod-and say they “knew" that, although ‘they had never heard it
~put-quile that way before. The newness of ‘the ‘methodology Jies ‘in- its having
... achieved two things: (1 J_.gp;indp_lgggri_ha;..h_:’.__\j-elb_é'e_._n_:mbst_l'y_-_iin;ﬁitive‘;té‘fth&s point are .
. now objectified and made conscious for the wriler, the better to be controlled and

expectations, no matter what the nature or th ve material. - -
_ These principles have the potential to revolutionize wriing instruction, They can
- be taught to teachers in workshops that last no more than 12-15 hours. They canbe . © . = -
. used immediately and with wide-ranging effectiveness. They can be taught to.
- - students who in tum can use them in evaluating each others prose, so-that peer.
. commenting and ‘grading of Writing can become one of the most:useful of teaching
- Strategies. Most importantly, the principles. allow an instructor: to comment not
imply on Wwhat a student has done “wrong” in 2 given paper, but rather on what
ineffective rhetorical choices  student tends to make with great consistency: The
student who puts the action elsewhere than in the verbs throughout one paragraphis = -
Highly likely t9 do o in other paragraphs. Teaching such 5 stadent sbout vicby
action reader expectations will aid that student not only to revise the present paper
effecively, but als0 (0 avoid that structural pitfal in all future wriing tacks.
. As the product of such remsxonlsbynomeansmerelycosmeuc,sothe process'of i
. that Tevision is by no means merely mechanical. In order o “fix” a sentence whose = SRR
" -action does not ‘appear ‘in-the ‘verb slot, 2 ‘writer has ‘torask: the ‘salient and .

- substantive question‘*What is going on in this sentence?” The writing process, L

. including this kind of revision process, docs ot merely lead back into the thinking
. process; it is a thinking process. Eventually the ethodology transforms itself from - - S
a set of revision tactics to'a’ set of invention procedures; Knowing how structures
Rced o be built eventualy leads the wete 16 1soogmist Jogial peoprentons shine .
still engaged in the original writing process. The result is sometimes 2 quicker pace .
_of ‘writing, usually a greatly reduced need for revision, and. almost ‘always a clearer, " .

. more forceful product, .

.7 A mote about what this methodology does ror do: It does not propose a newset . .
.. of rules which must be slavishly followed. It ‘only ‘makes a writer aware of the: =
.. expectations that most readers have most of the-time; the writer can thenchoose 10 .~ -
- - Tulfill those expectations or to foil them. Every one of these reader expectations can -
be violated 10 good effect. In fac, the greatest of siylists turn out to be the best
- violators. (This can be done only if the reader expectations are regularly fulfilled,so -

+ that the violation comes as a surprising exception) oo g
“ . Knowledge of thesé reader expectations, therefore, should not be used to establish: =
“amew set.of **rules” akin to-our grammatical requirements for coherence (e.g.. “use "

-~ singular_subjects ‘only with 3's'ing'u_la:'r*i'\'rérbs?‘.)'f.bi';fdgf grammatical conventions (e.g.," ..

- “neversplit your infinitive”), We cannot and do not intend to argue that.the action "




' -'_.of sentences must ‘be arnculated by its verbs"sentcnccs tha! ‘have thexr act:ons -

- -;._elsewhere (or: nowhere). abound in the’ pubibhed prose of all fields. Those sentences .

- aré not- impossible to’ interpret; ‘they are only less. likely to be interpreted by a great o
““many readers i in the manner intended by the author. We speak, then, not of rules - : (
~but of predxcuons of reader expectauons As a tesult, we do not. list here all ihe '

major’ reader expectations; | together they would take far more space 1o cxpl:c:ue i
"than is here ava:lable. Al full-lencrth book on lhe subject is forlhcommo

++. = Duke ‘requires all freshmen to take one of our small {1013 .studems} Unwersm -

RO Wrmnc Courses in - their -first. -semester.. They are taugh hc full sweep of the_j_: i
o f'-methodolog ) ‘and’ they are t,n.'e:n opporluml:es 10 leach it R
- series of pcer evaluauona. We now ‘have 2n eniire underomdunte stud nt bcdv abi.. P LR
b0 :alk the same lanvuaoc aboﬁt' !anouaoc Mon.oxcr . e!! over: hali‘ of our. facuhy: LT e
+have aucnded the womshop;. A: a resu]t t cachers and :.ludem.» in every dep*nmem - SO

: re now ablc lo commun:catc du- cliy. Y 1scly, and cﬂ‘ecnvely about the strencrths 0
.__-.1and problcms or studenls prosc SRR SRR '

Methodology at WOI“](‘ So]vmg :Rhetoncal :Prob!ems m Mathemahcs

ﬁWc return now to examples 'romk lhe earht:s "lab report_s The rhetoncal probiems e
-:we addrcss here are mamfcstauons ' ‘
earlier, but- they do no match
as a whole will-affect ithe tudent’s: thmkmv
.both kmds ot' prob}cms wx!l be subst ;

erefore “paraoraph")
wouldcrea oherent™ .

Reader expectauon théory oﬂ'érs _everal ways of comb
ca __:beom by checking the’ ‘verbs in eac nce. If _ :
-action of “the ighly probable. that‘. thc burdsn ;---makmv the

- dcc:s:ons ccmcr:rmn'o both cohesnoﬁ ‘and’ coherence w:l ‘have been sh;fted from the'
wnter to the readcr -

hhzch in lum lS
_crcforc the. l’unctmn !z xs the sccme denvan\c of ..

i at the fun chon h is thc denvanve of the funcnon ‘g
vative of the funcuon j
the func tion’ i

ond - obscrvauon, concermno the f- g—h rclanon was' thal the'_- S
relative: maxima’ and mzmma of an’ equauon are: cqual to the: x—vah.cs of the poml" e

where the derivative of that’ cquauon crosses the x-axis. MieroCalc confirmed this. " L
g -_obs’ervanon also, in the Extrema unit of Quar Quarter 1. The final obscrvar.on reveals the_-'. =

_connccuon bchcen thc f g‘h relanonshnps -and qucst_ons 3 4,52nd 6. answered
_;-below : '

Note how (wnh one exccptzon) lhe)' all | are verbs of observma ‘(on ‘our part)
existence (on the “part: of ‘our observauons) or conﬁrmatzon (on: the- part of .
_MlcroCalc) ‘What does’ this. paraoraph tell us?—that.the students’ observed: ceFtain
things,: rand that MlcroCaic confirmed  their 0b5ervauons It docs not: convince us
“that the stude; sihdvc cancepruah ed anylhmo that they- have Thanaged to observe. U
" “The’ purpose -of ‘assigning -writing: in -this- course was .to force students to think B
-;about ihat whlch they mwhl olherw:se perforrn in-only a mechamcal way The ="
“co. ' “"l!ows the mechamzauon 10 conunuc the prose" i




e acunv not as an explanauon of thouohls (exposmon) but mere!y asa rec:tauon of
e facts (narrauon) Requmnv the sludent to articulate the action of the sentence in the
" meaning of the verb- will’ force ‘the smdenl lo ‘consider what actunliy is -happening
o durm° the mechan:zed proeess. That,:in turn, lransforms what was. only narrative
o prose into expos:lory prose. ‘For. examp!e ‘there:is ‘one verb in this. examp!e that .
-"'actually does articulate the ‘action of its sentence: “crosses.” IF the verbs in the
o ‘surroundmo sentences were mnde to artmulale nppropnale actions. then the student
7 would be likely 1o recognize noL rnerel) lhe ex:stence of the demauve cro:-smc tbe B
.r-at:s bul aiso ns s:omﬁt.nnce ' T :

. _The overpacked sentence mth :ncredrble eonnecnons . o

We made a tabic ol‘ values for x of [0 20] and -narrowed down lhe mterval to [15 20]
as well as obsemno from Tab!e 1 lhal atx = =0, f(x) also equals 0. .

o In Lab 1, the funcuon f was' a ponnomlaI w:th non-zero constanl term; thus the S
_:_ﬁnal asseruon n thls example is: faIse However the connecuons xn the sentenee ar= e

_We.. a whlch resu] :ed .o It all would rnake perfect sense  to the wnter who was _;f L
.;'proceedmc Imearly throuah time: However, it would become an increasingly annoy- e
- ing and confusmo burden to the reader. How can we tell our students thal they have '_; SRR
.'packed too much into one sentence" i - LR R
g Aoam we_can turn to reader e\peclauon theory for help Readers expect the ERCEER
_j"-smsrle rnost :mportant lhm° in. the sentence—the thing that the wiriter intends the =
" reader ‘1o emphasize—to. -appear ‘at. the: end. We call'this “location ‘the -“stress N
_'_'posmon. ‘Stress . positions are. created by syntacuc cIosure ‘Hence every sentence; RS
* “‘has.a siress. position at its.end; as the pertod brings. it to a:close. Colons and:~. .,
- “semicolons are strong: enouvh acts of closure to create secondary stress posmons im0
*""the middle of sentences A sentenee is Loo lono when there is more than one v1abl;'. N
- candidate for any stréss posmon : o R !
~In‘the ab0ve examp}e At rs:-unclear Just how many thmos the wrrter w1shes us o
fr J-emphasrze As a result ‘we also do not know precrsely the: relatwe weights and’ the -0
S exphcn connecuons we should be obsemnv Do e:ther of the foIlomncr etpreSs B R
more accurate!y the aulhonal mtent‘? ST e I L RIS IS (Y

:In makmg 2 table of values for X of [0 20] we.narrowed the mterval to'.' s Tl
[15,?.0] —[Readers thou:,ht. Whals the connecho '-’] —From. thrs tab]e we observed R R
lhatatx=0 f(x)alsoequa]s{) . : B
’.We chose o hmxl the lable of values' for x.t0.]0, 20] because-.. .-ﬁSxmﬂar]y, we:_-- LR
|#57 narrowed:the interval to {135, 20] because .o v=[What's the. connecuon"]—We ob— RO AR
W scrved frorn the ﬁrst lable Lhat at x=0, j(x) also equals 0 o : Ll

Lo Gwen lhe aulhor s prose we now see that we are unable to pereexve the authonal_ T Rt
- intent, \'otlce ‘how much thought and mforrn ation’ we Jack to'make the proper =~ - '_
" 'balances and connections. Insisting ‘on one emphatic point per stress:position will: -
-+ unearth (or sumulate) a great deal of student’ thou‘,ht It w:ll aIso make 1t cIenrer lo SR
srudems wh '-they yet. have no Pomt to nake - O

thmos JUSt hﬂppen- th:nus _|ust are._ L

. f:" Lack o age_n-c : I\'o_bo'dv dld 'an) ﬂ""

ﬁ 'I'he l'uncuon g :s the denv, nuve of lhe fmchon f The Iuncnon ] rs a demauve of
thc funcuon g Tius is d:splayed on the 2 b!c m..rkud C e T




-+ Note how nobody does anything here. Students were asked 1o report what they saw )

- -and:did. and yet they are nowhere to be found in the prose. Some will complain that . L

. they were carefully taught in high school not to write in the first person. Reader
- expectation theory demorstrates that the herring of first person usage is a redone. It - (=

- matters not whethér one ought or ought not 10 use the first person; it matters onty o

~ ‘whose story is being told. Readers firmly expect that the story of a clause or -

| seatence is about whoever appears at its’ beginning_If a lab report must tell what R
. students observed, then students ought to appear quite often at the beginning of .

L . Il

. _:Wc_disf._'dvcr'e_d__':iha}.thé"itin_c;’liéﬁ g is the derivative of the function 7, because A R

. Using the same principle, we also perceived that the function 4 fs a derivative of the

function g. (See Table C)

- Combining the principles of action-in-verb and whose-story-up-front, students can R
o] ead  themselves: to discovering the emptiness of their ‘own statements. We were -
surprised, for ‘example, by ‘the frequency with which students ‘wrote that they .
“received” -answers. That formula—~*We received the ‘answer of 3.742 for x™— - v
veveals and sums up for s the central pedagogical problem in calculus courses. S
n sentences written in the active mode, the pérson whose story it is also turnsout |
 be the agent of the action. Stidents find they can‘avo € of the consequences’ -
F making mistakes if they substitute other agencics for ther own at the begiongy-
Of sentences. For example (from Lab 2, devoted to'timing points): v

%

2x? = 1) resulted i vs-

mplexdties of the graph of /()
o oty e oy i

(x4 42— D=

- Ary difficulties in the lab occurred because. some numbers were not quite accurate.
The computer only. carried out the figures to the sixth-decimal place, and the =~ ey

siudents tried to make the results as accurate as possible by.parrowing the range, ¢ . o

- “and b ‘op the " table-of valves: whil the same time increasing’ the number of

intervals, N toup 10500,

“the computer” fails

occurred, In the second,’

q - do but * the studen| ‘come. to the rescue ‘ingeniously. I the . -
- students had been active earlier in the prose, they might have come to understand .
-.'_tha'_t'"_fqi'{'Ehé'_"aﬁpt_‘Qximalc__ré'sfﬂfs_"requiri:d:’}a'_1_5:1@!_;;'!'&_”51210"11&11".tablctf'("ZO numbers) would .
-:have sufficed. By escaping responsibility here, they: landed themselves with several = .

| timesthelabor. oo o .on o TIESEES VAL several

e miio

pic paragraph. " Here is
‘paragraph,

From our previous study of calculus, we determined that G(x) s a first derivative of

- F(x), and ‘H(x) is a second dérivative of F(x)ianda’ first derivative of G(x). ' We
confitmed our assumption by using the ‘Derivadive command from MicroCale, We. -
“took the frsttwo derivatives of F(x), and ‘they were the same s G(x) and H(x),

respectively. Next, we found the first derivative, of (G(x), which resulied in the - N
. [uncion H(x). Wealso observed that each time F(x) would reach an extreme point = | -




G(x) would be equal to zero, This held true for G(x) and HE. When G(x)
‘reached an’ ‘extreme, H(x) also cqualled zero.. We confirted ‘this by ‘using the

MEsuema’ commend on MicroCale. Using, this command we found out the extreme -
values for F(x). Then, we pluoocd those x-values into 0 G(x), and G(x) was found 0
be zcro : ; ' '

“In addmon to. all lh-‘ revision - tacncs suzgested above we can aPPmaCh this

_example in terms-of reader expectations of paraoraph structure. Readers expect an =
'exposuo-y or ‘argumentative paraoraph 10 be about. one main. point. That ‘point .

" should normally be expressed in a single sentence, _from whxcn or to.which’ all other -

. sentences flow. “This paraoraph violates reader expectations s:cnﬁcantly

B ‘can I-say about this problem 50 that‘_

_ 1) Th e are’ t00. many pomts bemo made for the number of stress posmons-' L
' '-_avahable : -
2y No one sentence aruculates the pomt that oxves sh.-.pe 10 the rest of the
paravraoh e -

We have found however that studenls tend lO have few problerns Vvlth Lhe__.':'

concepl of the unity of ‘the paraoraph Indeed, they seem cehchted to bring’ their :
e -momentary labors 10 closure: by ending the topic and indeating the next line. How,

" then, can the above example of prose have been written as 2 paragraph? The answer -
Fwe sua.geﬂ 10 our-own ‘question. we find most dxsmrl:um7 To the student, the entire - L el

10DIC-0f all “How much

[ parawrann was indeed on one’ top1c—the most unportant

""'.:5senlence:. in the parauraph connect. o that (unstated) point sentence. S e
_ ' We ‘need 1o’ move our. studenls away from being centrally . concemed wuh'j- AR e
---:_'producr‘ﬂ enouch material and ‘direct them towards grasping and developmw-'_ o
- concepis. We can help accomphsh thxs by. oett1n° them 10 understand. the reader -
"_._--expecta._ons of paracraph structure; “They :will" be ‘hard. "ess=d to fulfill, those

.. expectziions. without entermo 1nto lhe Lmd of conceptual'
S we w1sh :hem 10 expenence

can get.full credit for the 2 answer?” 'AH lh’i“f':

s t‘aouahl process that - i




. ‘W\\,

e, .



ST — e - — = Usually thay. admli lo not havang read the handout Some do not
; et remembar recawlng it-and others say that'i was mrsplaced sof -

' .:-YOU Can and Should Get YOUI' o pays to keep’some spare copies on hand. Initial reactions range
.Students tO erte !n Sentencesf e trom rncreduhty 10 anger Sorne sample enooumers follow SR

'.-Melwn Hennksen SRS

i Commenr.' Dr. Hennksen nobody avar asked me to erle thls way.
Harvey Modd, Coliage ( G i :

beiore

are_rn'ont;_'_(:ai_i_fornia=._‘- e

o _ _ P Reply Thats mo bad‘ The hme to sta.n wrmng ¢ arly rs now
For nearly _ ] 3¢ thal the siuccnts in: math-_' w
: __:ernaucs oourses that | 1sach wme oomplale Englrsn sentonces -
."_ﬁon all. wnnen work thai 1 grade Ido this in’ avary course; not ;ust- W
in’ courses for majors in'mathematics or courses in which writing is :
' emphasrzec: While it is rare that | teach coursas bslow the level of S Ffepiy' Smce you, were ‘told that: you were expecled 1o explam your L
s,-| do this.in such courses as wall: - do not goasfar - orkin writing, | cannol accept ari oral explanation as a substinte . -
o as on.good paragraph structure or. style;but i never.read, . and restore the credit you lost. On'the other-hand, 1 will be'only -
- much less c.rade work not wrmen in senlences. Ipomt out Iha: sym-_ S - 100 glad 1o tell you if your current idea of an explanation is a good R
- . bols are one, and to help you i nd betler ones

Query° Tam: sorry that U had‘trouble reading my, exp!ananons c .
!s rt all raght for me Io go over the wzih .you now? -

1 got the nghl answer ani _.an' body can undershnd'l.' .
-am domg' (Usuauy sard wnh erauon 11 not blatant anger)_ s

L meamng is net. dear from the context be deﬁned orqua 2rilied prOp-: S
I jEI’|Y‘ g S

: wha_, ydu have \.ynnen.. i see hardly any worda ‘moch Iess sene L
1ences: There are Jots. of symbols used without teil:ng the rea..eri'_ L
whal they deno:e Would ‘you llke_lo go: ‘over: some ways m Wth-"I :

o snmple Eno.rsh sentence unIeSS some’of- 1hern aredct argners with.
.. .aserious ianguage defu::ency. in: whtch case they shelildinot be. |n:_'__ o
“an’ ord:nary cnllege class, and some sort. of; extraorm sary help:will -

- be needed. What | am saying.does.not apply 1o such sudents, but " 4
does apply io a!rnost ail olhers :ndependem of therr nathemauca[ PR

_' I demand'thal ou tell-me how many' pomts you e e
deducung for Engllsh and how: many for maxhematrcsl. (Sa;d with

; _unless you reall;uns:sll

your quesuon Why dont y 3 ry lo 'exﬂp'larn 1o m or'ally ‘what you‘f.
werg doing and we can explo' ways o express itin wrmng ang-:
ititis correcl :

“oon the: 'lsz day of dass I'spend” soma tlme explammg what lhe
< “course is all about wha: my-. pollcy is ‘on:homework,: qmzzes.
'_'_.mldterm exams,. the: flnal exam, and- how lwrll deterrine their final e
- _grade Tindicate at-that:ime: thal:l:am more: interested in how: they‘:_ “The idea is 1o-remain calm in the face of obvious attempts:by siu:- 2
. anve at-answers to problems than I:am in the answer fisall (Wh“:hf.-' ' ~denls to remov “your pants. or fo intimidate you with anéer. and .
& ?:l:: UT;:'::J:’::?;S’; ';'?:;ﬁ::;:;;;ﬁbﬂ?:k; dag;!cﬂ;at 'I;";' 2:’ . tum them in the direction of learning how to explain their work by
iy glish sentences. 1stress that | will read what they wmeanr?:i will not -' Wntmg i, s:mple sentence_s | did not always succeed in keepmg: '

_ -+ coal. “Once, while-on &"vis ‘Io'another college and feaching first
oyt guess at what they really mean, and that I do. not separate '.fsemester rzlou[us. a siudent came 1 my office and proceededto ; .
-: form and content. | tell ‘them:that I will-riot grade the:r ‘English; I 5

R '._-haggle Gver my. grad:ng of. ead': quesnon on the first, hour ‘gxam,-
- just won't read work writfen in a private code. ‘To reinforce this, 1 “When 1 direcled him o the.handoui, he told me that | would not . -
L summarize ftin a two or, threa paga handoul rncludmg examples Of_‘:. - be' vary pcpular E kept on oing things like: that i could not hrde‘ :

. “satisfactory and: unsatIslactory solutions of problems which.contain .- my anger when | told tim: that | would penalize him- ‘even more
' .exp!anauons of why: Ihey are. unsausfaclory ‘Onethat ! have used- : i

i _ ‘?" poor explanauons and 'would take care of my. ourn.
E for a linear a!gebra oourse requtred ol all students at Harvey Mudd probiems with popularity. Thus, Wllh_‘lhls very bnght (albeu mso[em) :
"Collega appea.rs balow. : .

student ! Iosl the chance o wrn :his into aoonslrucuve exp eneme

' “The initial reaction of. most of the studenls isto |§nore bolh my 1aik SR

D On lhe next qmz more studenls wrole in sentences and thera was L
- .on writing and the handout.- They ara identifisd with all the' other: - " aslow. but steady lmprovement m lhe work oithe studants. Many

. copy. book maxims of aducation and exhortations given by their . resent having to change their ways, but bit by bit they fall into ing, . - =
teachers about which they need not do anything. Sentences ar f€. .. anditbecomes much easier 1o read and understand theirwork, You. . -

- for courses in English and papers wiitten for caurses in history o " have 10 sland fast as they lest your determination repeatedly. Once

" /aconbmics o similar subjects; surely they hava nothing to.do with . - they ‘realize that you will not waiver, ‘they start asking. questicns.

. mathematcs. | collect and grade some writton work eary in the -about what is a salisfactory mode of presentation, and the batile is

. semester; (usually in ‘the form of a 20. minute quxz) ‘Students dre’ 'won. 1t can take. anywhere from: half 10: :wo-thrrds ofa samasler'-

* shocked wheri they read comments such as: “l cannot follow this,” but Unless a'student draps The course rn.anger'he or she does get
-of *Where is the explanahon"‘ or "l’h:s is no: a.sentenca,” followed . in 1h9 hab'l- -‘ wnnng m sen!encas. : : :

. often by the phrase “Not read further.” When these. comments arg.
_accomparked by large losses of credit, they begln to taka’ my words o "Those most hkaly :o get angry at damands Lhat Ahey . explain. their :
. - and the handout as: somelhmg with which they must copa. HJaskall _-'_'-_work and wrila in sentences ara, at the. extremes of-mathematical
. “who have done poorly to come to. my offi ice for a conlerence a.nd_' . ability. - Soms .very . bright students .are used 1o. *seeing’-how 1o
L many oihers oome to talk wnh ma as weli. A ' -_solva many probierns ina gasraltw:thom hawng 10 axamma axadly '




.-and almost yelled at him,’

what they are domg 1 iryto pom! out that 1h|s wrll -not be poss:ble -
Cforever and, hence, that lhey must learn how to -explaln, what they
are domg. Itis parnoularly 1mponant that I convince such.students .
that | my writing demands are more than ‘exercises in pedanticism, -
. Atthe opposite exireme are the students who gave up on tryingto
.undersland .mathematics.  Thay. had. aequured certain skilis:in‘the . . -~
past.in’ -a-gestalt and then moved 1o memorization when:that.no.

: longer worked, Such students are ve»ry insecure. and resent-what -
. program. Some {gel it-unfair to demand’ hat students write in sen- .

- tencas on examinations if their-homework is not graded inthe same .~ "
- way::Since’ homework is'gradad by undergraduates who are finfe

= they rsgard as yet another demiand.” When you-can geét thém 1o

- listen, itis :mponanl io- pornt outthat good wnung sa reflecnon of
. clear 1h:nk|ng, ‘and clear thankmg rather than rnarnonzatlon is the.
. Key fo'success in mamemach. 1 never aocelerate my demands or-

“'spend class time harangurng my sludents an the virtuas of good

."wrmng T seems 10 be anough to ga.over bneﬂy what it means 1o

Z explarn work and wnle in senlences, while, never oompromrsmg rn'

-/ th face of oomplalnls or abuse

' :Good ‘writing is a reflectron of clear thmkmg,--.'nd“‘}i.
- - -clear thinking rather than memonzatlon isithe'key to . -

$: rn_mathematrcs :

Ji..0n & pag and surnng erm in hope ef gemng the. 'nght'

Some years ago a Pomona College senior- enrolled ina pre calculus R
pe “He
i wasa bl’lghl underachiever who had put off a mathematics req e-' o
Cment as long as he could He |gnored my handout and my request_-
1'called him into =

"'.-'oourse T-was teaching that was norma!ly taken by freshme

Ik "_lhar he writein’ semences over-and over’ ag_
my office: several times.and asked him why he'persisted in paymg
R -2 anermon 1o mstructaons, “and’said that 1 oould not help him as
~Jong-as his work corisisted’ only ‘of drsoonnected batohes_of sym-

. bols. ' When | discovered that his major was'| nglssh Tiost
_ “You know whal :
Yol refuse 16 write in- ‘sentences?" | hande

a report

;lsfactory work at m:d-semester and.| hoped;secretly that he. would
~.".drop:the ‘course-and- go away. _Suddenly he began 10, explazn his

"_:--.:work and write dearly' 8y the ‘end of the semester he had eamed
. grade of B.and ‘probably would ‘have ‘done’ bener if ithad, lasted

i 'longer. ‘He exp!amed his long. delay in trymg to write anything corn-.
‘prehiensibie on his mathematics papers to his rnabimy to associate’ :
it with anything but roteé memorization. (Al that he had learned in .

. - the’ past had. been ona monkey-see—monkey—do basis. “This’ ‘expa-:
- fience convinced me that the best favor | could do for my students

. was toinsist they' explaln their wor,

._: Thrs program always succeeds in that all of the students arey

. -in sentences well before the ‘end: of the semester, _wh:ch makes it . i
©."-much ‘aasier to read and’ grade their work. ‘ In recent years'l: have -

E included Yanswar- onlr questions on qurzzes and ‘hour’ .exams, for

“which ‘no.partial creditis given and no work is read, to’ help’ convinca’
_stixdents who think that they know the ma:enal bu: get lower grades'

than they deserve barzuse oi my unreasonable demands to reahze

By now-many who have been patient-enough.to read this far must’ =
~be: asking why'it is’ ‘worth: aocepung s0 ‘much’ sturm und drang fo
- aftain. such’a modest goal?. Why not. spend ‘the: tIrne ‘needed- 10
. ‘teach them how.to write: mathematics really well and assign aterm -
B paper’? “The: -answer-is_that-any, requrred course that f teach: has.
*.-.such a crowded syllabus: that | cannot ‘spend. the ‘time needed to e
“. teach them how 1o write at such a’ hlgh ievel wuhom Ieav:ng out .
", some of the fopics our depanmem is. ohhgaled 10 cover. ltis difficult -
i als0. to0 teach stodents "how 1o write ‘wellif- they regard wnung‘ ino
c _-E'sentences as the equuvalent of dresslng Up and going to;church at. "
“Easter time.’ _They can write in sentences. and domg 0 helps ther .
. -'break the ‘habit of domg rnarhemancs by throwing. som, ymbols :

3-_'descnbed above are’ ‘ihat s srmpler 10 ‘carry”
. w:der audrence and it always seems 1o work

5 mtroduce that are’not standard ‘must also .be exp!amed o quan i
"l" ied.. Make sure also, that ‘you upply an explrcn answer 10 each"

' PROBLEM 1.

. . - -

- that mey are deluding ihemselves Whrle xhrs helps a lmle. those
-that find that | will not choosa’ among muieple answers 10 a slngle _
. question or guassat the. meamng of an-ambiguous. answer getjust . =

"'as upset as thosa who object 1o having 1o write in sentences. The

upset- mrght be less it srmrlar demands ‘were’ made in lherr other '

-OOUI' 588,

' better than answar chackers, and who themsalves write poorly. this
" latter. cannot ba done..(l wonder if my oolleagues would usa this ; as
an.excuse if there were no students’ to grade’ homewurk ) Othars

‘plead a lack of time 1o sngage in: such a program desplte oy offer

'I have grven up on Iryrng to oonwnce my coll'eagues 2o adopt 1h|s_ -

Vb

to-help and:my claim that it saves time. | suspect’ thatthe real rea- : L
- son’for tha lack ‘of willingnass 1o rn3|st that students’ explain their T
.- work is fear of complaintsin'an ‘sra’ in whlch populanty is equated_-.:.:-' i

- with ‘good taachrng by $0: many col

j '-_anempis to 1each studenls how 0 wnte substanual :
w ;'mathemwcal tomes. lndeed when { teach advanced oourses To il
o students ma;onng in malhemau::s, a iot af my. efforts. are concemed R R
- with:,getting students ‘1o write in: paragraphs ‘On'those occasions™ . -
~_when:| wish to'collect a term’ paper, 1 have to spend even'more .\

‘time teaching students how ‘10-write. The: vmues‘ol the ‘program

wntlen and will make: ‘no:attempt to deduce what you' really' mean
orito: supply ‘missing steps or. logical- ‘connectives: Any syrnbols yo

Your explanahons need not be lenglhy 1o
sorna examples.

'dear. loonclude wnh :

Lt reaches a’ -

: l:work (homework ‘short. quszzes. and: exammauons) ‘soitisimper: .

_-'tant that you learn how 1o communicate clezrlyin wrmng Anyiwork o
you: submit for: evaluauon calls lor an lxplanauon of what you have e

" done with'the aid of complete, grarnrnatm!ly correct: Englrsh sen-
. tences. (Symbols abbreviale ‘English 'words or phrases and may

~.be used as:parts of sentences.) L will read exactly what you have

::'In partrcular I do nol' separale form from contenl‘ #1 cantunder_
. stand some part of your work, | will not slruggle to'read it, and your - :
.~ grade. wrll suﬁer acoomﬁngly' evan i you go[ the ngm' answer‘ .




LU 1'1;2
-_':-',SupposeA 0 2.4
' . 1

'-'-.Evaluate the determmant det A P

: : Sar:sfactory Soluiron

By 1he dlagcnal rule

T ,PHOBLEM a

.+3y+2y--1 o R L
o

-

S No axplanauon has been oﬂsred and the quashon has not hean B
: _--a.nswarad axphaﬂy Sl DR

: Safrsfacfo:y Solutfon A
M zay=0
i @ -3: + 2y = 1

—3

5 3

o Unsa!:sfactory Saiul:on ' -
f._'detA 6-40-30 = _4_.—58

o The work ‘has not been expla:ned and :here is no way for 1he reader S
"-_.___1od19cknsacwracy I :

—1-4:1-3:0-2
=6- 49 30 4
'_;=-68

(a) S= {yEV y”+y U}

) T {yGV y”+y'==}
__Unsat:sfactory SOIu!:on R ':' T

S --.:(a) (ﬂf + bg)" + (af + bg) = 'a(f” + f) + b(g" + 9)_

;ib._i j?ﬁ"(2-.z'_').""" :+ ﬁlf;'% 'z__-r; # o e

R .‘--:Symbols are. used wnhom defmmon Tha work :s crypuc Nenher":_
P questlon is answered axpl:ctﬂy L g o

iy _':_f,g €K lmply that (af—i-bg) € I\]

;..'-'dctA...l 2 3+2 '4 ( 5) 3 0 _1 -7(“5)(2)(”3)

‘Sahsfactory Solunon

{a) Suppose f and g arein S, and a and b are rea] numbars By o
‘the sum and. producl rules for derivatives, '

(af+ bg)" + (af+ bg) = ﬂ(f"+f)+ b(y" +9)
o ma0+b0=0

E _ -Hence S is a subspace of V :
) . S :(b) Let h(z) = . Then S
_ -:"_-_-:_By (1). T = —y; whenca by (2) 3y+ 2y =1, So y.= 1/5 N T

‘and z = -y -—_-—1/5 Thus the oniy such ‘vector is (z,y) =

L (~=1/5, 1/5)

e .PROBLEM 2.

[ h"(z)+h(:c)'-0+a:_z:
'-':"'sohlsmT But S

h"(::) * 2h(:c 2 ;é 5

i _so 211 s ot in T Thus T is- nol.a subspace of V {Note 1hat a:
“’subset K-of V is a subspace of Vif and only lf a, b E R, a.nd

. .',_.Stats whemer or, nol eaeh of Ihe followmg sels of funcuons is a'-r'_-' s R
. - subspace.of the vecior space V. of all rea[-valued funcuons of a: ST
*realvarigble. 7o IR O ROk,







Sectmn III

Wrxtmg Assxgnments

Suggested aSS1gnments for mathematlcs classes, somed'

;ﬂspec1f1cally ‘targeted at core mathematlcs courses ‘and some L
. .generally usable at any level; follow. . The four essays also = [ .
- “roinclude tips on- tlmlng of: a551gnments, gradlng, -and feedback'; PR
osbothito and: from. students.- The. list of. general exerc1ses 1s*g<s .
L not comprehen31ve, nor iis it lntended ‘to be. These : u*
s exercises are’ meant to: be adapted to. the needs and. de31res
coofithe: 1nstructor using them.: i The: Tmost . 1mportant factor is.
*g.j:feedback Remember, cadets aren't necessarlly used to. oo
oowriting 1n ‘their mathematics classes.. ‘To . learn how to wrlte;-h"
atgood’answer, ‘they!ll need to see good answers as. well as_?ﬂ'
-;;bad ones, and-: they 11 need you to tell them what 1s good or L
']?bad about each . : 3 . e - SR




R




'-g.them wnte by

R asstgnments

"~

: L:brary and Wrxtmg Assxgnments |
~-.in @n Introductory Calcu_lus Class _

L John R Stoughton'
g -”Hope Goliege Halland Mrch:gan

; Dunng the last several years the mathemaucs comm_unuy has o Ry
gagedina great deal of discussion concerning the, ‘taaching. of ca[- R

: :culus, (e'g ‘the MAA conferanca repons Toward a Le:

. CaJeulus and-Calculus for 2 New.Century). Over the Iasl"twanty o
thirty years the smphasis:of the calculus ‘course has shifted from’ -
- understandmg concepts 1o problem so!vmg L|slen for examPle 40 S

Lynn Sleen former pressdent of the MAA.

. '-[Freshmen eour_
'_ to commumcate

o wrestle wnth oomplex pr 'blems.

"does: é.ny of these thlngs ¥
' -";that d:rectlon but they are rare_.. R

"-'Thus whue Wa once. taugm concepts in the tlassioom and hoped- Eog
.- thal, asaby- product sludents would learn to solve’ problems today -
we:teach’ ‘probiem- solving’ and hope that eventually Swdenistwill -
T -Iearn the’ theory behind it aft, Unfonunateiy it rarely works: “Now, ..
- '-the quesuon is "How do we reverse this trend?" | believe that an.’ o
" -answer may come in borrowmg an idea fram our eolleagues inthe

- humanmes—r! you' warit students to understand: methtng.- _

i you: want students to understand somelhmg have g

' _-_them wnte about it

o Dunng the fall ot 1988 1 taught wo sections of intreduclary calculus - -

‘- inwhich students were given fibrary and writing asstgnments Each o

. student was given: Awo ‘assignments, the' first“concerning’ a top:c_--'ﬁ:' KT

L irom precalcilus: and the second on = lopic in calculus. They were. ..o

i - instructed to research their topics, (vna either textbooks which 1 had

. put on reserve in the hbrary or their.own h:gh school or.ather lexis)

cuc ang then 10 paraphrasa their; research a term paper whlch wasio

. be written in a clear, concise, readable iashlon. 1 emphasrzed that .
it mustbe techmca]ly correct. They were.also 16 wirite. a paragraph

o 3crmqumg -each of the laxtbooks Irorn Which mey read

S : y ssig o
e be on'a lop:c from preca]culus First, l wanted 1hem 10 do it early

inthe semesler, whlch meant that it weuld be before mosl of them

~had been introduced to siich calculus topics as limits-or derivatives. -
. $econd, | wanted them 1o write their firstpaper on'a topic they felt |~ ~* "~
-.they already undersiood, and hence a loplc with- wh:ch lhey dig not' R

feal too uncom!onabie

' _.j-Dunng 1he Itrst day of- classes 1 totd the: sludems about the two ;

should] help sludems leam ™ thmk clearly.' B

the calculus: course-of loday’ mat
ord prob[ems are a small step in.u

2. Inequa]mes. Dtscuss the propames ot mequalmss and lhe m-_ o

- _;___ten.ra.l notation for. solutlons to inequaliies, Outline a general
* ‘mathod.for solvmg quadrauc {second degree) :nequalmes. Be

L __;‘surs 10 include a discussion of the difficulties involved i inmul:
- iplying or dl\'ldlng an |nequamy_by an unknown quanmy-or- .

Functlons Gwe lhe del‘ nmons of a refauon -and

“tha: domarn and range ‘of a Tunction "3st'
verse iuncuons. : :

4.0 Syslems of Equanons Deﬁne a; lmear ‘equation’ S
_*_“knowns. State and ilustrale a'general method for solwng two
* * linear aquations in two unknowns. - Discus why this method o

: _';mtght not work for nonfnear equahon i :

Ab_solut ‘Value Gwe h de.mm aof absolute. value Discuss’
soma of the properiies of absolute value (e.g., |ab] = Jaf18h. -
“ Also dlscuss the relationship between absolute: value and rad-:-
" dicals, Tell how absolute vaiue is. related to dista ice ona nu

anslatlons and Sire.chmgs D:scuss ve

.Compare the ‘graph of y = _f(z) o the’ graphs of .
_'f(‘w) y=f( &
and b,

-f'i_FlauonaI and Irratlonal Nurnbers Def’ ne'ra onal: and lrrauonal'
T numbers Prove that \/5 is |rrat:onal Whl(:h ratronal numbers_,

- assignments they would be given and- briefly described what would - vaek

- be. expacted ofthem: At the and of: the 1i rst week ! handed out lhe . }'

i following Tist ef ‘topics. fromi-

wand its. reIauan 1o 1ha roots oi a. quadranc equahon R

Compleung lhe Square and the Quadralic formula, lnclude a.
<+ short d:scussron -of the' method of compleung the square and
- rthen show hew that rnethod is Used- 1o denve the quadrauc".'f_
" formula as the solution(s) 1o tha: general quadratic equation,
+az?4bz-Fe = 0. Alsoinclude a discussion ol the disctiminant

" :-'The students ware told to write an article of trom two to fourtype-. .
" wrinen pages on Iheir. assigned topic.' | ‘emphasized that the arlicle
i should be wnnen in the student s own words paraphraseng but not'-

1o assagn a dnﬁerent top:c 1o each slt dem but obvaously lhere 'Ere"- S
- far rncre stud ems lhan toplcs.

‘(give exarmplas 1o illustrale the: differanice). Define an: ‘discuss
compasne ano’ e

' :-_'-'_.cal and horizontal Iranslaiions; vertical and horizontal stretch- - =

] actor:ng Tnnornials. Dlscuss your favorite method.of faclor- -
CUinga trmom:al into. \he product oI two bmomrals. Also state.f' L



copying the texts that they read. - encouraged them 10.try 10 Fe-. 7

membar_the problems or frustrations they ‘may have. encountered

- when they were first introduced to the topic in high school, and to -

- “write as though they were writing a portion- of a textbook with the
- aim that other students be abla 1o read and understand. it. 1 en-

¢ couraged them ‘io think of ‘a younger brother or sister. who might -~ -
. "ba studying the iopic this ‘year, and to ask themselvas what they - . -
“_might write 10 help that younger sibling. galn a deeper insight and - -
- :undarstanding of thal topic. Talso ancouraged them 10 supplement
- their artcles wit axamplos, graphs, or lusiations 2 long as they
- Were:sure to label carsfully. Finally | reminded them 1o write a para- . C
-~ graph reviewing the ssction of each textbook from which they read.
" | .emphasized-that they should discuss ‘what they liked as‘well as. - =

. ~whal they disiiked about sach book. .

| encouraged them 1o.think-of a you nger brother of

-sister who might be studying the topic this year, -

- and to ask themselves what they might write to'help - -
erinsightand under- "

. that younger sibling gain a'deep
di :

) - -standing.of that topic:

. | mustadmit that at first was apprehensive about grading their pa-
oopers.i have taughtintroductory calculus snough now that ifestvery
- comiortable about making examinations for arly and all parts of the

' course and about assigning grades 1o the resulls. However, grading
term papers was a whole new’ experiencé—one for which | di
- feel panticutarly well prepared. -But while't.

. sefiously and did a good job; some of the papers obviously. had -~ .
For.
-+, example, four students from the two classes were assigned the -

. topic of factoring trinomials.” Three:of the four wrate a page orso
. -carefully outining the "FOIL* method that they had iearned in high
. school, 'supporting it with two or three examples, then 'cUtliried other © . :

- -methods they read about i precalculus books, discussed themore .

 general problem of factoring polynomials, stated the factor theorem,

*- been’dane the night (pechaps even’ the_hour). before. class,

3. Tangent Lines.- Give-your owh pedagogical description: of -

id find myself agonizing -
over some.of the papers (how much original thought was involved
here? how much cradit should | give there?), by and large the grad-  ~ ~°-.
ing went smoothly. While mostof the students took the assignment. -

The second assignment was made mich later in the ‘course. After ( -
about the tenth week of tha semester | handed out the following list - = ™
- of topies: . i ot T e T T T

.. 1. Limits. - Give the-definitions of-the fimit of a finction, ‘one- ",

~sided ‘imits, and infinite. limits: Give your own ‘pedagogical -
 description of what a limitis and how to find it.- Use the defini- . -
tion 1o give a careful proof of alimit problem (a.g:, prove that:
lime 33z + 1) =1 L
2. Conlinuity. Give the definitions of. continuity of a functionata - - .
. pointand on a seL. Give your own pedagogical description-of ..
~'the:meaning of contintity. Use the definition to prove that the. :
. ‘compasition of two continuous functions is continuous; :

secant lines ‘and  tangent lines. Give the. definitions ‘of tha.

- slope of a secant line and.the slope of a tangent line. Show .-
. how this leads naturally fo'the study of the derivativ

;_4.'."-lnst_afmahe_bu_s}iv_elthy;..fGi\Qfe_:y_m_Jr__oir}n"p_edagb cal descrip- -

~. . tions of average: and instantaneous velocity. Then'give'the. . -
- definitionsof each.and show.how this lsads ‘najurally’ fo-the,

study of the derivative. - % i i

5. Derivatives. Give the defirtion of the derivalive, Give soveral: -
- . ‘examples. Include a discussion of drcumstarices under which'’
Losthed erivative. fails; 1o ‘exist Sl_a_l_é- ‘and:prove.thé prod uct Tuie:

" for derivativ

-6.  Relative Exirema, Give the definitions of (relative) maximuin .
.. and minimum values of a funct scuss increasing and
- decreasing functions. ‘Then'give a general discussion of how :

o find maximuim and minimum values for a function

Concavity. Define the concepts of‘a fuinction being cocavi
upward and concave downward. - Give a gerieral discussion
- of -how 10 find where & function is concave Upward, concave |
‘downward and points of inflection. . T e

and discussed, via examples, how it s used in factoring. They.con- St
“cluded ‘with one “or two ‘paragraphs of criticism of ‘the books they '

had fread. :The fourth paper, howsver, which was about one'and . g
- & halt pages .in ledgth, quickly discussed the "FOIL® méthod o

. examplas) with several:incomplels sentsnces. and even'mare in-
- “eomplete thoughts. There was no discission of the factor theorem

-and nio indication of which, if any, books he had read in researching -~ 10.

. the assignmenL. I was no
..that paper.”

+ Ancther problem in grading these papers wais that the assignments
. themselves varied in difficulty. For exampla, the students who were -~
- assigned 1o write about rational and irrational numbers encountered .

- the topic of synthetic division-because I had"run out of ideas.. 1

- knew.in-advance that it would be'difficult for students o express =
any clevernass or originality with this 1opic, and 1 had 1o keep that =~ | - -
in mind as | graded those papers, | should say, however, that one.” -
-0l the best papers | recaived was written on that topic. Allin all the

teading and grading of these papers did take up a fair amountof
€xtra ime on my part, but the grading was not as difficult as | had - -

; -'_a.hﬁcjpated'.- T

“more problems than the others. With a fittle help they wera ali able ' .

‘1o read and do.a rsa'sonéble_jdb‘_pairaphrashg"a__-pr’do_f_.'thatf\/f'is SRl s e R

- irrational; but none had a guess as 1o which rational numbers have - 12 - past Uppsr Bound Axiom. Give the definiions of upper and

- dedimal expansions: that terminale’ and which ‘ones have axpan: . -,
sions that repeat_’ Al the other end of the spectrum, Lonly included

gitof

1. The Mean Valus Theoram. State and prove Rolls's theorem, ~ =+
- Slate the.mean value theorem and give yoir. own pedagogical -
.description of its :jn;aani_ng.-_-I_IIL';;tr_ate-.wim,_a)_;a_mplés' i o

. lower bound" for.a set of numbers.: Give examples of sets
-which are. and are not bounded. above. - Define- laast. upper.

‘bound and greatest lower bound for. a set ‘of numbers, Give
. -examples. of sets which do (do not) contain thelr least upper.
‘bound. Also state and discuss the ‘Archimedéan. roperty of

. real numbers.

A weekorsolaterl madathe :ndiwduai .'!._(;.)p_l!‘.;_ assignments and they o .
were given two. weeks to.complete their'papers. ‘Since by this tme -
- we had :bdvaraq..-aach'_b_f: ;hgé)a_'t_opit__:_s_ in"class. and.they had-bean =

- tesled over that material, emptad: to make: topic assignments "t




“coincide with wea.knessas as. observed on 1he:r tasm' excapt ﬁmat o

again | triad 1o ensura that, roommatss, friends, or others who might
ba tsmpted o wark logether wera assrgned dlﬁerent toprcs :

S n my orat i mstrucuons lo lhe studems I emphasrzed that whlle 1hesa'_
: -','.(second) papors nead not'be any longer than the first, | did expect - "
- them to research their topics much more thoroughly lalso strossed .-

- “thal. ahhough lagain wanted them to pafaphrase and not copy from - -
... .the 1extbooks. they. read, it was very important that their writing be'
o tachmm]ly corract. | warned them that thls wou!d ba graded rnuch 5
Lo more stncl]y than in the itrsl papar. _;_ oI :

. indaad i did obsarve sigrifi cant improvement in; the quamy ol writ- -
ing'in the second -assignment.’ ‘Not only-quality, ‘but quantity. as well.
Most of the papers were quite a bit longer than'| had required. The = -
. average length was more than six pages. “But what | found most .. -
_imtergsting was their wrman evaluawns ‘of the textbooks from which |
“they had read. In the first paper the vast majomy of the criticisms .
... "Were posilive—some even hrghly posilive, 'However, in the sec- == -
.. _ond assignment many were very harsh in their eriticisms of thefirst & 0 o
- book from which they read and progresswe!y less so with-the'sec-/ - F 7
 ond and third taxis: In fact, many had great praise for tha Jast text. . "
. -Sinee I had put only sight calculus books on reserve at 1he library, =
. -and since each student selec:ad ihem more or less at random fand 0
"7+ in random- order) ‘the 'same book was saverely raproved by some .o
“‘ang hrghly praised by: others_:In retrospect | believe that most slu- - .
-+dents had dlﬂzcuity undarstandrng ‘what they were raadmg the first -
time they réad it, and held the author ol -their. first text acooumable o
‘= Then -as their oomprehensuon began 1 rncrease. the seeond and S
S th:rd texts rmracu]ously became more readable. G ';

Ll -Al the: end of the semester I asked each sludent in these mtroduc-ﬁ, L
. "10ry courses to write a paragraph givifig their reaction 1o the writing * ** .
- assignments. In’ general their comments wera very| posmve--some- -
even admmed to havmg !earned some!hmg For examp!e s

[ Irked 1he rdea anhough l‘d never heard of wrmng a paper m. 5 :
-maih befere. 1 Iearnad a: Iol from lt. 3 1hmk itsa geod ldea -

5 o helped us understand ihe matenal bener--—and it wasn't-._
as, xf lhey were blg, huge lerrn papers as in Enghsh and such: N

about cenam concepls the wrmen tasts sul[ smphasnzed prob!ern ‘-
. solving. The real test of the effectivenass of this project will coms
" _when and if thase students decide 1o bacome mathematcs ma-

- jors and take our upper-dmsron COUTSes. Hopatully, their wrassition -

g rst: Hhought a term paper for. wlculus was a siupld ideas T

o 'lts suﬂ not my favome part of lhe dass. but it d‘ d help a bll ol __ .

“mula’.’.. I've really learned the reasons behind.the equalions.

ha s serrously cons:dermg |t.

~learn ffom the: papers 1.wrote, but | don't think it’ made much_'
dlﬁerence in learnlng fo soive caicu]us prob]ems R

."Thrs prolect was not mtended 10 hava measurabla shorl-range‘f
S osUccess. tin fact, the. inal ‘grade. point-averages “from. these two - v
classes are not s:gnliuzntly diflerent Irorn other 1ntroductory calcu--
.2 lus classes | have taught. “This is not surprising to me. The purpose
. of lhe assrgnmenls was w encourage sluden!s to lhlnk more deaply-

: ."-.'When I frst heard aboul terrn papers in'a ma:h wurse Iie]i'-' RN
s that it was fi rsumpossxble andsecond pomlless. However the .~
;. papets | wrote-have giveri me a much betier understanding of
i the concepls we swdied. Up unil this course, | did my math =~ -
" by memorizing formulas and equations without really knowing .~
" what was, aclually going on. Now that ['ve had 1o explain a for- ©

n 1ac: Cve'told my high sohoot Ieacher about zhls idea and y b (RN

lmusl confess, however that not all the cornmen!s were posmve ST '
"_"'_';Wmesslheiollowmg Y TR . i

o !thmk 1hauhe papers were unnecessary and Ihai tha smdents Rt i
. time should be used o solve calcilus problems instead, | did

-from the caleulus and other lower-d:wsion courses “will be;much ...
- smoothar than is the experlence of most of our students. However, = .
in order that this smooth transition bacome a reamy, I'bslieveitis -~ -

-important that we ‘begin teachlng students 1o wnte mathernaucs At

+* 2l levels ‘of the curriculum for. the major.: These ‘iypes of writing
o 'assngnmems can be mcluded in-all levels of calo.rlus -courses, not’ ¢

. just the introductory course. " Also, they could be implamented in” -
. such sophomare courses as Enear a[gebra dlscrete mathemancs, a

e -and dztferannaf equauons i . E







40 TA very small group ol my studems mrghl aclualiy carry out ai: e
© statistical stedy-themselves. They would almosl cenamly use. .
acompulter to carry out the mechanlcs of dala slorage edmng. L

-and. anaiysrs L T o

5 "Usmg Wrrtmg to lmprove .
© Student Learnmg of Statlstlcs

Robert W. Hayden g
o Plymoulh State’ Collage Plyrnoulh New Hampshlre

5. An‘even smaller umber.of. my sludents mlght'one day nsed . -
. 10 carry’out a large scale stalistical siudy while strandedona .
; f'-oesen island, or al-a remote wilderness Tocation, or-in'some -
" other : situation in ‘which a computer would ba unavailable. -

L 1all'you-abo ‘ha '9"99"3“"9 lhat first 5h°“'9d "“E ‘h" “99d e Thess swdents wauld need 1o know how lo perform lhe oom- ol
Seior student. .wiiting iin ‘applied  statistics.. 1 had-set an exammauon_':_:i U "”'putallons by hand b _
: -_quest:on that requ:red my. studenis 1o; doahypolhesrs test; ftended: -

o with:a: poorly wordad :question that students. lnlerpreted in-a vari- -l we [ook at mosl slanshcs_books and mosl stansllcs courses we:'_-' o

o ety of ways. Some slmply provided the resuits.of: their calculations . find them organ:zed as'if my last group ‘of students wera the norm. - 5
along’ with & number. they had: extracted from a stalistical table." . Indsed, the whole pyramid is inverted. Few texibock problems deal - ",
- Others included some jargon about ‘rejecting the null hypothesis™ - with meaning or interpretation; something everyone néeds to know -
~ ~whilg others’ staled -a conclusion in- more practical.terms; such as '_.'-abou:. lnstead ‘most deal wuh _mmpummaj lechn:ques that lew.i e

' Bt lhe tested drug_ls probably more effectnre than: 1he standard treat-"-' o
- ment.” ' Some students. prowded two or éven all three of lhese re-.
' sponises. Of ‘coursa, all thrae’ constitute testatements of a smgle i 10! ,
“factin: different Ianguage Unlonunateiy, I leund lmle ‘or no ‘corre=: = jon However. my new found rdeahsm was llmpered S
; _a_tron between: the different answers of: students who ‘gave: multlple : .'by a basrc fact of schoohng the sludenls won't léarn, anythmg that -
L _-_answers ‘I the” numbers: clearly indicated that the null_hypothe- - .does notappear on me exams. The' s|rnple conciusmn is that quess’. oL
“=- 5is should be rejecled ‘of the Trealment: declared eﬁecuve students 7. tions involvmg meanmg, evaluation,’ and mterpretahon must appear.'.i;
i _"were Just:as:likely.1o 'say. xhe opposrte, even when thelr compula--' "*"on the exams. Once we reach this conclusion, the need-for writing St
" tions were-perlect[y cort Sl s obvious: the ‘answers to questions of meaning, “avaluation, and’ "
-'-_rnterpreralron are’ verbaa' nol. numerrc Thus wiiling’ becomes nol'___." SR
-7 just another subject 10 teach, nor even & 1oal for achlevmg wadls "o
. tenal goals but- ra:her a necessary palh to deveioptng hrgher level U oo
- -‘QUanmauve skﬁls. E : L . S

- '_ ';_-'_Reilechng on my sludenls answers l reached a number of oonclu-_.; .
'smns. S { - '

‘Since lhe:r final
m:ghl ha\"ﬂ reached via'a 'simp

: ".-These. ihen, are the valie and : : perlenoes lhal have shaped my- Sy
'_mlerest in erng Across:the GL ;
: -some of the pracudel probl' i

own ThBlf texlbook spem pages: and pages showmg thiem
worked: examples -of how. 1o ‘do'the cempulanons butfar less_'
. 'space discussing:: ‘what ‘the: compulallons meant Exercises _:- y- [
E ;_,asked them 10, perform computations, ‘but. rarely asked: lhern ji'and rnampulanve skrlls Your besl sermons wull therefore have' no [y
e exp[arn thelr.results.” ‘Rarely. were they required. 10 selectani effect 'ycur sludenis wlll all fail 1_hat nrst exarn when you ask I
appropiiate. teohnlque “The appropriate technlque was alwa f hey i
whaiever lechmque was; descnbed Ia.st o :

-ied lo some S 'ous thought 'bout what .my.students: needed:

5 with slausucs after. graduatlon E| med 16 order lhese needs on lhe‘ g LA . :
-The f rst lhrng you need !o ohange is your leaoh:ng. D

e basis of how many:of my. ‘students n'ught have’ :hem 1 hope you - RERES
" will pardon my listing those neads here, because lhey are relwam e _-meohamcs. *Assign’ only enough oornpulahonal problems 10 get the_ R
o, a]i kmds 01 *book Iearnung o 3 -ideas across. Keep thie numbers very simple, ‘Encourage the use.-

S e : soof czloulalors or. compuiers. for any computations beyond.the bare ot

-1.' 'V'rtually aII of rny sludenls ‘would need 10 evaluale quanma-' LY n-nmrnum needed 1o grasp the concepls.: Spend lois of class ime'on
T i ive mlorrnat:on presenled 1o themin: newspapers at:zoning .\ - -|merpretauon and meanmg. Prowde sample Iesr quesrronsl These E

- board meetings, byrherrdoolor. orbynumerous olhersources‘ P :

'These students need.to know what a median or.a standard
_:de\nauon is ‘or.means. They.naed 10 know the sirengths ang "
: weaknesses qof l.hese numbers as summasies. They need A
""heallhy scepuc:sm loward quanutanve dalrns : oy

. A smaller group ol my sludents would need o evaluate IhE-_:.
. ‘mieaning and propriety of mors technical statistical technlques'__ o
~that mlght be used by researchers in lherr own fleld .

'exam lndeed you w:ll ﬁnd 1hat they wil __ma.lly, but’ very strongly,-'_
rasist changmg thelr sludy habits ‘at all.. There: really isnot'much = -
Sl .- you can do, about thal ‘excepl. 10 fail lhose who do not perlorrn ar i
3. A still srialler group of iy sludents mlght need 1o avaluale_i ' 'the level you desire, Things will improve as word gets around and =~ * 7.
AL stauSuc-a] work done by subordlnales or prev:ded by oonsul-'-_ o sludenls enter- your dass with “axpéciations’ already lempered by‘_- T
-.tams... S . : BT




' Then :here is ma maner of wmrng exam quesuons Stant smali
Problern i on Exam1 should not be e Lo -

Cornpare and contrasl the melhods assumpnons, uses and
-histories of - paramstric and nonparametuc statistical tech-
7 niquas, gavmg spedial attention io 1he|r |mpact on the melhod
o ology ot the socral scaences :

- A more reasonable sian rmghl be.

For Ihe dalaa 1 41, 21, imd the mean; mode, and meo_' an.
Whrch of these would best surnmanze ihls da:a" Why" i

S!nce many of. my readars rnay not Ieach stalrstrcs 1do_not want_ .
o g:ve funher statlsuczl axamptes ere The prmetples should be:

.c{ear

) 'Keep in mrnd rha: the main’ goal is: to force ___he students’ to'#un :

- Forcing them.to write'is just 2 1ool, a way o ho d.them aocountab]e"i? -
Jfor: thoughL You.do not have 1o make them write a lot of: words: * p
-'as long as you get them 1o thmkalot of: lhoughts. One-semence Lo cHerpretal

answers. may meet your goals."' Is
5 --wrmn _rna 0

--Or even

Inlerpret the slope in y-_ 2:: + 3

. _'_You rmgh. asI\ i e : i
. How much does y change ior a umt mcrease :‘ £ when
2z 3" s ST -

_Now lhe answer is 'a srngle number—-much easrer to gr
:student-wntten senlence or: paragraph on the subjec

SOm" mes tee ors.are d soouraged by the. quality o writing they :
“geL; o d:soouraged irom askmg for: wnnng by fears of: wh_at-'they

- ‘might.get. In my.experience, lack of imastery of subject matter:
~far outweigh any writing flaws. indead, you. rriay discover lhat you

.- students know far lass than you thought about the meaning of those

. numbers you taught them-to calculate, This.can be taken as a sig
- of sither the futility or the importance. of you

~one-communicates: Well wh '
-_._rlhey are 1a£kxng about :

_wrmng by fears of what they mrght get

Yet. anolher rssue :s graadlng siudem wriung Here my soluuon rs"_ o

as srmple asiitis radlczl “don't.- grade studanis. only on-such -\

; .knowledge af statistics as 1hey are able 1o communicate 1o me. As *-/ .
long as their- mas!ery of the' mechanlcs is good enough so | m

_aocept.} Ambrgurty or vagueness is taken asa. sign. of uncer:amty
and ‘cosls points. So do irrelevancies. | insist that students read”

o 3-! have been wrmng asif: alt the wmlng ! requrre !s on:sxams. :

-+ is very neady trua, Remember that I'am trying to dind: ways 1o gel' L

- students:lo thmk and ways to hold them accountable for ll'unkmg. i
* ‘and exams are the ultimate : accountant. ] have. expenmented with 7

L pro;eets whara: students analyze a salof data and wrile upareport,’
- but Thave had lass successwith this: :Just’ worrymg about\what the
».: numbers mean'is &’ wrenehmg change for many stidents. Asking”
- them o eonsrder the meaning of dozens of numbers and rntegrate B
.. :them'into a report is really 100 much 10 ask at the' ‘beginning. Per--' s

i haps thls will change. as ‘other: |nsiruc:ors espeaafly those'i ln the = .
tart'to- emphasize meaning and .-

“books. r_nemronedearher tha' reaproczl relation between readmg :
"and writing: Students are more likely:to. write well'if their own text-
: '.'-book does so. Of course; the: text should: also support your empha- "
S sis understandmg andmierpretauon while not making unrealistic ECRTSEE
.assumpuons about your studenis a!gebrarc skills or reading level.:. "
i find Stegels |nlroduetory siausnes lext to be excellen!'-frorn thls
3 pornl of view, . :

| your: work, dependmg on’
your: ouuook on dife,” You should work on teaching’ “your: drsaplmef
' unil the oonlent 0 lhe answers is: better than the .expression. In -
E 1he process' you ) will find that lhe expression improves by itsell. No :

. knowmg A decade ago a.!most all thelr attenuon was devoted
e not the faintest idea what -

~the parts fsast worth knowrng. :F cannot-quantify that chianga, bur 1
“-can tell you it is.a very imponiant; «changs, ‘and.achdnge that'could:

'_ i onl have been Jbrought about by making studsnts write.
‘ Sorneurnes teachers are discouraged by the: quahty-.-----: y e Y g-

" -of writing they get, or discouraged: from askmg for: Ei_

the question carefully and stick to it. Indeed, the biggest problem f

“find {other than lack of knowledge of stansues} is fallure to answer ; .
. the guestion asked Th|s of course lS a problem of lhought rather .
g -.than synrax . . : .

high: schools and grade schools;’

Sl anage of assessment and aoooumabrlrm perhaps I should dose_' 5
o --'wrth some son ol eva]uauon ‘of the suocess.of what:

P. Gonnoily and T V'lardr, Wntrng io Leam Mamemalrcs and Sa- ’ i

ence, Teaehers College Press, New York 1989

“understand what they arg’ saying, they can get full credit. The only . el

j -grammaucal adv:ce 1 ever give'i
Swith'a pronoun Many of my students are as. anxious about’ gram-
-~ mar-and. punctuauon as: lhey are: about malhemaucs and statistics
-For. bener or'worss, I Try'lo: handle thrngs 50 ihey never notice thi
- wiiting in/he course; ‘My exams:are what: they_a're to; reﬂeet wha
stalistics rs_about not t0 reﬂecl whai wmlng is about. 5

However lhere are'some thlngs on lhe border fine. belween' sxahs-.

Never start your first sénience -

_-_ucs and rhelor:c that.l'do take: into aoeount. L preler shon. direct o

answers. (Oflen studenls are amazed a: how short an answer Iwrll. S

mean 'forej started askrng them.. Based
“oni‘their. answers; o‘unng the:brief. transmon period, ‘belfore they,ex— i
pecied: such quesuons on exams my suspncron s ihat-_'n ! B
‘dawned on'them that ‘a siandard deviation had a meaning. I was ST
‘justa cue-word used 10 Paviovmlly sumuiate a:cartain compula— S PR
_f'tron. On the oiher hand l have ohen noucad lhat mamlmauuansj__ L

at o




