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Abstract

This paperdescribesa generaframevork for designingpurely functionaldatatypeshatautomatically
satisfygiven sizeor structuralconstraints.Using the framevork we developimplementation®f different
matrix types(eg squarematrices)and implementation®f several treetypes(eg Brauntrees,2-3 trees).
Considerfor instancerepresentingquaren x n matrices.Theusualrepresentationsinglists of lists fails
to meetthe structuralconstraints:thereis no way to ensurethatthe outerlist andthe innerlists have the
samdength. Themainideaof ourapproachs to solwein afirst steparelated but simplerproblem,namely
to generatethe multiset of all squarenumbers. In orderto describethis multisetwe emplg/ recursion
equationsinvolving finite multisets,multisetunion, addition and multiplication lifted to multisets. In a
secondstepwe mechanicallyderive datatypedefinitionsfrom theserecursionequationsyvhich enforcethe
‘squarenesstonstraint.The transformatiormakesessentialiseof polymorphictypes.

1 Intr oduction

Many informationstructuresaredefinedby certainsizeor structuralconstraintsTake, for instancetheclass
of perfectlybalancedbinary leaf trees[10] (perfectleaf treesfor short): a perfectleaf tree of height0 is a
leaf anda perfectleaftreeof heighth + 1 is anodewith two children,eachof whichis a perfectleaf treeof
heighth. How canwe represenperfectleaf treesof arbitraryheightsuchthatthe structuralconstraintsare
enforced?The usualrecursve representatioof binaryleaftreesis apparentlynot very helpful sincethereis
nowayto ensurehatthechildrenof anodehave thesameheight. As anotherxample considersquaren x n
matrices[14]. How do we represensquarematricessuchthatthe matricesareactually square?Again, the
standardrepresentationisinglists of lists fails to meetthe constraintsthe outerlist andtheinnerlists have
not necessarilfthe samelength. In this paper we presenta frameawork thatallows to designrepresentations
of perfectleaf trees,squarematrices,and mary otherinformation structureshat automaticallysatisfy the
givensizeor structuralconstraints.

Letusillustratethemainideasby meanf example.As afirstexample we will devisearepresentatioof
Toeplitzmatrices6] wherea Toeplitzmatrixis ann x n matrix (a;;) suchthata,;; = a;—1,;—1 forl <i,j <
n. Clearly, to represeng Toeplitzmatrix of sizen + 1 it sufiicesto store2 x n + 1 elements.Now, instead
of designinga representatiofrom scratchwe first solve a related,but apparentlysimplerproblem,namely
to generatehe setof all oddnumbers Actually, we will work with multisetsinsteadof setsfor reasongo be
explainedlater. In orderto describanultisetsof naturalnumbersve employ systemsf recursionequations.
Thefollowing system for instance specifieghe multisetof all odd numbersje the multisetwhich contains



oneoccurrencef eachoddnumber
odd = {1§w{2§+ odd

Here,{n§ denoteghe singletonmultisetthat containsn exactly once,(w) denotesnultisetunionand(+) is
additionlifted to multisets:A+ B = {a+ b | a + A;b + B§. We agreeuponthat (+) bindsmoretightly
than(¥). Now, how canwe turn the equationinto a sensibledatatypedefinition for Toeplitz matrices?The
first thing to noteis thatwe areactuallylooking for a datatypethatis parameterizedby the type of matrix
elements.Sucha typeis alsoknown asa type constructoror asa functor*. An elementof a parameterized
typeis calleda container The equatiorabove hasthe following counterpartn the world of functors.

Odd = 1d](Id x Id) x Odd

Here,Id is theidentity functorgivenby Id a = a. Furthermore(|) and(x) denotedisjointsumsandproducts
lifted to functors,ie (F, | F2) a=F; a| Fy aand(F; x F») a=F; ax F, a. Comparinghetwo equations
we seethat{ 1§ correspondso Id, (W) correspondso (|), and(+) correspondso (x). Thisimmediately
impliesthatld x Id correspond$o {1§+ (1§ = {2§. Therelationshigs verytight: thefunctorcorresponding
to amultisetM containsfor eachmemberof M, a containerof thatsize. Forinstanceld x Id correspondso
{15 + {1§ = {2§ asit containsonecontainerof size2; Id | Id x Id correspond$o {1§ {1§ + 1§ = {1,2§
asit containsonecontainerof sizel andanotheroneof size2.

Functorequationsarewritten in a compositionaktyle. To derive a datatypedeclarationfrom a functor
equationwe simply rewrite it into anapplicatve form—additionallyaddingconstructomamesandpossibly
makingcosmeticchanges.

data Toeplitza = Cornera| Extenda a (Toeplitza)

The left uppercornerof a Toeplitz matrix is representedy Corner a; Extendr ¢ m extendsthe matrix m
by anadditionalrow andanadditionalcolumn,both of which arerepresentetly elementsFor instancethe
4 x 4 Toeplitzmatrix (a;;) is representetly

Extenday; a14 (Extendas; a3 (Extenday; a2 (Cornerayy))) .

Of course thisis notthe only implementatiorconcevable. Alternatively, we candefineoddin termsof
the setof all evennumbers.
odd = 1§+ even

even = ([0§W {2§+ even

As innocentas this variation may look it hasthe advantagethat the left uppercornercan be accessedn
constantime asopposedo lineartime with thefirst representation.

data Toeplitza = Toeplitza (List2 a)
data List2a = Nil2 | Cons2a a (List2 a)

Easierstill, we maydefineodd in termsof the naturalnumberausingthe factthateachodd numberis of the
form 1 + n % 2 for somen.

odd {15 + nat= {2§
nat = (0§w{1§+ nat

1Cateyorically speakingafunctormustsatisfyadditionalconditions se€[3]. All thetypeconstructordistedin this paperarefunctors
in the catgory-theoretichsense.
2Examplesaregivenin thefunctionallanguageHaslell 98[15].



Thefirst equationmakesuseof the multiplication operationwhich is definedanalogousliyto (+). To which
operationon functorsdoesmultiplicationcorrespond¥e will seethatundercertainconditionsto bespelled
outlater (x) correspondso the compositionof functors(-) givenby (F; - F2) a = F; (F2 a). Thefunctor
equationgerivedfrom oddandnatare

Odd = Id x Nat- (Id x Id)
Nat = KUnit|Id x Nat .

Here K t denotesheconstanfunctorgivenby K t a = t andUnit is theunittypecontainingasingleelement.
NotethatK Unit correspondso {0§. Unsurprisingly Nat modelsthe ubiquitousdatatypeof polymorphic
lists.

data Toeplitza = Toeplitza (List (a,a))

data Lista = Nil | Consa (List a)

Thus,to storeanevennumberof elementsve simply usealist of pairs. Thisrepresentatiohastheadvantage
thatthelist typecanbe easilyreplacedy a moreefficient sequencéype.

Next, let usapply the techniqueto designa representatioof perfectleaf trees. The relatedproblemis
simple:we have to generatéhe multisetof all powersof 2.

power = {1§w powersx (2§
The correspondindunctorequationis

Power = Id | Power- (Id x Id) ,

from which we caneasilyderive thefollowing datatypedefinition.

data Perfecta = Zerm a| Succ(Perfect(a,a))

Thus, a perfectleaf tree of heightO is a leaf anda perfectleaf tree of heighth + 1 is a perfectleaf tree of
heighth, whoselearescontainpairsof elements.Note thatthis definition proceedshottom-upwhereaghe
definition givenin the beginning proceedgop-davn. The type Perfectis anexamplefor a so-callednested
datatype[4]: therecursve call of Perfecton the right-handsideis not a copy of the declaredtype on the
left-handside,ie thetyperecursionis nested.

As the final example,let us tacklethe problemof representingquarematrices. We soonfind that the
relatedproblemof generatinghe multisetof all squarenumbersis not quite aseasyasbefore. One could
be temptedto definesquae = natx nat However, this doesnot work sincethe resultingmultisetcontains
productsof arbitrarynumberslincidentally nat* natis relatedto List - List, thelists of lists implementation
we alreadyrejected. We mustsomehav arrangethat (x) is only appliedto singletonmultisets. A trick to
achievethisis to first rewrite the definition of natinto a tail-recursve form.

nat = nat (0§
nat n = nwnat ({1§+n)

Thedefinitionof nat closelyresembleshefunctionfrom:: Int — [Int] givenby fromn = n: from(n + 1),
which generatesheinfinite list of successie integersbeginningwith n. Now, to obtainsquarenumbersve
simply replacen by n x nin thesecondequation.

squae = squar (0§
squag n = nxnusquae ({1§+n)

3



Using this trick we are, in fact, ableto enumeratehe codomainof an arbitrary polynomial. Even more
interestingthistrick is applicableto otherrepresentationsf sequencegswell. But, we areskippingahead.
For now, let usdeterminethe datatype<orrespondingo squae andsqua¥’. Fromthefunctorequations
Squae = Squar (K Unit)
Squae f = f.f|Squag (Id xf)

we canderive thefollowing datatypedeclarations.

type Matrixa = Matrix’ Nil a

dataMatrix’ ta = Zemo (t (ta)) | Succ(Matrix’ (Const) a)
data Nil a = Nil

dataConsta = Consa(ta)

Thetype constructordNil andConst correspondo K Unit andld x f. As anaside,notethatNil andCons
areobtainedby decomposinghe List datatypento a baseandinto a recursve case.Furthermorenotethat
Squa¥ is not a functor but a higherorderfunctor asit takesfunctorsto functors. Accordingly, Matrix’ is

atypeconstructorof kind (x — x) — (¥ — *). Recallthatthe kind systemof Haslell specifieshe ‘type’

of atypeconstructof12]. The‘x’ kind representsiullary constructordike Bool or Int. Thekind k1 — k2

representsype constructorghat maptype constructorof kind «; to thoseof kind k5. Thoughthe type of

squarematriceslooks daunting,it is comparatiely easyto constructelementof thattype. Hereis a square
matrix of size3.

Succ(Succ(Succ(Zemw (Cons(Consa;; (Consa;, (Consags Nil)))
(Cons(Consag; (Consay, (Consags Nil)))
(Cons(Consag; (Consaz, (Consags Nil)))

(Ni1))))))

Perhapsurprisingly we have essentiallya list of lists! Theonly differenceto the standardepresentatiois
thatthe sizeof the matrix is additionallyencodednto a prefix of Zero andSuccconstructorsilt is this prefix
thattakescareof the sizeconstraints.

Thiscompleteghe overview. Therestof the papelis organizedasfollows. Section2 introducesnultisets
andoperationson multisets. Furthermorewe shav how to transformequationsnto a tail-recursve form.
Section3 explainsfunctorsand makesthe relationshipbetweermultisetsandfunctorsprecise.A multitude
of examplesis presentedn Section4: amongotherthingswe study random-accesksts, Brauntrees,2-3
trees,andsquarematrices Finally, Section5 reviews relatedwork andpointsout directionsfor futurework.

2 Multisets

A multisetof type(a§ is a collectionof elementf typea thattakesaccountf their numberbut not of their
order In this paperwe will only considemultisetsformedaccordingto thefollowing grammar

M u= @05 {15 [ (M@ M) [ (M+M)][(MxM)

Here, @ denotesthe empty multiset, {n§ denotesthe singletonmultisetthat containsn exactly once, (W)
denotesnultisetunion, (+) and(x) areadditionandmultiplicationlifted to multisets,ie they aredefinedby
A@B=[{a®b|a+ Ab+ Bjfor® € {+,*}. If themeaningcanbe resoledfrom the contet, we
abbreviate{n§ by n. Furthermorewe agreeuponthat multiplication takesprecedencever addition,which
in turn takesprecedencever multisetunion.



(m§+{n§ = {m+n§ A (BYC) = (AyB)wC
(m§«{n§ = mxn§ A¥gB = BWA
A+(B+C) = (A+B)+C YA = A
A+B = B+A G+A = o
O+A = A gxA = O
Ax(BxC) = (AxB)xC (AwB)+C = A+CwB+C
axb = b=xa (AUB)*xC = AxCwWBxC
1«A = A (A+B)xc = Axc+Bxc
Axl = A 0xA = 0

A, B, C aremultisets a, b, c aresimplemultisets m, n arenaturalnumbers
Figurel: Laws of theoperations.

Multisets are definedby higherorderrecursionequations Higherordermeansthat the equationanay
not only involve multisets,but alsofunctionsover multisets,function over functionsover multisetsetc. In
this paperwe will, however, restrictoursehesto first-orderequationsThe explorationof higherorderkinds
is the topic of future research.The meaningof higherorderrecursionequationss given by the usualleast
fixpointssemantics.

A multisetis called simpleiff it is eitherthe empty multisetor a multisetcontaininga single element
arbitrarily often. Simple multisetare denotedby lower caseletters. A productA x B is called admissible
iff B denotesa simple multiset. For instancenat x 2 is admissiblewhile nat x nat is not. We will seein
Section3 thatonly admissibleoroductscorrespondo compositionf functors. Thatis, natx 2 corresponds
to Nat - (Id x Id) but nat = nat doesnot correspondo Nat - Nat For thatreasonwe confineoursehesto
admissibleproductswhendefiningmultisets.

A multisetis calleduniqueiff eachelementoccursat mostonce.For instancethe multisetposgivenby
pos= 14 1+ posis uniquewhereagpos= 1 W pos+ posdenotesa non-uniquemultiset. Note thatthe
first definition correspond$o non-emptylists andthe secondo leaftrees.The ability to distinguishbetween
unigueandnon-uniquerepresentationis the mainreasorfor usingmultisetsinsteadof sets.

Themultisetoperationsatisfyavarietyof lawslistedin Figurel. Thelaws have beenchosersothatthey
hold both for multisetsand for the correspondingperationson functors. This explainswhy, for instance,
ax b = b x ais restrictedto simplemultisets:the correspondingropertyon functors,F - G = G - F, does
not hold in general.lt is valid, however, if G only comprisesontainerof onesize. Of course for functors
the equationsstateisomorphismsatherthanequalities.

In theintroductionwe have transformedherecursve definitionof themultisetof all naturalnumbersnto
atail-recursve form. In therestof this sectionwe will studythis transformatiorin moredetail. A function
h:: {a§ — {a§ on multisetsis saidto be a homomorphisniff h & = @ andh (Aw B) = h Aw h B. For
instanceh N = A+ N xbisahomomorphisnwhileg N = N+ N isnot. Lethy, ..., h, behomomorphisms,
let A beamultiset,andlet X begivenby

X = Agh Xy---why, X .

The definition of X is not tail-recursve asthe recursve occurrence®f X are nestedinside function calls.
Notethatnatis aninstanceof this schemewvith A = {0§, n = 1,andh; N = {1{+ N. Now, thetail-recursie



variantof X isf Awith f givenby
fN = Nyf(h N)w---wf (hyN) .

Thedefinitionof f is calledtail-recursie for obviousreasonsNotethatnat (0§ is thetail-recursve variant
of nat. The correctnessf thetransformationis implied by thefollowing theorem.

Theorem1 LetX::(a§, A::{af, andf :: {a§ — {af begivenasabove thenX =f A.

3 Functors

In closeanalogyto multisetexpressionsve definethe syntaxof functorexpressiondy thefollowing gram-
mar.
F == KVod|KUnit|Id|(F|F)|(FxF)|(F-F)

Here, K t denoteghe constantfunctor givenby K t a = t, Void is the empty type, and Unit is the unit
type containinga singleelement.By Id we denotethe identity functorgivenby Id a = a; F; - F2 denotes
functor compositiongivenby (Fy - F2) a = F; (F2 a). Disjoint sumsandproductsaredefinedpointwise:
(F1 | F2) a=F a| F, aand(F1 X F2) a=F axFa

All theseconstructcanbeeasilydefinedn Haslell. Firstof all, we requirethefollowing typedefinitions.

type Unit = ()
data Eithera; aa = Lefta | Rightay
data (a,az) = (a,a)

The predefinedypesEither a; a; and(a;, a2) implementdisjoint sumsand products. The operationson
functorsarethendefinedby

newtypeld a = Ida

newtypeK ab = Ka

newtypeSumt; t; @ = Sum(Either (t; a) (t2 @)
newtypeProdt; t;a = Prod (t; a,t2 a)
newtypeCompt; tza = Comp(ty (t2 @) .

Using thesetype constructorst is straightforward to translatea functor equationinto a Haslell datatype
definition. For reasonf readability we will often definespecialinstance®f the generalschemeswriting
Nil insteadof K Unit or Const insteadof Prod Id t.

Thetranslationof multisetsinto functorsis givenby thefollowing table.

m m| 2 (0f (1§ mum m+m mxm
fl f2 K Woid K Unit Id f1|f2 f1 Xf2 f1'f2

We saythat F corresponddo M if F is obtainedfrom M usingthis translation. In the restof this section
we will briefly sketchthe correctnessf the translation.Informally, the functor correspondingo a multiset
M contains,for eachmemberof M, a containerof that size. This statementanbe madepreciseusingthe
framawork of polytypic programming11]. Briefly, a polytypic functionis onethatis definedby induction
on the structureof functor expressions.A simple examplefor a polytypic functionis sum(f) :: f N — N,
which sumsa structureof naturalnumbers.To make the relationshipbetweermmultisetsandfunctorsprecise
we furthermorerequirethefunctionfan{f) :: a — {f a§, which generatethe multisetof all structureof type
f afrom agivenseedof typea. For instancefan(List) 1 generateshe multisetof all lists thatcontainl as
thesingleelement.



Theorem 2 If the functor F correspondso the multisetM and if M’s definition only involvesadmissible
productsthenM = {sumF) a| a «+ fan{F) 1§.

Thefollowing exampleshaws thatit is necessaryo restrictproductsto admissibleproducts:if we compose
the functorscorrespondingdo {1, 2§ and{1, 3§, we obtaina functor that correspondso {1, 2, 3,4,4, 6. In
generalfunctorcompositioncorresponds$o the multisetoperation(®) givenby

A®B = {(bj+---+by|a+ Ab; « B;...;b, « Bf .

We take a containerof type A andfill eachof its slotswith a containerof type B. Summingthe sizesof the B
containergieldstheoverall size. The operationgx) and(®) coincideonly for admissibleproductsje if the
containerof type B all have equalsize.

4 Examples

In thissectionwe applytheframework to generatefficientimplementationsf vectorg(akalists or sequences
or arrays)andmatrices.
4.1 Lists

A vectoror a sequenceaype containscontainersof arbitrary size. The problemrelatedto designinga se-
guencetypeis, of courseto generatehe multisetof all naturalnumbers Differentwaysto describethis set
correspondo differentimplementation®f vectors. Perhapsurprisingly thereis an abundanceof waysto
solve this problem.In theintroductionwe alreadyencounterethe mostdirectsolution:

nab, = Owl+ nafy .
If we transformthe correspondindunctorequation
Nat, = K Unit|Id x Nafy
into a Haslell datatypewe obtainthe ubiquitousdatatypeof polymorphiclists.
dataVectora = Nil | Consa (Vectora)
As anexample thelist representatioof thevector(0, 1, 2, 3,4, 5) is
Cons0 (Consl (Cons2 (Cons3 (Cons4 (Cons5 Nil))))) -

Thetail-recursve variantof nafy is givenby

nay = nat O
nynat (14+n) .

nat, n
Fromthefunctorequations

Nat; = Nat (K Unit)

Nat f = f|Nat (Id xf)
we canderive thefollowing datatypedefinitions.

type Vector = \ector Nil
data \ector' t a Zem (t a) | Succ(Vector (Const) a)



Usingthis representatiothevector(0, 1, 2, 3, 4, 5) is written somevhatlengthyas

Succ(Succ(Succ(Succ(Succ(Suce(Zer (
Cons0 (Consl (Cons2 (Cons3 (Cons4 (Cons5 Ni)))))))))) -

Fortunatelywe cansimplify thedefinitionsslightly. RecallthatVector is atypeof kind (x — %) — (x — x).
In thiscasethe‘higher-ordernessis, however, notrequired.Notingthatthefirstagumentof Vector is always
appliedto the secondwve cantransformVector into afirst-orderfunctorof kind * — * — x.

type Vector Vector ()
dataVector ta = Zemt| Succ(Vector (a,t) a)

Thetwo variantsof Veector arerelatedby Vector, t a = Vector, (t a) aandVector, t a = Vector,, (K t) a.
NotethatthetypeMatrix’ definedin theintroductionis notamenableo this transformatiorsincethefirst ar
gumentof Matrix’ is usedat differentinstancesUsingthefirst-orderdefinition (0, 1, 2, 3, 4, 5) is represented

by
Succ(Succ(Succ(Succ(Succ(Succ(Ze (0, (1, (2, (3, (4, (5,0)))N)N)))) -
4.2 Random-accessists

Thedefinitionof nafy is basedntheunaryrepresentationf the naturalnumbers:a naturalnumberis either
zeroor the successoof a naturalnumber Of course we canalsobasethe definition on the binary number
system:a naturalnumberis eitherzero,even,or odd.

natt = OWnat*2wW 1+ nat *2
Transformingthe correspondindunctorequation
Nat;, = K Unit|Nat - (Id x Id) | Id x Nat, - (Id x 1d)
into a Haslell datatypeyields
data Vectora = Null|Zem (Vector(a,a)) | Onea (Vector (a,a)) .

Interestingly this definitionimplementsrandom-accedsts [13], which supportlogarithmicaccesgo indi-
vidualvectorelementsA random-accedsst is basicallya sequencef perfectleaftreesof increasingheight.
Thevector(0, 1,2, 3,4, 5), for instancejs representetly

Zew (One(0,1) (One((2,3), (4,5)) Null)) .

The sequencef Zero and One constructorencodeghe size of the vectorin binary representatiorfwith
the leastsignificantbit first): we have (011), = 6. Therepresentatioof a vectorof sizel1 is depictedin
Figure 2(a). Note that the representatiofis not uniquebecauseof leadingzeros: the empty sequencefor
example,canberepresentethy Null, Zero Null, Ze (Zew Null) etc. Thereareat leasttwo waysto repair
this defect. Thefollowing definitionensureghatthe leadingdigit is alwaysa one.

nat;, = O0u pos
pos = 1Wpos;*2W 1+ pos; *2

More elegantly, onecandefinea zerolesgepresentatiofiL 3], which employs the digits 1 and?2 insteadof 0
and1. We call this variantof the binary numbersystem1-2 system

na, = Owl4+nay*2W 2+ natyx2

This alternatve hasthe furtheradwantagethataccessinghei-th elementrunsin O (log 7) time [13].



4.3 Fork-node trees
Now, let ustransformnats into atail-recursve form.
nat, = Owpogl
pog n = nwpog (nx2)Wpog (L+nx2)

Notethatwe mayreplacen * 2 by 2« n = n+ nif pog is calledwith a simplemultisetasin pog 1. The
correspondindunctorequationdook puzzling.

Nat; K Unit | Pos; Id
Pos f = f|Pog (f-(ldxId))|Pos (Id xf - (Id x Id))

In orderto improve the readability of the derived datatypedet us defineidiomsfor 2« n = n+ n and
1+2xn=1+n+n.
dataForkta = Fork(ta) (ta)

dataNodeta = Nodea(ta) (ta)

Thesedefinitions assumethat t is a simple functor. The alternatve definitions newtype Fork t a =
Fork (t (a,a)) anddata Nodet a = Nodea (t (a,a)), which correspondo nx 2 and1 + n * 2, work
for arbitraryfunctorsbut aremoreawkwardto use.Building uponFork andNodethe Haslell datatypesead

dataVectora = Empty| NonEmpty(Vector Id a)

dataVector ta = Base(ta)
| Zemw (Vector (Forkt) a)
| One(Vector (Nodet) a) .

A vectorof sizen is representetly acompletebinarytreeof height|log, n| + 1. A nodein thei-th level of

thistreeis labelledwith anelemeniff thei-th digit in thebinarydecompositiorof n is one. Thelowestlevel,

whichcorrespondso aleadingone,alwayscontainsslementsTo thebestof theauthorsknowledgethis data
structure which we baptizefork-nodetreesfor want of a bettername,hasnot beendescribecelsevhere®

Our runningexample thevector(0, 1, 2, 3,4, 5), is representetly

NonEmpty(One(Zew (Base(Fork (NodeO (Id 1) (Id 2)) (Node3 (Id 4) (Id 5)))))) -

Again, thesizeof thevectoris encodednto theprefix of constructorsreplacingNonEmptyandOneby 1 and
Zero by 0 yieldsthe binary decompositiorof the sizewith the mostsignificantbit first Figure2(b) shavs a
samplevectorof 11 elementsThevectorelementsarestoredin left-to-right preorder:if thetreehasaroot,
it containsthe first element;the elementdn the left tree precedehe elementdn theright tree. This layout
is, hawever, by no meanscompelling. Alternatively, onecaninterleave the elementf theleft andtheright
subtreeif | representthevector(by, ..., b,) andr representgcy, . . ., ¢n), thenFork | r representthevector
(by,cy,---,bn,cq) andNodea | r represent$a, by, ¢y, - - ., by, C,). This choicefacilitatesthe extensionof a
vectoratthefront andalsoslightly simplifiesaccessin@ vectorelement.
As alwaysfor vectortypeswe can‘firstify’ thetype definitions.

dataVectora = Empty| NonEmpty(\Vector a a)
dataVector ta = Baset

| Zem (\Vector (t,t) a)

| One(\Vector (at,t) a)

3Sincethis papewaswritten, | have learnecthatHongweiXi hasindependentlyliscozeredthe samedatastructure.



Therepresentatioof (0, 1, 2, 3, 4, 5) now consistf nestedpairsandtriples.
NonEmpty(One(Zem (Base((0, 1,2), (3,4,5)))))

Finally, let usremarkthatthetail-recursve variantof naty, whichis basednthe 1-2 systemyieldsa similar
treeshape:anodeon thei-th level containsd elementswvhered is the-th digit in the 1-2 decompositiorof
thevectorssize.

4.4 Rightist right-perfect trees

The definition of nat, is basedon the factthatall naturalnumberscanbe generatedy shifting (n x 2) and
settingtheleastsignificantbit (14 nx2). Thefollowing definitionsetsbits atarbitrarypositionsby repeatedly
shiftingaone.

nat, = nal
nattp = Ownat (px2)wp+ nat (p*2)
Of course thetwo definitionsarenot unrelatedwe have

natb xp = nagp,

ie naty p generatesll multiplesof p. In thei-th level of recursionthe parameteof nat;, equalsp 2 if
theinitial call wasnat; p. Now, transformingthe correspondingunctor equationswhich assumehatf is
simple,

Nat;, = Nat Id
Natg f = f|Natg (f xf)|f x Naty (f xf)
into Haslell datatypeyields
type Vector = \ector Id

= Null
| Zem (Vector (Forkt) a)
| One(ta) (Vector (Forkt) a) .

data \ector' t a

This datatypeimplementshigherorderrandom-accesksts [9]. If we ‘firstify’ the type constructoiMector’,
we obtainthe first-ordervariantas definedin Section4.2. For a discussionof the tradeofs we refer the
interestedeaderto [9]. Thevector(0,1, 2,3, 4,5) is representetly

Zer (One(Fork (Id 0) (Id 1)) (One(Fork (Fork (Id 2) (Id 3)) (Fork (Id 4) (Id 6))) Null)) .

Interestinglyusinga slight generalizatiorof Theoreml we cantransformnat into atail-recursveform,
aswell.
nat; = nat, 01

nat,t np = nwnat, n(px2) Wnat, (n+p) (p*2)
Thefunctionnat, is relatedto nat, by

n+nabxp = natnp .
Assumingthatp is simplewe getthefollowing functorequations

Nat, = Nat, (K Unit) Id
Nat; f p f|Nat; f (pxp)|Nat (f xp) (pxp),

10



from which we caneasilyderive the datatypedefinitionsbelow.

type Vector = \Vector (K Unit) Id

dataVector tpa = Base(ta)
| Even(Vector' t (Prodpp) a)
| Odd (Vector (Prodt p) (Prod pp) a)

This datatypeimplementsrightist right-perfecttreesor RR-trees[7] wherethe offspringsof the nodeson
theleft spineform a sequenc®f perfectleaf treesof decreasindieight. Note thatif we changeProd t p to
Prod p t in thelastline, we obtain leftist left-perfecttrees Hereis the vector (0, 1,2, 3,4, 5) written asan
RR-tree.
Even(Odd (Odd (Base(Prod (Prod (K (), Prod (Id 0,1d 1)),
Prod (Prod (Id 2,1d 3), Prod (Id 4,1d 5)))))))

Readingthe constructoreEvenandOdd asdigits (LSB first) givesthe sizeof the vector A samplevectorof
sizell is shavn in Figure2(c). The firstification’ of Vlector is left asanexerciseto thereader

4.5 Braun trees

Let usapplytheframework to designarepresentatioof Brauntrees|[5]. Brauntreesarenode-orientedrees,
which are characterizedby the following balancecondition: for all subtreesthe size of the left subtreeis
eitherexactly thesizeof theright subtreepr oneelementarger. In otherwords,aBrauntreeof size2xn+ 1
hastwo childrenof sizen anda Brauntreeof size2 x n + 2 hasaleft child of sizen + 1 andaright child of
sizen. This motivatesthefollowing definition.

braun = braun 01

braun nn’ = nwbraunl (n+14+n) (n"+1+n)
Wbraund (" +1+n) (' +1+n)

Theargumentwof braun arealwaystwo successie naturalnumbers.Fromthe correspondindunctorequa-
tions
Braun = Braun (K Unit) Id

Braun f f' = f|Braur (f x Id x f) (f' x Id x f)
| Braurl (f' x Id x f) (f' x Id x f')

we canderive thefollowing datatypedefinitions.

dataBint;toa = Bin(t; a)a(t; a)
type Braun = Braur (K Unit) Id

One(Braun (Bintt) (Bint't) a)

dataBrauntt'a = Null (ta)
|
| Two (Braun (Bint't) (Bint't') a)

Interestingly Brauntreesare basedon the 1-2 numbersystem(MSB first). Thevector(0, 1,2, 3,4,5), for
instancejs representedsfollows.

Two (Two (Null (Bin (Bin (Id 0) 1 (Id 2)) 3 (Bin (Id 4) 5 (K ())))))

Figure2(d) displaystherepresentatioof avectorof 11 elementsR. Patersorhasdescribed similarimple-
mentation(personatommunication).
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NonEmpty
\

Ze‘ro
O‘ne
O‘ne
Oé% One— Zem— One— Null Base
(a) random-accedsst (b) fork-nodetree
O‘dd
O‘dd Two
E\‘/en O‘ne
oud one
Base NiJII
0
0 0 0 0
(c) rightistright-perfectiree (d) Brauntree

Figure2: Differentrepresentationsf avectorwith 11 elementsNotethat‘ [’ represents leaf (anelement

of Id), ‘¢’ anunlabellednode(an elementof Id x Id, Fork t, or Prod t; t,), and‘O’ alabellednode(an
elementof Nodet or Bin t; t5).
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46 2-3trees

Upto now we have mainly considerediniquerepresentationsheretheshapeof adatastructuras completely
determinedby the numberof elementst contains. Interestingly uniquerepresentationare not well-suited
for implementingsearchirees:onecanprove alower boundof Q(,/n) for insertionanddeletionin this case
[16]. For thatreasonpopularsearchreeschemesuchas2-3trees[2], red-blacktrees[8], or AVL-trees[1]
arealwaysbasedn non-uniquerepresentationd.et usconsidetow to implement say 2-3trees.Theother
searchtreeschemesanbe handledin ananalogougashion. The definition of 2-3 treesis similar to that of
perfectleaf trees:a 2-3 tree of height0 is aleaf anda 2-3 treeof heighth + 1 is a nodewith eithertwo or
threechildren,eachof whichis a 2-3 treeof heighth. This similarity suggestso model2-3 treesasfollows.

tree23 = tree230
tree23N = Nwtree23(N+1+NWN+1+N+1+N)

Notethatcontraryto previousdefinitionsthe parametepf the auxiliary functiondoesnot rangeover simple
sets.The correspondindunctorequations

Tree23 = Tree23 (K Unit)
Tree23F = F|Tree23 (FxIldxF|FxIdxF xId x F)

giveriseto thefollowing datatypedefinitions.

type Tree23a = Tree23Nil a
dataTree23ta = Zemo (ta) | Succ(Tree23 (Node23) a)
dataNode23ta = Node2(ta)a(ta)|Node3(ta)a(ta) a(ta)

Thevector(0, 1, 2, 3, 4, 5) hasthreedifferentrepresentationgnealternatie is

Succ(Succ(Zemr (Node3(Node3Nil 0 Nil 1 Nil) 2 (Node2Nil 3 Nil)
4 (Node2Nil 5 Nil)))) .

Algorithmsfor insertionanddeletionaredescribedn [9].

4.7 Matrices

Let usfinally designrepresentationsf squarematricesandrectangulamatrices.In theintroductionwe have
alreadydiscussedhecentralidea: we take atail-recursve definitionof the naturalnumbergor of thepositive
numbers)

X = fa

fn = ngf(hynw.--yf (hyn)

andreplacen by n x nin thesecondequation:

squae = squa¥ a
squae n = nxnysquae (hy n) W ---wWsquae (h,n) .

This transformationworks provided a is a simple multisetandthe h; presere simplicity. Theseconditions
hold for all of the examplesabove with the notableexceptionof 2-3 trees.As a concreteexample,hereis an
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Base
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Figure3: Therepresentationf a6 x 6 matrix basedon fork-nodetrees.

implementatiorof squarematricesbasedn fork-nodetrees.

dataMatrixa = Empty| NonEmpty(Matrix’' Id a)
data Matrix’ ta = Base(t (ta))
| Zem (Matrix' (Fork t) a)
| One(Matrix’ (Nodet) a)
Therepresentationf a6 x 6 matrixis shovn in Figure3.
Rectangulamatricesare equallyeasyto implement. In this casewe replacen by nat x n in the second
equation:
rect = rect a
rect n = natxnyrect (hy n)w---wrect (hyn) .
Alternatively, onemayusethefollowing scheme.

rect = recf aa

recekmn = mxnwrect (hy m) (hy n)W---Wrect (hy m) (hy n)
wrect (h, m) (hy n) W --- wrect (hy, m) (hyn)

This representatiomequiresmore constructorghanthefirst one(n? + 1 insteadof n + 1). On the positive
side,it canbeeasilygeneralizedo higherdimensions.

5 Relatedand futur e work
This work is inspiredby a recentpaperof C. Okasaki[14], who derivesrepresentationsf squarematrices

from exponentiationalgorithms. He shaws, in particulay that the tail-recursve versionof the fastexpo-
nentiationgivesrise to an implementationbasedon rightist right-perfecttrees. Interestingly the simpler
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implementatiorbasedon fork-nodetreesis not mentioned.The reasonis probablythatfastexponentiation
algorithmstypically procesghe bits from leastto mostsignificantbit while fork-nodetreesandBrauntrees
arebasednthereverseorder Therelationshipbetweemumbersystemsanddatastructureds explainedat

greatlengthin [13]. The developmentin Section3 canbe seenasputting this designprinciple on a formal

basis.

Extensiongo theHindley-Milner typesystenthatallow to capturestructurainvariantsin amorestraight-
forwardway have beendescribedy C. Zenger[18, 19] andH. Xi [17]—the latter paperalsoappearsn the
proceeding®f this workshop. Using the indexed typesof C. Zengerone can, for instance parameterize
vectorsand matricesby their size. Size compatibility is then staticallyensuredy the type checler. H. Xi
achiesesthe sameeffect usingdependentlatatypesin his systemde Caml| thetype of perfectleaftreesis,
for instancedeclaredasfollows.

datatype ‘a perfectwith nat
= Leaf (0) of ‘a
| {n:nat}Fork (n+ 1) of ‘a perfect(n) * ‘a perfect(n)

This definition is essentiallya transliterationof the top-dowvn definition of perfectleaf treesgivenin the
introduction. A practicaladvantageof dependentypesis that standardegular datatypesand functionson
thesetypescanbe adaptedwith little or no change.Oftenit sufficesto annotatedatatypedeclarationsand
type signaturesvith appropriatesizeconstraints.

Directionsfor future work suggesthemseles. It remainsto adaptthe standardrectorandmatrix algo-
rithms to the new representationsSomepreparatorywork hasbeendonein this respect.In [9] the author
shavs how to adaptsearchreealgorithmsto nestedepresentationsf searcttreesusingconstructorclasses.
It is concevablethatthis approachcanbe appliedto matrix algorithms,aswell. Furthermoremary func-
tionslike map listify, sumetccanbegenerate@utomaticallyusingthe techniqueof polytypic programming
[11]. Onthetheoreticakide,it would beinterestingto investigatethe expressienesf the frameawork and
of higherorderpolymorphictypesin general.Which classof multisetscanbe describedisinghigherorder
recursionequations#or instancejt appeargo beimpossibleto specifythe multisetsof all prime numbers.
Do higherorderkindsincreasahe expressieness?
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Dependently Typed Data Structures*

HongweiXi
OregonGraduatdnstitute

Abstract

Themechanisnfor declaringdatatypesn functionalprogramminganguagesuchasML andHaslell
is of greatusein practice. This mechanismhowever, often suffers from its imprecisionin capturingthe
invariantsinherentin datastructuresWe remedythe situationwith theintroductionof dependentatatypes
so thatwe canmodel datastructureswith significantlymoreaccurag. We presenta few interestingex-
amplessuchasimplementation®f red-blacktreesand binomial heapgto illustrate the useof dependent
datatypesn capturingsomesophisticatednvariantsin datastructures We claim thatdependentlatatypes
canenablethe programmeto implementalgorithmsin away thatis morerobustandeasieito understand.

1 Intr oduction

Themechanisnthatallows theprogrammeto declaredatatypeseemsndispensablén functionalprogram-
ming languagesuchasStandardvL [15] andHaslell [19]. In practice we oftenencountesituationsvhere
the declareddatatypesdo not accuratelycapturewhat we really need. For instance,f whatwe needis a
datastructurefor the pairsof integerlists of the samédength,we oftendeclarea datatypein StandardiL or
Haslell thatis for all pairsof integerlists. Thisinaccurag problemis oftenarich sourcefor programerrors.
A typical scenarids thata function which shouldonly receve asits algumenta pair of integer lists of the
samdengthis mistalenly appliedto a pair of integerlists of differentlengths.Unfortunately sucha mistale
causesotypeerrorsif pairsof integerlists of equallengtharegivenatypethatis for all pairsof integerlists,
andthuscanusuallyhide in a programunnoticeduntil at run-time,whendelugging often becomesnuch
moredemandinghanat compile-time.

Theinaccurag problembecomesnoreseriousvhenwe startto implementmoresophisticatedatastruc-
turessuchasred-blacktrees binomialheapsprderedists, etc. Therearesomerelatively comple invariants
in thesedatastructureghatwe mustmaintainin orderto implementthemcorrectly For instancea correct
implementatiorof aninsertionoperationon a red-blacktreeshouldalwaysyield a red-blacktree. If we can
form a datatypeto preciselycapturethe propertiesof a red-blacktree, thenit becomesgpossibleto detect
a programerror throughtype-checkingvhensuchan error leadsto the violation of one of thesecaptured
propertiesThisis evidently a desirabldeaturein programmingf it canbe madepractical.

The needfor forming moreaccuratedatatypegartially motivatedthe designof DependenML (DML),
anenrichmenbf ML with arestrictedform of dependentypes.More preciselyDML is alanguageschema.
Givena constraintdomainC, DML(C) is the languagén the schemawhereall typeindex expressionsare
dravn from C. Roughlyspeakingatypeindex expressioris simply atermthatcanbe usedto index atype.
Type-checkingn DML(C) canthenbereducedo constraintsatishctionin C. In this paper we restrictC
to someinteger domainandusethe nameDML for this particularDML(C). A variantof DML, de Caml
hasbeenimplementedn top of Caml-light[14]. This implementatioressentiallyreplaceghe front-endof

*Partially supportedy the United StatesAir ForceMateriel CommandF19628-96-C-0161andthe Departmenbdf Defense.
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Caml-lightwith adependentype-checkrandkeepgheback-endf Caml-lightintact. It alsomodifiesmary
library functions,assigningo themmoreaccurateypes.

An alternatve approacho forming moreaccuratedatatypess to usenesteddatatypeg?]. For instance,
a nesteddatatypeexactly representinged-blacktreescanbe readily formed. However, thereexist various
significantdifferencesbetweenDML-style dependentypesand nesteddatatypeswhich we will illustrate
later

We usetypewriter font in this paperto representodein de Caml,all of which have beenverified
in a prototypeimplementation A significantconsequencef theintroductionof dependentypesis theloss
of the notion of principal typesin DML. For instance both of the following typescanbe assignedo an
implementatiorin de Camlwhich zipstwo liststogether

'‘a list *'b list -> (a * ’'b) st
{n:nat}a list(n) * b list(n) -> (a * ’b) list(n)

The first type hasthe usuallymeaning,while the secondone implies thatfor every naturalnumbern, the
functionyieldsalist with lengthn whengivenapair of listswith lengthn. Noticethatweuse’a list(n)
for the type of a list with lengthn in which every elementis of type’a . If a dependentypeis to be
assignedo afunctionin DML, it is theresponsibilityof the programmeto annotatehefunctionwith sucha
dependentype. Thisis probablythe mostsignificantdifferencebetweerthe programmingstylesin ML and
in DML. In practice,we obsene thatthe type annotationsn a typical DML programoften constitutedess
than20%of theentirecode.Sincedependentypeannotationganoftenleadto moreaccurateeportsof type
error messageandsene asinformative programdocumentationywe feel thatthe DML programmingstyle
is acceptablérom a practicalpoint of view. We will provide someconcreteexamplesfor thereaderto judge
this claim, includingimplementation®f red-blacktireesandbinomialheaps Both of theseimplementations
areadoptedrom the correspondingnesin [17]. Theimplementationén de Camlhave seseraladvantages
over the original ones. We have verified moreinvariantsin the de Camlimplementations For instanceijt
is verifiedin the type systemof de Camlthatthe function which megestwo binomial heapsndeedyields
a binomial heap. Also the type annotationsn the implementationswhich canbe fully trustedsincethey
are mechanicallyverified, offer somepedagogicalalues. We feel it is easierto understandhe de Caml
implementation®ecaus¢hereadercanreasorin the presencef theseinformative dependentypes.

Inthispaperit is neithemossiblenornecessarto formally presenDML. Insteadwe focuson presenting
someconcreteexamplesin the programmindanguagede Caml avariantof DML, aswell assomeintuitive
explanation.We refertheinterestedeaderto [22] for the formal developmentof DML, thoughwe strongly
believe thatthis is largely unnecessarfor comprehendinghis paper

Therestof the paperis organizedasfollows. In Section2, we give a brief overview of thetypesin DML.
We thenintroducede Camlin Section3, presentingsomeof its mainfeaturesandillustratingtype-checking
in de Camlwith a shortexample. Somecasestudiesaregivenin Section4, includingimplementation®f
Brauntrees,random-accedssts, red-blacktreesandbinomial heaps.Lastly, we discusssomerelatedwork
andthenconclude.

2 Typesin DependentML

In this section,we presenta brief explanationon the typesin DML. The readeris encouragedo skip this
sectionandreadit later, thoughit could be helpful to gathersomeintuition beforestudyingthe concrete
examplesn Section3.

Intuitively speakingdependentypesaretypeswhich dependn the valuesof languagesxpressionsFor
instancewe mayform atypeint (i) for eachintegeri to meanthatevery integerexpressiorof thistypemust
havevaluei, thatis, int(i) is asingletorntype. Notethati is theexpressioronwhichthistypedependsWe use
thenametypeindex expressiorfor suchanexpressionTherearevariouscompellingreasonssuchaspractical
type-checkingfor imposingrestrictionson expressionsvhich canbe chosenastype index expressions A
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index expressions i,5 == a|c|i+j|i—j|i*xj|i+j|min(i, )| max(i,j) | mod(i,s)
index propositions P u= i<jl|i<jli>jli>jli=j|i#j|PAANP| PV Py
indexsorts v == dnt|{a:v| P} |m*7
index contxts ¢ | a:vy| o, P

Figurel: Thesyntaxfor typeindex expressions

novelty in DML is to requirethattypeindex expressiondedravn only from a givenconstraindomain.For
the purposeof this paperwerestricttypeindex expressiongo integers.We presenthe syntaxfor typeindex
expressionsn Figure 1, wherewe usea for type index variablesandc for a fixed integer. Note thatthe
languagédor typeindex expressionss typed. We usesortsfor the typesin this languagen orderto avoid
potentialconfusion.We use- for theemptyindex variablecontext andomit the standardsortingrulesfor this
language We alsousecertaintransparenabbreviations,suchas0 < i < j whichstanddor 0 < i A < j.
Thesubsesort{a : v | P} standdor the sortfor thoseelementof sorty which satisfythe propositionP.
For example we usenatasanabbreiationfor thesubsesort{a : int | a > 0}.
Typesin DML areformedasfollows. We usea for typevariablesandd for typeconstructors.

types 7 = al|(r,...,m)0@) |1 | x| o | da:y7|Xa:v.71

For instance/ist is a type constructorand (int)list(n) standsfor the type of aninteger list of lengthn.
Ila : v.7 andXa : .7 form a universaldependentype and an existential dependentype, respectrely.
For instancethe universaldependentypelIla : nat.(int)list(a) — (int)list(a) capturegheinvariantof a
functionwhich, for every naturalnumbera, returnsanintegerlist of lengtha whengivenanintegerlist of
lengtha. Also we canusethe existentialdependentype Xa : nat.(int)list(a) to meanan integer list of
someunknonn length.We demonstratéow atype constructoiis declaredn Section3.

Thetyping rulesfor this languageshouldbe familiar from a dependentltyped A-calculus(suchasthe
onesunderlyingCoqor NuPrl). Thecritical notionof typecorversionuseshejudgmenty - 7, = 7 which
is thecongruenextensionof equalityon index expressiongo arbitrarytypes:

pEn=T - =T, ¢FEi={
¢ F (71, m)6(i) = (11,...,7,)0(1")
pbm=1 oFbn=1y SbT=ET Fm=T1)
pb T kT =T{ % T ok o mR=T1 2T
d,a:ykF1T=7 d,a:vyFr=1
otUa:yr=Ma: v ¢FZa:y7=%a:vy.7

Noticethatit is the applicationof theseruleswhich generatesonstraints.For instancethe constraintp =
(a +mn) +1=m + nisgeneratedh orderto derive ¢ - (int)list((a + n) + 1) = (int)list(m + n).

It is difficult to presenmoredetailsgiventhespacdimitation. For thosewho areinterestedye pointout
thatthe detailedformal developmenibf DML canbefoundin [22].

3 SomeFeaturesin de Caml

In this sectionwe useexamplego presensomeuniqueandsignificantfeaturesn de Caml,preparingor the
casestudiesn Section4.

Theprogrammenftendeclareslatatypesvhenprogrammingn ML. For instancethefollowing datatype
declaratiordefinesatypeconstructotist.

19



type 'a list = nil | cons of 'a * 'a |list

Roughlyspeakingthis declarationstatesthat a polymorphiclist is formedwith two constructorsiil and
cons ,whosetypesare’a list and'a * ’'a list -> 'a list ,respectiely. Weuse’a for atype
variable.However, thedeclaredype’a list s coarseForinstancewe cannotusethetypeto distinguish
anemptylist from anon-emptyone.In de Caml,thistypecanberefinedasfollows.

refine a list with nat =
nil(0) | {n:nat} cons(n+l) ’'a * 'a list(n)

Theclauserefine a list with nat meanghatwerefinethetype'a list with anindex of sort
nat , thatis, theindex is a naturalnumber In this casetheindex standdor thelengthof alist.

e nil(0) meanghatnil isoftype’a list(0) , thatis, it is alist of length.
e {n:nat} cons(n+l) of 'a * ’'a |list(n) meanghatcons is of type

{n:nat} 'a * ’'a list(n) -> ’a list(n+1) ,
thatis, for every naturalnumbem, cons yieldsalist of lengthn + 1 whengivenanelementof type
'a andalist of lengthn. Note{n:nat} isauniversalquantifier whichis usuallywrittenasIIn : nat
in typetheory

Now list typeshave becomamoreinformative. Thefollowing codedefineshe appendunctionon lists. We
use[] fornil and:: astheinfix operatoffor cons .

let rec append = function
@ ys) > ys
| (x = xs, ys) -> x : append(xs, VYs)
withtype  {m:nat}{n:nat} 'a list(m) * a  list(n) -> ’a list(m+n)

Thewithtype clauseds atypeannotatiorsuppliedoy theprogrammemwhich simply stateghatthefunction
returnsalist of lengthof m + n whengivena pair of lists of lengthsm andn, respectiely. We now present
aninformal descriptiomabouttype-checkingn this case.

For thefirst clause([], ys) -> ys,thetype-checkrassumethatys is of types'a list(b) for
someindex variableb of sortnat . Thisimpliesthat([], ys) isoftype’a list(0) * a list(b)
Thetype-checkrtheninstantiatesn andn with 0 andb, respectiely, andverify thattheys ontheright side
of -> is of type’a list(0O+b) . Sinceys is of type’a list(b) underassumptionthe type-checler
generatea constrainb = 0 + b undertheassumptiorthatb is a naturalnumber This constraintanbeeasily
verified.

Let usnow type-checkhe secondclause(x :: XS, ys) -> X i append(xs, ys) . As-
sumethatxs andys areof type’a list(a) and’a list(b) , respectiely, wherea andb arein-
dex variablesof sortnat . Then(x :: Xs, ys) isoftype’a list(at+l) * 'a list(b) , and
we thereforeinstantiatem andn with a + 1 andb, respectiely. Also we infer thatthe right sidex ::
append(xs, ys) isoftype’a list((a+b)+1) sincezs andy s areassumeaf types'a list(a)
and’a list(b) , respectrely. We needto prove that the right sideis of type int  list(m+n) for
m = a + 1 andn = b. Thisleadsto thefollowing constraint,

(@+1)+b=(a+b)+1
whichcanbeimmediatelyerifiedunderthatassumptionthata andb arenaturalnumbersThisfinishestype-

checkingthe abore de Camlprogram.Theinterestedeaderis referredto [22] for theformal presentatiomf
type-checkingn DML.
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Clearly anaturalquestionis whetherthetypefor append canbereconstructedr synthesizedror such
a simpleexample,this seemghighly possible.However, our experienceindicatesthatit seemsexceedingly
difficult in generalo synthesizelependentypesin practice thoughwe have notformally studiedthisissue.

Insteadof refiningatype, it is alsoallowedto declarea dependentypein de Caml. For instancewe can
declarethefollowing.

datatype ’a list with nat = nil(0) | {n:nat} cons of 'a * ’'a list(n)

Thedeclarationis basicallyequivalentto the refinemenive madeearlier However, thereis alsoa significant
difference Whenwe declarea refinementwe mustbe ableto interpretthe correspondinginrefinedypesin
termsof refinedones. For example,afterrefiningthetype’a list , we mustinterpretthis typein terms
of therefinedlist type. We needexistentialdependentypesfor this purpose.’a list is interpretedas
[n:nat] 'a list(n) ,thatis,’a list is’a list(n) for some(unknown) naturalnumbem. Note
that[n:nat]  is anexistentialquantifier which is oftenwritten asXn : nat in typetheory This provides
a smoothinteractionbetweenML typesanddependentypes. Supposehat f is definedbeforethelist type
is refinedandits typeis’a list -> ’a list . After refiningthelist type,we canassignto f thetype
([n:nat] 'a list) -> [n:nat] 'a list | thatis, f takesalist with unknavn lengthandreturns
alist with unknavn length. This makesit possiblefor f to beappliedto anargumentof dependentype,say
int list(2) . Thisis alsoessentiafor ensuringoackward compatibility, a very importantissuewhenthe
useof existing ML codeis concerned.

However, thereis a needfor imposingsomerestrictionon datatyperefinement\We give a shortexample
toillustratesuchaneed.Thedatatypea tree isdeclaredasfollowsfor all binarytrees.

datatype 'a tree = Leaf | Node of 'a tree * 'a * ’'a tree

Supposeave declarethefollowing refinementwherethetypeindex standards$or the heightof atree.

refine 'a tree with nat =
Leaf(0) | {h:nat} Node(h+1) of 'a tree(h) * 'a * 'a tree(h)
This refinements problematicsincethe type [h:nat] 'a tree(h) now standardgor the type of all

perfectbinarytrees,andthereforet cannotbe usedto representheoriginal’a tree , whichisthetypefor
all binarytrees.Thereis somesyntacticrestrictionthatcanbeimposedo rule out suchproblematicdatatype
refinementsWe stopmentioningthe restrictionsinceit is simply notneededn this paper

Thereis anotheiimportantuseof existentialdependentypes.In orderto guarantegracticaltype check-
ing in de Caml, we mustmale constraintselatively simple. Currently we only acceptlinear integer con-
straints.Thisimmediatelyimpliesthattherearemary (realistic)constraintghatareinexpressiblén thetype
systemof de Caml. For instance the following codeimplementsa filter function on a list which removes
from thelist all elementsot satisfyingthe propertyp.

let filter p = function

0 > 1

| x = xs -> if p(xX) then x : (filter p xs) else (filter p Xs)

In general,it is impossibleto know the length of the list (filter p ) without knowing what p is.
Thereforejt is impossibleto typethe functionusingonly universaldependentypes.Nonethelessye know
thatthe length of (filter p xs) islessthanor equalto thatof | . This invariantcanbe capturedby
assignindilter thefollowing types.

(a -> bool) -> {mmat} ’a list(m) -=> [nnat | n <= m] 'a list(n)

Notethat[n:nat | n <= m] standdor Xn : {a : nat | a < m}.
Another significantuse of existential dependentypesis to represent rangeof values. We canuse
([n:nat] int(n)) array to representhetype for the vectorswhoseelementsare naturalnumbers.
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datatype 'a brauntree  with nat =
L(0)
| {m:nat}{n:nat | n <= m<= n+l}
B(m+n+l) of ’'a * ’'a brauntree(m) * ’a brauntree(n) "

let rec diff k = function
L->0
| BL, I, n ->
if k=0 then 1
else if k mod2 = 1 then diff (k/2) | else diff (k/2 - 1) r

withtype  {k:nati{n:nat | k <= n <= k+1}
int(k) -> ’a brauntree(n) -> int(n-k) "
let rec size = function
L->0] B(_, IL rn >1let n=size rin 1 +n+n+dff nl
withtype  {n:nat} 'a brauntree(n) -> int(n) "

Figure2: An implementatiorof the sizefunctionon Brauntrees

This is very usefulfor eliminatingarray boundchecksat run-time[20]. In generalwe view thatthe use
of existentialtypesin de Camlfor handlingfunctionslike filter is crucialto the scalability of the type
systemof de Camlsincesuchfunctionsareabundantin practice.

Lastly, we mentiona corventionin de Caml. After declaringa dependentype asfollows,

datatype  (ai,...,am)d with  (sorty,...,sort,) =------
we maywrite (1, . .., 7, )d to standfor thefollowing.

[a1 : sort1]:--[an : sorty].(T1,...,Tm)d(a1,...,a,)

Forexample,a list standdgor [n:nat] a list(n)

4 CaseStudies

In this section,we presentsomeexamplesto demonstrat¢he useof dependentlatatypesn capturingin-
variantsin datastructures.All theseexamplesin de Caml have beensuccessfullyerified in a prototype
compilerfor de Caml, which is written on top of the Caml-lightcompiler[14]. The claim we malke is that
dependentlatatype®nablethe programmeto implementalgorithmsin away thatis morerobustandeasier
to understand.

4.1 Braun Trees

A Brauntreeis a balancedbinary tree [4] suchthat for every branchnodein the tree, its left subtreeis
eitherthe samesizeasits right subtree por containsonemoreelement.Brauntreescanbe usedto give neat
implementationgor flexible arraysand priority queues.In [16], thereis an algorithmwhich computegshe
sizeof a Brauntreein O(log® n) time, wheren is the sizeof the Brauntree. We implementthis algorithm
in Figure2. Wefirst declarea dependendatatypéa brauntree(n) for Brauntreesof sizen. Notethat
thetypeof Bis
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{m:nat}{n:nat | n <= m<= n+l}
'a * ’'a brauntree(m) * 'a brauntree(n) -> ’a brauntree(m+n+1)

which statesthat B yields a Brauntreeof sizem + n + 1 whengivenan element,a Brauntree of sizem
anda Brauntreeof sizen wheren < m < n + 1 holds. This exactly capturegheinvarianton Brauntrees
mentionedabore.

Givenanaturalnumberk anda Brauntreeof sizen satisfyingk < n < k + 1, thefunctiondiff  yields
the differencebetweem andk. With this function,the sizefunctionon Brauntreescanbe definedstraight-
forwardly. An interestingpointin this exampleis thatthetype of thefunctionsize preciselyindicateshat
this is the sizefunction on Brauntreessinceit statesthat the function returnsan integer of valuen when
givenaBrauntreeof sizen.

Thereasorthatdiff  n [ yieldsthe differencebetween|!|, the sizeof [, andn canbe foundin [16].
We give somebrief explanationbelow. It is clearthat|l| — n is either0 or 1. If [ is aleaf, || — n mustbeO0.
Otherwise|l| = 1 + |I'| + |'|, wherel’ andr' aretheleft andright branche®f [, respectiely. If n is odd,
thenn =1+ [n/2]| + |n/2| andthus

ll=n = 1+ +'[ =1+ [n/2] + |n/2] = (] = [n/2]) + (|| = [n/2])
Since|l'| — 1 < |r'| < |I'| holds,we have thefollowing.
2001 = [n/2]) =1 < Il = < 2(|I'] = [n/2])

It cannow be readily verifiedthat|l| — n = 1if |I'| — [n/2| = 1 and|l| —n = 0if |I'| — [n/2] = 0.
Thereforejf n is odd, |I| — n = |I'| — [n/2]. With somesimilar reasoningwe caneventuallyprove the
correctnessf the definedfunctiondiff

This examplealso shaws that althoughthe datatypetype declarationfor Brauntreescontainssize in-
formation, this informationis not available at run-time and thereforea recursve walk throughthe treeis
necessaryo determinghesizeof atree.

4.2 Random-Accesd.ists

A random-accedsst is alist representatiosuchthatlist lookup (update)canbeimplementedn anefficient
way. In this casethelookup (updateunctiontakesO(log n) timein contrasto theusualO(n) time (worst
case)wheren is thelengthof theinputlist.

We presentan implementationof random-acceshst in Figures3 and4. We first declarethe depen-
dentdatatypefor random-accedsts. Notethat'a  rlist(n) standdfor the type of random-accedssts
with lengthn. Nil andOne arethe constructordor emptyandsingletonrandom-accedssts, respectiely.
Furthermorethe constructor&€ven andOdd areto form random-acceslsts of evenandodd lengths,re-

spectvely. If I1 andl2 representistszy,...,z, andy,...,y, for somen > 0, respectiely, thenEven
(11, 12) representshelist z1,y1,...,%n,yn. Similarly, if I1 andl2 representists z1, ..., 2z, Tni1
andyi, . . .,y for somen > 0, respectiely, Odd(11, 12) representsi,yi,...,%n,Yn, Lnt1. With such

a datastructure we canimplementa lookup (update)function on random-accedlst which takes O(log n)
time. A crucialinvarianton this datastructureis thatll andl2 musthave the samelengthif Even(I1,
I2) isformedorll containsonemoreelementhanl2 if Odd(I1, 12) isformed. Thisis clearlycap-
turedby the dependentatatypedeclaratiorfor 'a rlist . Thefunctioncons appendsanelementto a
list anduncons decomposea list into a pair consistingof the headandthetail of the list. Note thatthe
typeof uncons requireghisfunctiononly to beappliedto a non-emptyist. Bothcons anduncons takes
O(logn) time.

Thefunctionlookup_safe  deseressomeexplanation.Thetype of this functionindicatesthatit can
beappliedtoi andl onlyif i isanaturalnumberandits valueis lessthanthelengthof | . Noticethatthe
look_up i | simplyreturnx whenthel matcheghepatternOne x. Thereis no needto checkwhether
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datatype 'a rlist with nat =

Nil(0)
| One(l) of ’'a
| {n:nat | n > 0} Even(n+n) of ’a rlist(n) * a rlist(n)
| {n:nat | n > 0} Odd(n+n+l) of ’a rlist(n+1) * "a  rlist(n)

exception  Subscript "

let rec cons x = function
Nil -> One x
| Oney -> Even(One(x), One(y))
| Even(ll, 12) -> Odd(cons x 12, 11)
| Odd(l1, 12) -> Even(cons x 12, 11)
withtype  {n:nat} 'a -> ’a rlist(n) -> ’a rlist(n+1)

let rec uncons = function
One x -> (x, Nil)
| Even(la, 12) ->

let (x, [1) = uncons I1 in begin
match 11 with
Nil > (x, 12) | _ -> (x, 0Odd(2, I1)
end
| Odd(l1, 12) -> let (x, 11) = uncons 11 in (x, Even(2, I1))
withtype {n:nat | n > 0} ’'a rlist(n) > a * ’a rlist(n-1) "
let rec length = function
Nil > 0
| One > 1

| Even (11, ) -> 2 * (length 11)
| Odd ([, 12) -> 2 * (length 12) + 1
withtype  {n:nat} 'a rlist(n) -> int(n)

let rec lookup_ safe i = function
One x -> X
| Even (11, 12) ->
if i mod2 = 0 then lookup_safe (i / 2) 11
else lookup_safe a /7 2 12
| Odd(l, 12) ->
if i mod2 = 0 then lookup safe (i / 2) I1
else lookup_safe i /7 2 12
withtype  {i:nat}{n:nat | i < n} int() -> a rlist(n) -=> a

Figure3: An implementatiorof random-accedsstsin de Caml(l)
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let rec update_safe i x = function
One y -> One X
| Even(la, 12) ->
if i mod 2 = 0 then Even(update_safe i / 2 x 11, 12)
else Even(ll, update safe (i / 2) x 12)
| Odd(l, 12) ->
if i mod 2 = 0 then Odd(update_safe i /2 xI11, 12)
else 0Odd(l1, update safe (i / 2) x 12)
withtype  {i:nat}{n:nat | i < n}
int(i) -=> ’a -> ’a rlist(n) -=> ’a rlist(n) "

Figure4: An implementatiorof random-accedsstsin de Caml(ll)

datatype ’a rlist with nat =
Nil(0)
| One(l) of 'a
| {n:nat | n > 0} Even(ntn) of (a * ’'a) rlist(n)
| {nnat | n > 0} Odd(h+n+l) of 'a * (a * ’'a) rlist(n)

Figure5: A nestedlependendatatypeor randomaccesdists

i is0: it mustbesincei is anaturalnumberandi is lessthanthelengthof | , whichis 1 in thiscase.The
usuallookupfunctioncanbeimplementedasusualor asfollows.

let rec lookup i | =

if i < 0 then raise Subscript
else if i >=length | then raise Subscript
else lookup_safe i
withtype int -> ’a rlist > a

We point out that an implementatiorof random-accesksts is givenin [17], which usesthe featureof
nesteddatatypesOkasakis implementatiorsupportgon average)O(1)-time consingandunconsingopera-
tionsandarethussuperiorto ourimplementatiorin this respect.On the otherhand,the updatefunctionin
Okasakis implementatiorrequiresthe useof somehigherorderfeature which doesnot exist in ourimple-
mentation We view this asanedgeof ourimplementation.

It shouldbe stressedhatnesteddatatypesandDML-style dependentypesareorthogonalto eachothet
For instancewe canform a nesteddependentiatatypen Figure5 for random-accedssts, imitating a cor-
respondinglatatypan [17]. Unfortunatelywe currentlycannotexperimentwith sucha dependentiatatype
becausg@olymorphicrecursionis not supportedn Caml-light.

4.3 Red-BlackTrees

A red-blacktree (RBT) is a balancedinarytreewhich satisfieshe following conditions:(a) all leavesare
markedblackandall othernodesaremarkedeitherredor black;(b) for every nodetherearethe samenumber
of blacknodeson every pathconnectinghe nodeto aleaf, andthis numberis calledthe black heightof the
node;(c) thetwo sonsof everyrednodemustbeblack. It isacommonpracticeto usethe RBT datastructure
for implementinga dictionary We declarea datatypan Figure6, which preciselycapturegsheseproperties
of aRBT.

25



type key == int ;;

sort color == {aint | 0 <= a <=1}
datatype rbtree  with (color, nat, nat) =
EO, 0, 0)
| {c:colorH{cl:color}{cr:color}{bh:nat}
B(O, bh+1, 0) of rbtree(cl, bh, 0) * key * rbtree(cr, bh, 0)
| {cl:color¥{cr:color}{bh:nat}
R(1, bh, cl+cr) of rbtree(cl, bh, 0) * key * rbtree(cr, bh, 0)
let restore = function
(RR(@a, %, b), vy, ¢, z d -> RB(a x, b), y B, z d)
| (R@ x, R(M, vy, ¢), 1z d -> RB@ x, b), vy, B, z d)
| @& x, RRMb, vy, ¢, z d) -> RB@, X%, b), vy, B, z d)
| (@ %, R, vy, R(c, z d)) -> RB@ X b), y, B, z d)
| (& X, b) -> B(a, X, b)
withtype  {cl:colorH{cr:colori{bh:nat{vl:nat vina t | vitvr <= 1}
rbtree(cl, bh, vl) * key * rbtree(cr, bh, wvr) ->

[c:color] rbtree(c, bh+1, 0)
exception  Item_already exists "

let insert x t =
let rec ins = function
E > R(E, x, E)
| B(@a, vy, b) -> if x <y then restore(ins a, Yy, b
else if y < x then restore(a, y, ins b)
else raise Item_already_exists
| R@ vy, b) > if x <y then R(ns a, y, b)
else if y < x then R(a, y, ins b)
else raise Item_already_exists
withtype  {c:colori{bh:nat}
rbtree(c, bh, 0) ->
[c:color][v:nat | v <= c] rbtree(c, bh, v) in
match ins t with
R@ vy, b) -> B vy, b)
| t >t
withtype  {c:color}{bh:nat} key -> rbtree(c, bh, 0) ->
[bh™:nat] rbtree(O, bh’, 0) ;;

Figure6: A red-blackireeimplementation
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A sortcolor is declaredor thetypeindex expressionsepresentinghe colorsof nodes.We use0 for
blackand1 for red. For simplicity, we useintegersfor keys. Of course onecanreadily useotherordered
datastructures.Thetyperbtree isindexedwith atriple (c, bh, V), wherec is the color of thenode,
bh is theblack heightof thetree,andv is the numberof color violations. We recordonecolor violation if a
red nodeis followed by anothered node,andthusa RBT musthave no color violations. Clearly, the types
of constructorsndicatethatcolor violationscanoonly occurat thetop node.Also, noticethata leaf, thatis,
E, is consideredlack. Giventhe datatypedeclaratiorandthe explanation,it shouldbe clearthatthetype of
aRBT is simply

[c:color][bh:nat] rbtree(c,bh,0) ,

thatis, atreewhich hassometop nodecolor ¢ andsomeblackheightbh but no color violations.

It is aninvolvedtaskto implementRBT. The implementatiorwe presenis basicallyadoptedrom the
onein [17], thoughtherearesomeminor modifications We explain how theinsertionoperatioronaRBT is
implemented Clearly, theinvariantwe intendto captureis thatinsertinganentryinto a RBT yieldsanother
RBT. In otherwords,we intendto declarethattheinsertionoperationis of thefollowing type.

key->[c:color][bh:nat] rbtree(c,bh,0) -> [c:color][bh:nat] rbtree(c,bh,0)

If weinsertanentryinto a RBT, somepropertieson RBT maybeviolated. Thesepropertiesanbe restored
throughsomerotationoperationsThefunctionrestore  in Figure6 is definedfor this purpose.
Thetypeof restore is easyto understandlt stateghatthis functiontakesanentry, atreewith atmost
onecolor violation anda RBT andreturnsa RBT tree. The two treesin the agumentmusthave the same
blackheightbh for somenaturalnumberbh andthereturnedRBT hasblackheightbh + 1. Thisinformation
canbe of greathelpfor understandinghe code. If theinformationhadbeeninformally expresseahrough
commentsjt would be difficult to know whetherthe commentscan be trusted. Also noticethatit is not
trivial atall to verify theinformationmanually We couldimaginethatalmosteveryonewho did this would
appreciatehe availability of atype-checlerto performit automatically
Thereis a greatdifferencebetweentype-checkinga patternmatchingclausesn DML andin ML. The
operationalsemanticof ML requiresthat patternmatchingbe performedsequentiallythat is, the chosen
patternmatchingclauseis alwaysthe first onewhich matchesa givenvalue. For instancejn the definition
of thefunctionrestore | if thelastclauseis choserat run-time,thenwe know the argumentof restore
doesnot matcheitherof the clausesaheadof the lastone. This mustbe taken into accountwhenwe type-
checkingpatternmatchingin DML. Oneapproactis to expandpatternsnto disjoint ones.For instancethe
pattern(a, X, b) expandsnto 36 patterndpattern,, x, patterns), wherepattern, andpattern, range
overthefollowing six patternsRB , , B ),RB _, _, E),R(E, ., B ),R(E, _, E),
B _, andE. Unfortunately suchexpansiormayleadto combinatoriakexplosion.An alternatveis to require
the programmetto indicatewhethersuchexpansionis needed. Neither of theseis currently availablein
de Caml, andthe authorhastakenthe incorvenienceto expandpatternsinto disjoint oneswhennecessary
We emphasizéhatthe codein Figure6 mustbe thusexpandedn orderto passtype-checkingn de Caml.
Thoughthis canbefixedstraightforvardly, it is currentlyunclearwhatmethodcansolve the problembest.
The completeimplementatiorof the insertionoperationfollows immediately Notice that the type of
functionins indicatesthatins mayreturnatreewith onecolor violationif it is appliedto a treewith red
topnode.Thisis fixedby replacingthetop nodewith ablackonefor everyreturnedreewith aredtop node.
Moreover, we canuseanextraindex to indicatethe sizeof aRBT. If we doso,we canthenshow thatthe
insert  functionalwaysreturnsaRBT of sizen + 1 whengivena RBT of sizen (notethatanexceptionis
raisedif theinsertedentryalreadyexistsin thetree).Pleaseaeferto [23] for details.

4.4 Binomial Heaps

A binomialtreeis definedrecursvely; abinomialtree By with rank0 consistof asinglenodeandabinomial
treeBy1 of rankk + 1 consistof two linkedbinomialtreesBy, of rankk suchthattherootof oneBy, isthe
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leftmostsonof theotherBy. A binomialheapH is acollectionof binomialtreesthatsatisfythe properties:
(a) eachbinomialtreein H is heap-orderedhatis, thekey of a nodeis greatetthator equalto the key of its

parentand(b) thereis at mostonebinomialtreein H whoseroot hasa givendegree.Pleasaeferto [6] for

details.

We declaresomedatatypesn Figure7 for forming binomialheaps.Thetypetree(n) s for binomial
treesof rankn, andthe typetreelist(n) is for alist of binomial treeswith deceasingranksandn =
m + 1 if thelist is notempty wherem is therankof thefirst binomialtreein thelist. We represenabinomial
heapasa list of binomialtreeswith increasingranks. For a heapof type heap(n) , if n = 0 thentheheap
is empty; otherwisen = m + 1 wherem is the rank of thefirst binomialtreein the heap. Notice thatwe
attachrankto eachtreenodein orderto efficiently computethe rank of atreewhile usingthetype of Node
to guaranteg¢hatthefirst componenbdf eachnodeindeedrepresenttherankof thatnode.

Noticethatthe datatypdor binomialtreesdoesnot capturetheinvariantstatingthatthesetreesareheap-
ordered. This seemgo be beyondthe reachof dependentiatatypes.Also note thatwe would not be able
to capturesomeof theinvariantsif we usedthe ordinarylist constructorsthatis, nil andcons , to form
treelists. This leadsto theintroductionof Tempty , Tcons , Hempty andHcons. This specialfeaturein
programmingvith dependendatatypefasanunpleasantonsequenceayhich we mentionin Section5.

The implementationin Figure 7 and 8 is largely adoptedfrom [17]. Sincethe type for the function
merge is relatively comples, we explain it asfollows. This type statesthat given two binomial heapsof
typesheap(m) andheap(n) , respectiely, this function returnsa binomial heapof type heap(l)  for
somel suchthat! = m if n =0,0rl =nif m =0, orl > min(m,n) > 0 otherwise.

5 Limitation

We mentionsomelimitations of dependentlatatypesn this section.

In orderto captureinvariants,we may have to declarenew datatypesnsteadof usingexisting ones.For
instancewe declaredthe datatypereelist in Figure7 insteadof usingthe existing list constructorgo
form alist of trees.Thereasoris thatwe wantedto only form lists of binomialtreeswith decreasingank.
Similarly, we introducedhedatatypeneap to captureheinvariantthatabinomialheapis alist of treeswith
increasingorder This forcesusto definethe functionto_heap later, which essentiallyreversesa list of
treesandappendt to aheap.If we usedtheexisting list constructorsvithout declaringeitherof treelist
andheap , we couldthenusesomeexisting functionon lists insteadof definingto_heap . In orderwords,
usingdependentiatatypesnaylosesomeopportunitiefor codereuse.

Anotherlimitation can be illustrated using the following example. Let B be the constructordeclared
in Figure 2, which is usedto form Brauntrees. SupposeéhatB(x, |, r) occursin thecodewherethe
programmerknowsfor somereasorthatl isthesamesizeasr or containsonemoreelementout this cannot
be establishedn the type systemof de Caml. In this casethe codeis to be rejectedby the de Camltype-
checler, thoughthe codewill causeno run-timeerror (if we trustthe programmer).The situationis very
similar to the casewherewe move from an untypedprogramminganguagento atypedone. A solutionto
this problemis thatwe introducesomerun-timechecks.For instancewe may definethe following function

andreplaceB(x, |, r) withmake brauntree x | r.
let make brauntree x | r =
let m = size(l) and n = size(r) in
if n <= m&& m<= n+l then B(x, |, r) else raise lllegal_argument

withtype int -> brauntree  -> brauntree  -> brauntree

Thefunctionmake_brauntree  canreadilypassype-checkingn de Caml(we refertheinterestedeader
to [22] for furtherdetails). Thepenaltyin this caseis thatmake_brauntree  takesO (log® n) time to build
atreeof sizen, thoughthis canbe avoidedif we storesizeinformationin eachnode.

In general,if the programmeianticipateshe above situationto occurfrequently thensheor he should
eithermale surethat run-time checkscan be doneefficiently or switch backto non-dependendatatypes.
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datatype tree with nat =
{n:nat} Node(n) of int(n) * int  * treelist(n)

and treelist with  nat =
Tempty(0)
| {m:nat}{n:nat | m>= n} Tcons(m+l) of tree(m) * treelist(n)

datatype heap with nat =

Hempty(0)
| {m:nat}{n:nat | n=0V m+l< n} Hcons(m+l) of tree(m) * heap(n)
let rank = function Node(r, _, ) ->r

withtype  {n:nat} tree(n) -> int(n) "

let root = function Node(, X, ) -> X
withtype  {n:nat} tree(n) -> int

let link (Node(r, x1, tsl) as tl) = function
Node( , x2, ts2) as t2 ->
if (x1 <= x2) then Node(r+1, x1, Tcons(t2, tsl))
else Node(r+1, x2, Tcons(tl, ts2))

withtype  {r:nat} tree(r) ->  tree(r) ->  tree(r+1)

let rec insTree t = function
Hempty -> Hcons(t, Hempty)

| Hcons(t, ts) as ts ->
if rank t < rank t then Hcons(t, ts) else insTree (link t t) ts
withtype  {r:nat}{n:nat | n=0V r <n}
tree(r) -> heap(n) -> [lnat | T >1r1] heap(l) ;

let insert x hp = insTree (Node(0, x, Tempty)) hp
withtype int -> [n:nat] heap(n) -> [mnat | n > 0] heap(n)

let rec merge = function
(hpl, Hempty) -> hpl
| (Hempty, hp2) -> hp2
| (Hcons(t1, hpl) as hpl), (Hcons(t2, hp2) as hp2) ->
if rank tl1 < rank t2 then Hcons(tl, merge(hpl’, hp2))
else if rank t1 > rank t2 then Hcons(t2, merge(hpl, hp2’))
else let hp = merge(hpl’, hp2) in insTree (link t1 t2) hp
withtype  {m:nat}{n:nat} heap(m) * heap(n) ->
[l:nat | M =0AN I =mV (m=0AMAN 1 =n)V
(I >= min(m, n) > 0)] heap(l)

Figure7: An implementatiorof binomialheapin de Caml(l)
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exception  Heap_is_empty ;;

let rec removeMinTree = function
Hempty -> raise Heap_is_empty
| Hcons(t, Hempty) -> (t, Hempty)
| Hcons(t, hp) ->
let (t, hp) = removeMinTree hp in
if root t < root t then (t, hp) else (t, Hcons(t, hp))
withtype  {n:nat}
heap(n) ->
[r:nat][l:nat | I =0V | >=n > 0] (tree(r) * heap(l)) "

let findMin hp =let (t, ) = removeMinTree hp in root t
withtype  {n:nat} heap(n) -> int

let rec to_heap hp = function

Tempty -> hp
| Tcons(t, ts) -> to_heap (Hcons(t, hp)) ts
withtype  {m:nat}{n:nat | m=0V m> n}
heap(m) -> treelist(n) -> heap ;;

let deleteMin hp =
let (Node(, x, ts), hp) = removeMinTree hp
in merge (to_heap Hempty ts, hp)

withtype  heap -> heap ;;

Figure8: An implementatiorof binomialheapin de Caml(ll)

We recommendhat the programmeiavoid complex encodingsvhenusingdependentiatatypego capture
invariantsin datastructures.

6 RelatedWork

Theuseof type systemsn programerrordetectionis ubiquitous.Usually, the typesin generapurposepro-
gramminglanguagesuchasML andJavaarerelatively inexpressve for the sale of practicaltype-checking.
In theselanguagesthe useof typesin programverificationis effective but too limited. Our work canbe
viewedasproviding a moreexpressie type systento allow the programmeto capturemoreprogramprop-
ertiesthroughtypesandthuscatchmoreerrorsat compile-time.As a consequenceypescansene asinfor-
mative programdocumentationfacilitating programcomprehensionWe assignpriority to the practicality
of type-checkingn our languageadesignandemphasize¢he needfor restrictingthe expressvenesof atype
system.

In [21], we have comparedour work with sometraditionaldependentype systemssuchasthe ones
underliningCoq[8] andNuPrl[5], which arefar morerefinedthanthetype systemof DML. There,we also
give comparisorto the notion of indexed types[25] (an earlierversionof which is describedn [24]), the
notionof refinementypes|9, 7], thenotionof sizedtypes[13], andtheprogrammindanguageCayennd1l].

Therehave beenmary recentstudieson the useof nesteddatatypeg?2] in constructing(sophisticated)
datatypego capturemoreinvariantsin datastructures.For instancega variety of examplescanbe foundin
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[3, 18, 10, 12, 11]. We feel thatthe advantageof this approachs thatit requiresrelatively minor language
extensionswhich mayincludepolymorphicrecursionhigherorderkinds, rank-2polymorphismto existing

functional programminglanguagesuchasHaslell, while type-checkingn DML is muchmoreinvolved.

On the otherhand,this approachseemdessflexible, often requiringsomeinvolved treatmentat both type

and programlevel. The importantnotion of datatyperefinementin DML cannotbe capturedwith nested
datatypesFor instanceijt is impossibleto form a nesteddatatypehatcancapturethe notionof thelengthof

alist sincethis would imply thatonecould simply usetypesto distinguishnon-emptylists from emptyones.
In generalwe think thatthesetwo approacheareessentiallyorthogonain spiteof somesimilar motivations
behindtheir developmentandthey canbereadilycombinedwith little effort.

7 Conclusion

The useof dependentatatypesn capturinginvariantsin datastructuredss novel. This practicecanoffer
mary advantagesvhenwe implementalgorithmsin advancedorogrammindanguagegquippedwvith sucha
mechanismThe mostsignificantadvantagds probablyin programerrordetection.We arguedin Sectionl
that the imprecisionof datatypesn StandardVL or Haslell in capturinginvariantscan be a rich source
for run-time programerrors. In addition, the dependentype annotationsuppliedby the programmerare
mechanicallyverified and canthus be fully trusted. They cansene as valuableprogramdocumentation,
facilitatingprogramunderstandingT herearealsovarioususesof dependentlatatype$n compileroptimiza-
tion.

Type-checkingn DML is largely independenbf the size of a programsincea type-checkingunit is
roughly the body of a toplevel function. In generalwhatmattersin type-checkings the difficulty level of
the propertieghatareto be checled. A moreseriousissueis how to reporterror messages caseof type
errors.Thetype-checkingn de Camlimplementsatop-downn stylealgorithm,which usuallypinpointsto the
locationof atype error. Unfortunately the authorfinds thatit may often be surprisinglydifficult to figure
outthe causeof atypeerror. Onthe positive side,thetype-checlkrof de Camlis oftencapableof detecting
a variety of subtleerrors. For instance the authoronceusedEven(l1, 12) to form a random-list(in
Figure3) andthetype-checkrraisedanerrorbecausdt couldnotprovethatll cannotbeNil . If thishad
goneunnoticed,it would have invalidatedsomeinvariantassumedy the programmerpotentially causing
(difficult) run-timeerrors. We arecurrentlyin the procesf gatheringmore statisticsregardingthe useof
deCaml.

The usualfocus of datastructuredesignis mainly on enhancingime and/orspaceefficiencgy, andless
attentionis paidto programerrordetection.Theintroductionof dependendatatypegrovidesanopportunity
to remedythessituation.In generalwe areinterestedn promotingthe useof light-weightformal methodsn
practicalprogramminggnhancingherobustnes®of programs.We have presenteddomeconcreteexamples
of dependentiatatypesn this paperin supportof sucha promotion. We hopetheseexamplescanraisethe
awarenes®f dependentlatatypesndtheir usein implementingalgorithms.
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Abstract

Themainclaim of this paperis thatimperatve conceptsuchassequencingrepetition,mutablestate, and
1/0 canbe taughtto first-yearstudentsby usingthe monadicfacilities of a functionallanguagesuchas
Haslell.

Wereportonanexperienceof teachingalgorithmsinvolving arraysandwhich aretypical of afirst pro-
grammingcourse—suchasinsertionsort, bubblesort, linear search, andsoon—, by usingthe monadic
style. It appearshat our studentsdo not have specialdifficulties in graspingboth the imperatve con-
ceptsandthe algorithms. They learnthesealgorithmsafter a previous expositionto classicalfunctional
programming.

In the paper we provide arich sampleof the algorithmsusedin the course.We alsoclaim thathigher
orderconstructiongacilitateto our studentghe designof complex monadicalgorithms.

Keywords: imperatve functionalprogrammingmonadicalgorithms education.

1 Intr oduction

Sincetheendof the80's, therehasbeenabroadtrendto abandorimperative languagesn behalfof functional
onesin introductoryprogrammingcourses.So, at mary universities,Pascalhasbeenreplacedby Scheme,
ML —andits variants—pr Miranda,or, morerecently GoferandHaslell, asthefirst programmindanguage
to be learntby undegraduatesThis kind of experienceshave beenalreadyreportedin a numberof papers
(seeforinstance(7, 9, 8]). Thereforethereis no needto repeaterethe benefitsof thefunctionalparadigm
for ‘unexperiencedstudents.

Being the weak-pointof functionalprogramminganguagegxecutionefficiency, mostof therecentre-
searchon thefunctionalfield hasbeendevotedto increasehe efficiency of functionalprograms.Oneof the
mostinterestingresultsis monadicprogramming[15, 17]. A monadicstyle enableghe programmeto cope
with interactionand state-basedomputationsn a functionalsetting. Also, higherorderstructurescanbe
defined,which mimic the control structuresof imperative languagesandgiving rise to the termimpentive
functionalprogramming[6, 10]. However, dueto therelationshipbetweermonadsandcategory theory and
the proximity of the monadicstyle to the temptingrealm of imperatve programming theseadvanceshave
beenmostlyrelegatedto postgraduateourses.

We claimthatit is completelyviableto teachmonadicalgorithmsto freshmenMoreover, this can—and
should—bedonewithoutexplainingthetechnicaldetailsof monads.Thebenefitsof acceptinghischallenge,

*Work partially supportedy the spanistprojectsCAM-06T/033/96andCICYT-TIC97-0672.
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aretwo-fold: on theonehand,studentsareableto tacklea wider spectrunmof programmingapplicationspn
theotherhand,they learnimperative conceptswvithout leaving the functionalworld.

The aim of the presentpaperis to substantiateour claim by explaining how to gently introducethe
monadicstyleof programmingo first-yearstudentsandby providing somesimple,yetillustrative, examples
for thisteachingask. We startwith a brief presentatiof the context whereour proposahassprouted.Then,
we explain anddetail a bit the proposal.Section4 is the coreof the paper containingthe teachingsequence
we have followedandthe correspondingnonadicalgorithms.We endby commentingsomeresultsfrom our
experience.

2 The context

Beforepresentingur proposalijt is importantto clearlyexplainthe context andcircumstancesf our course.
Attemptsto give introductoryprogrammingcoursesdasedon functionalprogrammindanguagesave been
sometimegorsalenfor fearof anotcompletelysatisactoryintegrationwith therestof thecurriculum.Func-
tional programmingturnsout to be so naturaland closeto problem-thinking,that studentdind difficulties
to handlelanguagedike FORTRAN or C whenthey areconfrontedto this low-level programmingstylein
SUCCESSOCOUrSES.

It is a reality that computersciencecurriculaare mostly imperative programmingoriented,with most
subjectdasedn this style,while otherprogrammingparadigmsareincludedascomplementaryr optional
courses. For instancewhile thereis a greatvariety of first courseson programmingfrom the functional
perspectie, therearevery few proposaldor a secondcourseon programmingadvanceddatastructuresand
programdesignmethods)n afunctionalstyle (see[13] for a proposal).

Nonethelesspur proposalis not addressedb future computerengineersbut to first-yearundegraduate
mathematicstudentswhich mustfollow a compulsorycourseon programmingand, probably will never
learnanymoreon computersor programming.Although,in our case thereis a secondprogrammingcourse
on datastructuresand algorithms,this is only an option amonga greatand diversified offer on pure and
appliedmathematicsubjects.Therefore the maingoal of this introductorycourseto programmings notto
preparestudentdor latercourseson the computingdiscipline,but to teachthemhow to usesucha powerful
andnowadaysindispensabl¢éool: a programmindanguageOf courseijt is not our goalto teacha particular
languageandsystem put to make the studentgo understandhe main conceptsn programmingsothatthey
will be ableto designalgorithmsto solve their problems andto expressthemin the availableprogramming
language—imperative in mostcasesWhile thefunctionalstyleis excellentfor algorithmdesign,.evenmore
for mathematicianghetrainingwould beincompletewithout anunderstandingf theimperative computing
model, and of the mosttypical datastructuresof the imperative style, i.e. arraysandfiles, which will be
extensiely usedin subjectdik e numericalanalysisor statistics.

A first attemptwe tried to follow —inspiredby theapproactof [5]— wasto presenfunctionallanguages
asa specificationtool for describingalgorithms,which could be directly executed,or which could be later
efficiently implementedn animperative languageActually, HartelandMuller, describehow to learnC after
afirstcourseon SML. A relatedexperiences presentedh [3], whereMirandais usedfor ADTs specifications
to be implementedin C. In [7] a first-yearcoursecombining functional and imperative programmingis
described. Our projectwas not so ambitious,becausene were constrainedo a one-yearcourse. Thus,
75% of the coursewas devotedto purefunctional programmingwhile the remaining25% was employed
to explain, by usinga corventionalimperative languagethe mainimperative conceptgupdatablevariables,
sequencingiteration, arrays,files, subprograms).However, this first experiencewas quite a failure. The
main reasonwasthe scarceintegrationbetweerthe two programmingstyles. The methodologyfunctional
specification- imperatve implementationonly workedfor simpleexampleshecausenary of thefunctional
constructionslik e non-tailrecursionor higherorderfunctions,weredifficult to translaten a systematiavay
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to theimperatve style. We concludedhatit waseasietto designthe algorithmsdirectly usingtheimperative

features Consequentlythe studentsdivided’ our courseinto two independensubjectsHaslell andPascal,
which werethe languageghoserto be usedin laboratories.This desintgrationwasaggraatedby the lack

of time: 60 classroomhoursplus 30 hoursin labsappearedo be too scantyto make themunderstandhe

two paradigms.Thus,while studentswverestill fighting againsthigherorderfunctions,we suddenlystarted
to talk aboutstatesanditerations.lt is not the casethattheseconceptsaredifficult to grasp but the students
wereunableto expresshemin the new syntax,andthe confusionbetweerthetwo notationswvasgreat.

3 The proposal

As we have explainedin theprevioussection thefailure of ourfirst experienceavascausedy thedesintgra-
tion betweerthetwo programmingstyles,increasedy the useof two differentsyntaxes.Hence whatabout
having the two programmingmodelsin a uniquelanguage?Then,we turnedto the monadicprogramming
stylecommentedat theintroductionof this paper

Our actualproposaldistributesthe subjectin a 75 % ‘pure’ functional+ 25% ‘imperative’ functional. In
this way, we still keepa quarterof the coursedevotedto the essential®f theimperative model:

e controlof sequence;
e repetition,asanalternatveto recursion;and

e amutablestate allowing efficient datastructureqarrays)andpermanentiata(files).

We have choserHaslell asthe supportinganguageébecauset includesall thefeaturesve desireto commu-
nicateto our studentsyhile enjoying aneasyto learnandhandysyntax.Moreover, it is widely known in the
functionallanguagecommunity with muchongoingresearcton it, and providing very efficient compilers.
Thereexist alsothe possibility of usinganinterpretedike HUGS, which allows the studentgo quickly test
onthecomputerthe exampledearnedatthe classroomandto easilydevelopsmallprograms.

A detailedprogramis givennext:

Part I: Intr oducing Programming

Lessonl: Intr oduction. Algorithmsandprograms.Underlyinghardware. ProgrammindanguagesOper
atingsystemsandtranslators.

Lesson2: Program corr ectness Programspecification Programdesignandverification.

Part II: BasicFunctional Programming

Lesson3: Basictypesand simple expressionsHaslell: basicsyntaxandevaluation.Valuesanddatatypes.
Integers floating point numbershooleanscharacterandstrings.

Lesson4: Function definitions. Conditionalexpressionsandguards.Simplepatterns Functionapplication.
Functioncomposition.

Lesson5: Top-down design.Declarationscope.Programmingvith local definitions.Functionrefinement.
Lesson6: Recursive functions. Mathematicalinduction. Recursive decomposition.Recursie functions
overintegers.Proofby induction.

Lesson7: The type system.IntroducingclassesA tour of the built-in Haslell classesMonomorphicand
polymorphictypes.Type checking.

Lesson8: Tuples. Concept.Valueconstructiorandpatterns StandardperationsComponenselectionand
patternmatching.
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Lesson9: Lists. Concept.Valueconstructiorandpatterns.Polymorphiclists. Standarcbperations Recur
sive functionsover lists. Proofby structuralinduction.

Lessonl10: Designingfunctions over lists. List traversalsandsearchsSortinglists: selectiorsort,insertion
sort,memesort. Analysisof correctness.

Lessonll: Program efficiency. O-notation.Basicordersof efficiengy. Time compleity analysis.
Lessonl12: Higher-order functions. Functionsasarguments.Higherorderfunctionsover lists: filtering,
mappingandfolding. Insertionsortrevisited. Functionsasvaluesandresults. Partial application. Sections
andlambdaabstractionsCurryinganduncurrying.

Lesson13: List comprehensions.Conceptandsyntax. Examples:primes,quicksort. List comprehension
andhigherorderfunctions.

Lesson14: Intr oducing abstract data types. The ADT concept.Modulesin Haslell. Examples:stacks,
FIFO queuesandsets.Implementatiorusinglists.

Part Ill: Imperati ve Functional Programming

Lessonl5: The imperative computing model. Updatablevariablesandstates Sequentiatompositionand
iteration. Relationshipwith theunderlyinghardware.

Lessonl6: Interactive input and output. Interactive keyboardinput and screenoutput. Interactve pro-
gramswith file input/output.Sequencingising>> and>>=. Thedo notation.

Lessonl7: Immutable arrays. Index types.The Array module.Array creationandsubscripting.Useful
functionsoverarrays.Examplestalulatingresults binarysearchjnsertingin a sortedarray matrix product.
Lessonl18: Mutable arrays. The ST (Strict StateThread)module. Basicactionsover (ST s) a. Con-
structinga mutablecomputation Examplesinsertionsort,bubblesort.

Noticethatwe introduceclassegLessonr). We find difficult for studentgo understandhe typeinformation
providedby HUGSIf they know nothingaboutHaslell classesHowever, we restrictoursehesto explaining
themostbasicconceptsandwe do notexpectour studentgo createnew classesOntheotherhand,algebraic
typesare absentfrom the programpresentechere. The main use of algebraictypesis the definition of
recursve types(e.g. trees),which we think arebettersuitedfor a secondyear The structuresve expectour
studentdo masterarethelinearones:lists andarrays.

Thelastpartof thecoursethe onedevotedto imperative functionalprogrammingstarts(Lessonl5) with
anintroductionto typical imperative conceptswithout mentioningthe functionalparadigm.

The expectedadvantagesf this new approactresidenot only in keepingthe samesyntaxfor the two
styles,but alsoin keepingthe sameprogrammingernvironmentat the laboratories.This savesa lot of time
andmistales.Besideghat, it allowsthestudento continueusing,in theimperatie part,theusualfunctional
stylefor the non monadicfunctions,thuscontributing to their maturity in the paradigm.

4 Imperative functional programming by example

This sectioncontainsa detailedpresentatiotf theteachingsequenceve have followedin theimperative part
of thecourse andanumberof illustrative monadicandnonmonadicalgorithmswe have usedto transmitthe
imperative conceptgo the students.

4.1 Sequencend iteration: 1/O interaction

The simplestimperative conceptto startwith is sequentiakcompositionof actions For thefirst time in the
coursewe wonderaboutthe specificorderin which actionsshouldbe performed Input/outputinteractionis
anareain which the studentcannaturallyappreciateéhatthe control of this orderingis important.
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Atomic actions We startby explaining output,the typelO () , andthe mostelementary/O action,the
onedoingnothing: done::I0 () . Then,we go onwith otheratomicoutputactions:writing a character
writing a string, writing a completefile, andsoon. Then,we generalizeo input, to thetype O a andits
atomicactions:return  a, readingacharactereadingaline, readingacompletdfile, andsoon. Asin [16]

andin [1, Chapterl0], we stresghe differencebetweerdefininganl/O actionandperformingit.

Sequencingactions In orderto be ableto establishdialoguessomeway of sequencingheseelementary
actionsmustbe provided. First we introducethe sequentiatombinator>>:

main = putChar 'a’ >> putChar b’

Oncetwo actionshave beencombined recursionprovidesthe meanso sequence variablenumberof ac-
tions:

putStr
putStr  (c:cs)

done
putChar ¢ >> putStr cs

Whenan I/O actionreturnsa value differentfrom () , someway mustbe provided so that the restof the
interactioncanusethis value. If we write

main = getChar >> putChar 'a’

the>> combinatorsimply ignoresthe valuereturnedby thefirst action,sowe justify the seconccombinator
>=:

main = getChar >>= putChar
We explainthetype(>>=)::10 a -> (a -> 10 b) -> I0 bandbuild morecompleinteractions:

getLine = getChar >>= \c¢c -> if c=="\n’ then return
else getLine >>= \cs -> return (cics)

To explaintheseideaswe do not appealo monads For studentsthe >>= combinatoris just read‘follo wed
by'.

The do-notation At this point, the needfor a more compactand clear notationis strongly felt, andwe
introducethe do-notation,explainingthatthis is just an abbreviation of the more cumbersomeombination
of >>, >>= andlambdaabstractions:

getLine = do ¢ <- getChar
if c=="\n’ then return
else do cs <- getlLine
return  (c:cs)

We could have chosento explain only the do-notation,insteadof presentingt asan abbreviation of more
elementaryconcepts.But, in doing so, we could have transmittedthe impressionof a magicalbehaiour
behindimperatve-stylealgorithms.We have preferredto remarkthatprogramsarestill functional.

Repetition Frequentlyin interactions,thereis the needto repeatan action until somedesiredproperty
holds.Hereis anexampleof a programreadinganintegerbetweerl anda givennumbem:

readint ' Int -> 10 Int
readint n = do putStr (“Type an integer between 1 and " ++ show n ++ " ")
s <- getlLine
let x =read s in
if all isDigit S & 1 <= x && x <= n then return X
else readint n
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We tell the studentghatthis constructioris very typical in animperatve languageandthattherearespecial
controlstructuresuchaswhile andrepeat to expresst.

Top down designof interactions Monadicdialogsshouldnot look like long sequencesf actions. Top
down designhasits placehere. Whena complec dialoguemustbe designedit is advisableto split it into
pieceseachonetaking careof a partof the interaction. For instancewe candesigna programperforming
thefollowing loop: displayinga menu,inviting the userto choosean option, performingthe corresponding
action,andgoingbackto theloop, or leaving it if the optionchosenvasthelastone:

main = do showMenu
i <- readint 3

case i of
1 -> do {actionl ; main}
2 -> do {action2 ; main}
3 -> done

4.2 Readonly state: immutable arrays

The next importantimperative conceptis the array datastructure. It mimics the computermemoryandso
allows accessingo ary singlecomponenin constantime, independentlyof the numberof elementsstored
in thearray It is importantthatstudentainderstandhe differencedetweerthis structureandlists: (i) once
createdanarraycannotbeextendedwith new elementdo produceanew array;and(ii) therecursiorpatterns
for arraysarebasedn changingndex intervalsinsteadof onapplyingtherecursvefunctionto asubstructure
of thesametype.

Thetype Array a b of immutablearraysis a good starting point for introducinglater on mutable
arrays.Therearemary algorithms mainly readingfrom immutablearrays having the sametime complexity
asif they wereprogrammedn animperative languageOneof themis linearsearch:

linSearch © Eqb =>Array Int b -> b -> Maybe Int
linSearch a x = linSearch’ a x low up
where (low,up) = bounds a
linSearch’ axj up
| j > up = Nothing
| x == alj = Just |
| otherwise = linSearch’ a x (j+1) up

We will alwaysusethe techniqueshawn in this example,in every recursve definition relatedto eitherim-
mutableor mutablearrays: the function to be designeds embeddedn a moregeneralonehaving at least
two additionalparameterghefollowing index to bedealtwith, andtheupperboundof thisindex. Thismore
generafunctionis recursvely designeda basecaseis reachedvhenwe getthe emptyinterval of indices;in
therecursve casewe decreas¢he lengthof theindex interval. Of coursejf thearrayis sortedwe cando it
betterby usingabinarysearch:

binSearch :: Ord b => Array Int b -> b -> Maybe Int
binSearch a x = binSearch’ a x low up
where (low,up) = bounds a

binSearch’ axj k

| j >k = Nothing

| x < alm = hinSearch’ axj (m-1)

| x == alm = Just m

| x > alm = binSearch’ ax (m+1) k

where m= (j + k) ‘div' 2

38



It is well known thatthis algorithmhaslogarithmiccost. We emphasizehefactby explainingthatno search
algorithmusinglists asa searchstructurecanbeatthis cost.

Otherinterestingalgorithmswith immutablearraysinclude matrix multiplication, Fibonaccitakulation,
andthedefinition of higherorderfunctionsfor arrays,similarto map, fold , all , any andsoon. We also
give a versionof insertionsort for immutablearrays(whosecostis in O(m?), beingm the length of the
array):

isort & Ord b =>Array Int b -> Array Int b
isort a = foldl insert a [low+1..up]
where (low,up) = bounds a
inset :: Ord b => Array Int b -> Int -> Array Int b
insert a n = insert’ alow n
where (low,_) = bounds a

insert’ ajn

[ § >=n = a

| aln > alj = insert’ a (+1) n

| otherwise = a /I ((jaln) o [(k+1,a'k) | k <- [..n-1]])

This algorithm will be the basisfor a similar algorithm using mutablearrays. A call to insert a n

assumeshatthe elementsf a in positions[low..n-1] areorderedandthatlow < n < up;then,it

rearrangegheelementsn positionsflow..n] in suchaway that,atthe end,this portionbecome®rdered.
In theworstcaseeachcall to insert  createsa new arrayby modifying the onegivenasparameter This
costis in O(m), beingm thenumberof elementsn thearray As therearem — 1 callstoinsert , thetotal

costofisort  isin O(m?).

4.3 Read-write state: mutable arrays

Coming backto the analogybetweenarraysand the computermemory it is easyto justify the needfor
mutablearrays:we would lik e to modify anarrayelementaswe cando with amemoryposition,with a cost
in O(1). We explainthatit is possibleto expressmutablearraysin a purefunctionallanguagesuchasHaslell
providedtwo conditionsaremet:

e Theprogrammeimposesa strict sequentiabrderto the actionsperformedon a mutablearray

e Theprogrammeiacceptghat,oncea mutablearrayis modified,only the new copy is availableto the
remainingactionsof the sequenceThis impliesto acceptthata nameis connectedo differentvalues
in differentpartsof atext (we know thatthis factdoesnotviolatetransparentialefereng sinceaname
denotesalways the samemutablevariable. What ‘changes’is the state. More exactly, it is passed
aroundfrom oneactionto thefollowing one).

We explain that the tools for creatingsequencesf mutableactionsare alreadyknown: the >> and >>=
combinatorsthereturn  action,andthe do-notationarenot privative of thetypelO a. We saythatthey
areoverloadedandthatthetypeST s a of mutablestateactionscanalsoenjoy of them(we sayin passing
thatboth constructorslO andST s, andsomeother, belongto the constructorclassMonad).

In the following, we assumethat the library module ST, standardin all Haslell distributions, which
providesthe interfaceto the mutablestateactionsproposedn Launchlury and Peyton Joness paper[11]
hasbeenimported. We explain to the studentsthe elementarymutableactions: creatinga mutablearray
or a mutablevariable,readingfrom them, writing to them,andso on. We alsopresenthe specialfunction
runST::ST s a -> awhichismandatoryf wewishto encapsulatstate-basedomputationsnto anon
state-basedne.

Our first algorithmsuseembeddingandrecursionon indicesaswe did with immutablearrays. Hereis
themutableversionof insert

39



insert :: Ord b => STArray s Int b -> Int -> ST s ()

insert ma n = insert’ ma low n
where (low,_) = boundsSTArray ma
insert’ 2 Ord b => STArray s Int b -> Int -> Int -> ST s ()
insert’ maj n
| j >=n = return ()
| otherwise = do a_n <- readSTArray man
a_j <- readSTArray ma j
if an >aj then insert ma (j+1) n

else do shift maj (n-1)
writeSTArray maj an

Thereadeiis invited to comparehis programwith theonegivenin Section4.2. Thesimilaritiesareobvious.
The big differenceis that now, aswe are working with only one array insteadof with two, the orderin
which modificationsto the array are performedis crucial. Oncewe have found that elementa_n mustgo
into positionj , we mustfirst shift the elementdetweerpositionj andpositionn-1 oneplaceto theright
andthenwrite a_n into positionj . Shouldwe changethis order, the arraywould becomecorrupted. The
shifting actioncanalsobe definedby recursiononindices.We will present higherorderversionof shift
in Sectiond.4. Thecostof insert  is clearlyin O(m), beingm = n - low + 1 thelengthofthearray
portionaffectedby insertion.Every positionin this portionis subjectto areador/anda write operationgach
onewith acostin O(1).

For the completeinsertionsort algorithm, we cannotusefoldl  becausdhe typesdo not match. We
cannoteitherusethemonadicversionof foldl , calledfoldM::Monad m=> (a -> b -> ma) -

> a -> [b] -> m a,for muchthesamereasonFor themomentwe contentourseheswith arecursve
version:

mutlsort :: Ord b => STArray s Int b -> ST s ()
mutlsort ma = mutlsort’ (low+1) up ma
where (low,up) = boundsSTArray ma

mutlsort’ @2 Ord b =>1Int -> Int -> STArray s Int b -> ST s ()
mutlsort’ j up ma

| j > up = return ()

| otherwise = do insert maj

mutlsort’ (+1) up ma

If theprogrammemvishesto hidethewhole statefulcomputationhe canuserunST to encapsulaté:

isort & Ord b => Array Int b -> Array Int b
isort a = runST (do ma <- thawSTArray a
mutlsort  ma
a' <- unsafeFreezeSTArray ma
return  a)

Thefunctionfirst corvertsanimmutablearrayinto a mutableone,sortsit, andsavesits final stateinto a new

immutablearraywhich is returnedasresult. From the outside,the algorithmlooks like sortingimmutable
arrays.

4.4 Higher order abstractions

Functionalprogrammings known to begoodfor abstractinggommoncomputatiorpatternsnto higherorder
functions.In the areaof monadicalgorithms,usefulcomputatiorpatternamoreor lesscorrespondo control
structuregpresenin mostimperative languages.
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Simulating an imperativefor-loop Thefirst usefulabstractioris the predefinedunction

sequence : Monad m=> [m a] -> m()
sequence = foldr (>>) (return 0)

corvertinga list of monadicactionsinto a singleactionwhich performssequentiallythe actionsin the list.
Usedin combinationwith map, it cansene asa goodsimulationof the for control structureof mary im-
perative languagesConsiderthe expresionsequence (map f indices) . Functionmapcreateslist
of actionsby mappinga function, dependingon anindex, to thelist of indices;sequence threadsheac-
tion list into a singleaction. So, by providing andappropriatdist of indicesanda’body’ functionwe geta
functionalequialentof theimperative for. Hereis the higherorderimplementatiorof functionshift  in
Sectior4.3:

shift 1 STArray s Int b -> Int -> Int -> ST s ()
shifft mai j = sequence (map action [j,j-1..i])
where action k = do x <- readSTArray ma k
writeSTArray ma (k+1) x

Noticethe orderin which positionsareshifted. Lik ewise, hereis the higherorderversionof mutisort  of
Section4.3:

mutlsort :: Ord b => STArray s Int b -> ST s ()
mutlsort  ma = sequence (map (insert ma) [low+1..up])
where (low,up) = boundsSTArray ma

If theteachemwishesto usea stylewith a moreimperatie flavour, he candefine

for = Monad m=>1[a] -> (@ > m()) -> m(
for indices body = sequence (map body indices)

andtranslatethe abose examplesto usethis construction.A slightly differentfor functionwasoriginally
proposedn [12]. For instancetheshift  functionwouldlook like:

shit mai j = for [jj-1..i] action
where action k = ..

But we claim that for functional programmerge.g. our studentshe direct useof sequence andmapis
moreillustrative thanthatof for .

General linear seach Whenworking with mutablearrays,usefulabstractionsncludethe corresponding
versionsof map, fold , any, all , andsoon. Anotherinterestingabstractioris looking for the first array
elementsatisfyinga givenproperty i.e. ageneralizatiorof linearsearch:

gLinSearch :: STArray s Int b -> (b -> Bool) -> ST s (Maybe Int)
gLinSearch ma p = gLinSearch’ ma p low up
where (low,up) = boundsSTArray ma
gLinSearch’ mapj up
| j > up = return  Nothing
| otherwise = do aj <- readSTArray ma j

if paj then return (Just )
else gLinSearch’ map (j+1) up

By usingit, we canwrite a very compactversionof themutableinsert  functionof Section4.3:

insert man = do a_n <- readSTArray man
“"(Just j) <- gLinSearch ma(a_n <=
shit  maj (n-1)
writeSTArray maj an
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Noticethat,in theworstcasethesearchendsupwithj = n. In thiscasetheshift actionjustdoesnothing,
andwriting a_n into positionn producesio harm. Theirrefutablepatternin the secondine is arequirement
of thedo-notation.

Simulating an imperative while-loop Thelastabstractiorwe presenis akind of while loop. Differently
from the one presentedn [14, Chapter14] for the type 10, we have found that the actionin the body is
usuallydifferentfrom oneiterationto thenext, sowe proposeo give alist of actionsasthesecondargument:

while ' Monad m=> mBool -> [m ()] -> m()
while test ] return ()
while test (a:as) do continue <- test
if continue then do {a ; while test as}
else return ()

Theloop endseitherwhenthetestfails or whenthelist of actionsis —if ever— exhausted By usingit, we
canwrite a higherorderversionof thewell known bubblesortalgorithm:

bubbleSort @ Ord b => STArray s Int b -> ST s ()
bubbleSort ma = do boolVar <- newSTRef True
while  (readSTRef boolvar) (map (stage boolVar up)
[low..up-1])
where (low,up) = boundsSTArray ma
stage v up k = do writeSTRef v False
sequence (map (action v) [up-1,up-2..K])
action v j = do x <- readSTArray ma j
y <- readSTArray ma (j+1)
if x <=y then return ()
else do -- array is being changed
writeSTArray ma j y
writeSTArray ma (j+1) X
writeSTRef v True

For anarraywith n elementsthe algorithmperforms,in theworstcasen — 1 stageswith index k ranging
from low to up-1 . At the endof stagek we have at positionk the next minimum elementof the array
So,the arraygetssortedfrom left to right. We make useof a mutablebooleanvariableboolVar to record
whethertherehasbeenarny modificationto the arrayin the currentstage. If not, the testfails in the next
iteration,thewhile loop is exited, andthe whole computatiorterminates.This meanghat, for aninitially
sortedarray bubblesortperformsanonly stagewith atime compleity in O(n).

4.5 Putting all together

At theendof thecourse studentshouldbeableto combineimperativefunctionalprogrammingwith classical
functional programming. So, in orderto know if they have acquiredtheseskills, we have proposedhem

to write, as a final laboratoryassignmenta programwhosecoreis the Floyd algorithm[4]. The aim of

this algorithmis to computethe shortestpathsbetweeneachpair of nodesof a given graph. It receves
the graphasinput, and generatess outputtwo bidimensionalarrays: oneto recordthe shortestdistance
betweeneachpair of nodes;andthe otherto storethe necessarynformationto obtainthe shortestpaths.
Thisis adynamicprogrammingoroblemand,of coursefirst-yearstudentsarenot expectedo discoverit by

themseles. Instead we explain to themin wordswhat hasto be doneto solve the problem,andthenthey

have to implementit.

We have choserthis examplebecausét combinesall the featureswve have taughtin the course:
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e Thereare several I/O operations andit is importantto performthemin the right sequenceat the
beginning,theoriginal graphis to bereadfrom afile; aftercomputingthearrays the programinteracts
with the user who canaskfor the shortespathbetweerary pair of nodes.

¢ It is convenientto usemutablearrays becausehe coreof the algorithmis aloop that computeghe
pathsby refiningthe solutionsfoundsofar. At eachstagek, for eachpair of nodes(i,5) it is decidedf
abetterpathbetween; andj canbe obtainedby visiting nodek asanintermediatestep. Eachtime a
betterpathis found, botharraysaremodified.

o After computingthe arrays,thereis no needto modify themarnymore. Therefore,immutablearrays
canbeused.

e It is easierandclearerto expressFloyd's algorithm by using higher order functionsthan by using
recursion.

Assumingthatthe original graphis representedy a matrix in which position(i,j) containsco if the nodes
arenotdirectly connectedandcontainghe distanceof the connectiorotherwise acompaciandpreciseway
to write thealgorithmis:

--  Encapsulates  the mutable computations of the program
floydAlg : Array (IntInt) Int -> (Array (Int,Int) Int, Array (IntInt) Int)
floydAlg t = runST (do tm <- thawSTArray t

um <- newSTArray (bounds t) O

floyd tm um

ti  <- unsafeFreezeSTArray tm

ui <- unsafeFreezeSTArray um

return  (ti,ui))

--  Floyd algorithm using two mutable arrays
floyd 1 STArray a (Int,Int) Int -> STArray a (IntInt) Int -> ST a ()
floyd tm um = sequence (map stage [l..u])
where  ((1,I),(u,u’)) boundsSTArray tm
stage k sequence (map (refine k) (range ((I,I"),(u,u))))
refine k(i) do tij <- readSTArray tm (i)
tik <- readSTArray tm (i,k)
tki <- readSTArray tm (k)
if tik + tkj < ti
then do writeSTArray tm (i) (tik  + tkj)
writeSTArray um (i,j) k
else return ()

We have found out thatour studentsareableto write programssimilar to the solutiongivenabove, andthat
they understandhe conceptuatlifferencesetweerinormal’ operationsandoperationsnvolving a state.

5 Results

We only report herethe resultsrelevant to the subjectof this paper Generalresultsaboutthe useof a
functionallanguagen afirst-yearcoursehave beenreportedelsavhere(see for example,[2]).

At the time of writing theselines we canassessvhetherpart of the goalsof the coursehasbeenmetor
not but, unfortunatelywe cannotdo it for all of them. In particular it is very early to know which kind of
difficulties thesestudentwill have whenconfronted,in the next few years,to actualimperative languages
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suchasC or Pascal. Will the conceptdearnedin our coursebe enoughto understandhe newv languages?
Will they recognizetheimperative modelof computationin spite of the changeof syntax?Will they easily
replacerecursionby iteration? We plan to follow the evolution of thesestudentsn the next two yearsto
collectinformationaboutthis aspecbut, for now, we canonly guessvhatmayhappen.

For the moment, through their laboratory assignmentsand written examinations,we have collected
enoughinformationto assesshe quality of the skills they have acquired. The mostimportantconclusion
relevant to this paperis that we have not detectecthe studentsto have specialdifficulties with monadic
algorithms.In particular they acceptvery naturallythe conceptf sequentiahctionsandof mutablestate.

With respectio sequentiacomposition,we think thatthe do-notation,proposedoriginally in [10], de-
senesmostof the merit for it. It is very simple,illustrative of whatis going on, andhidesa lot of clumsy
detailsthatthe studentsarehapypy to ignore. In our opinion, it hasbeena very gooddecisionto includeit as
partof Haslell.

Howeverthat,andperhapdecauseéhedo-notationis ahighlevel abstractionthestudentsendto confuse
the<- in ado sequencavith the=in anequationandproduceprogramsn which they mix bothnotations,
suchasthefollowing one:

main = do X <- action
y = f x

The confusionis favouredby the factthatthe syntax<- is alsousedin list comprehensionsyith a second
meaning.The essenc®f the problemsis thatthey do not seea cleardifferencebetweernthetypelO a and
thetypea. This question—Why arethey different?—hasbeenvery frequentlyasledto us. Fortunately the

type systemtakescareof thesemistalesandforcesthemto usethe correctsyntax. The questionhasalsoto

be with understandinghe >>= combinatorunderlyingthe syntaxx <- action . We havefoundthatthis

combinatoris muchmoredifficult to understandhanthe >> one. For this reasonwe think thatperhapst is

agoodapproacto move quickly from usingraw >>= andlambdaabstractionso the do-notation.

Anotherinterestingresultis thathigherorderabstractionssuchasthoseproposedn Sectiord.4,arevery
easilyapprehendeith this partof the course.For instancethey arewilling to give up recursionon behalfof
usingthe sequence-map combinationwhenthey detectthatthe sameactionhasto berepeatedor a set
of indices.Thisis in contrasto whathashappenedh therestof the coursewherethey arestronglyreluctant
to usehigherorderfunctions(in particular thoseof thefold family).

In summarywe think thatthe approacHollowed herecanbe usefulfor thosehaving context conditions
similarto ours: (i) youbelieve thatfunctionalprogrammindhasdidacticadvantage®verimperatve program-
ming for first-yearstudents{ii) your studentseedalsoto understandheimperative modelof computation
to be ableto learnimperatve languagesn subsequentourses{iii) thereis no muchtime availablefor the
course.
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Abstract

We describea unified, lazy, declaratve framevork for solving constraintsatisfctionproblemsanim-
portantsubclasf combinatorialsearchproblems. Theseproblemsare both practically significantand
hard. Finding goodsolutionsinvolves combininggoodgeneral-purpossearchalgorithmswith problem-
specificheuristics.Conventionalimperatve algorithmsareusuallyimplementedandpresentecanonolithi-
cally, which makesthemhardto understan@ndreuse gventhoughnew algorithmsoftenarecombinations
of simplerones.LazyfunctionallanguagessuchasHaslell, encouragenodularstructuringof searchalgo-
rithmsby separatinghe generatiorandtestingof potentialsolutionsinto distinctfunctionscommunicating
throughanexplicit, lazy intermediatalatastructure But only relatively simplesearchalgorithmshave been
treatedn thiswayin the past.

Our framewvork usesa genericgeneratiorandpruningalgorithmparameterizethy a labelingfunction
thatannotatesearchtreeswith conflict sets.We shav thatmary advancedimperative searchalgorithms,
includingbackmarkingconflict-directecbackjumpingandminimal forward checking,canbe obtainedby
suitableinstantiatiorof thelabellingfunction. Moreimportantly arbitrarycombination®f thesealgorithms
canbe built by simply composingheir labellingfunctions. Our modularalgorithmsareasefficientasthe
monolithicimperative algorithmsin the sensehatthey make the samenumberof consisteng checksand
mostof our algorithmsarewithin a constantactorof theirimperatve counterpartsn runtimeandspace
usage We believe our framework is especiallywell-suitedfor experimentingo find goodcombination®f
algorithmsfor specificproblems.

1 Intr oduction

Combinatorialsearchproblemsoffer a greatchallengeto the academiaesearcherthey areof tremendous
interesto commercialusersandthey areoftenvery computationallyintensive to solve. Overthe pastseveral
decadeshe Al communityhasrespondedo this challengeby producinga steadystreamof improvementgo
genericsearchalgorithms. Therehave alsobeennumerousattemptgo organizethe variousalgorithmsinto
standardizedramenorksfor comparisor(e.g., [8, 6, 16]).

While the speedandcunningof the searchalgorithmshave improved,the new algorithmsaremorecom-
plicatedandharderto understandeventhoughthey areoften combinationsf simplerstandardalgorithms.
The problemis exacerbatedy the fact that mostalgorithmsare describedby large, monolithic chunksof
pseudo-codéor C code). Althoughit is recognizedhat most problemsbenefitfrom a tailor-madesolu-
tion, involving a combinationof existing genericand domain-specifi@algorithms,modularityhasnot been
a strongpoint of muchof therecentresearch.lt is difficult to reusecodeexceptvia cut-and-pasteMore-
over, to prove thesealgorithmscorrectwe mustresortto complex reasoningabouttheir dynamicbehaior.

*Work supportedin part,by the US Air ForceMaterielCommandindercontract-19628-26-C-0161.

47



For example,althoughmostof thesesearchalgorithmsareconcevedasvarietiesof “tree searcH, no actual
tree datastructuresappeatin their implementationspnly virtual treesare presentjn the form of recursve
routineactivationhistories.Perhapgor this reasongvenwidely-usedandwell-studiedalgorithmsoftenlack
correctnesgroofs.

In the lazy functionalprogrammingworld, the ideaof implementinga searchalgorithmusingmodular
techniquess a commonplace.The classicpaperof Hughes[9] andtext of Bird and Wadler[3] both give
examplesof searchalgorithmsin which generationand testing of candidatesolutionsare separatednto
distinct phasesgluedtogetherusingan explicit, lazy, intermediatedatastructure.This “generate-and-test”
paradigmmakesessentialiseof lazinesgo synchronizehetwo functions(really coroutinesjn sucha way
thatwe never needto storemuchof the (exponential-sizedintermediatedatastructureat any onetime. In
generalthe modularlazy approactcanleadto algorithmsthataremuchsimplerto read,write, andmodify
thantheirimperative counterpartsHowever, thealgorithmsdescribedn thesesourcesarefairly elementary

In this paperwe presenta lazy declaratve framework for solving oneimportantclassof combinatorial
searchproblems,namelyconstraintsatishction problems(CSPs). For simplicity, we restrictour attention
to binary constraintproblems,andto searchalgorithmsthat usea fixed variableorder; neitherof thesere-
strictionsis fundamental. Our framework is basedon explicit, lazy, treestructuresjn which eachtreenode
represents statein the searchspace;a subsetof the tree’s leaf nodescorrespondso problemsolutions.
Nodescanbe labeledwith conflictsets which recordconstraintviolationsin the correspondingtatesmary
algorithmsusethesesetsto prunesubtreeshatcannotcontributea solution.

Our frameawork is written in Haslell. We provide a small library of separatdunctionsfor generating,
labeling,rearrangingpruning,andcollectingsolutionsfrom trees.In particular we describeagenericsearch
algorithm, parameterizedy a labelingfunction, andshow that a variety of standardmperatve CSPalgo-
rithms, including simple backtrackingbackmarking conflict-directedbacktrackingandforward checking,
canbe obtainedby makinga suitablechoiceof labelingfunction. Using an explicit representatiomf the
searchtree allows us to think aboutthe intermediatevaluesand gives us new insightsinto more efficient
algorithms.As in recentwork on functionaldatastructures[1014], we foundthatrecastingmperatve algo-
rithmsinto a declaratve lazy settingcastsnew light onthefundamentahlgorithmicideas.In particularit is
easyto seehow to combineour algorithms simply by composingheir labelingfunctions,andto seethatthe
resultwill becorrect.

Sincethe whole point of improving searchalgorithmsis to be ableto solve larger problemsfaster we
mustobviously be concernedvith the performancef our lazy algorithms.Our experimentshaw thatlazy,
modularHaslell codeis severaltimesslower thanstrict, manuallyintegratedHaslell code;morewer, even
the latter canbe an orderof magnitudeslower thanhighly optimizedC code. However, sincesearchiimes
oftenexplodeexponentially evenslowdownsof oneor two ordersof magnitudehave little effectonthesize
of problemwe cansolve within afixedtime bound.All ouralgorithmsandtheircombinationsarefastenough
for experimentghat have beeninterestingto researcherm the past;for examplewe areableto reproduce
partsof thetablesin [2, 11]. Moreimportantly ourimplementationsrefastenoughto allow experimentation
with differentcombinationsof algorithmson problemsof realisticsize. For suchexperiments CPU time
is often not an ideal comparisonmetric, sinceit is difficult to comparenumbersobtainedfrom different
implementationgn differentsystemsA widely usedalternatve metricis the numberof consisteng checks
performedby the algorithm.

Theremaindepof thepaperis organizedasfollows. Section? describesur problemdomainandSection3
givesa Haslell specificationfor it. Section4 describesimpletree-basedbacktrackingsearch. Section5
introducesconflict setsandour genericsearchalgorithm,andrecastdacktrackingsearchin thatframework.
Section6 briefly discussesearcheuristics Sections7, 8, and9 describenoresophisticate@lgorithms.and
Section10 discussesheir combination. Section11 summarizeperformanceesults,Section12 describes
relatedwork, andSection13 concludes.

Thereaderis assumedo have a working knowledgeof functional programmingand somefamiliarity
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with laziness.Peculiaritiesof Haslell syntaxwill be explainedasthey arise. All the codeexamplesin this
paperareavailableon the World Wide Web at http://www.cs.pdx.edu/ apt/CSP.hs

2 Binary Constraint SatisfactionProblems

A binary constarint satisfactiornproblemis:
e asetof variablesV = {v1,v2,...v,};

¢ for eachvariablev;, afinite setD; of possiblevalues(its domair);

e anda setC of pairwiseconstaints betweenvariablesthat restrictthe valuesthat they cantake on
simultaneously

Eachconstrainis arelationon two namedvariablesj.e.,atriple (i, j, R) whereR C D; x Dj.

An assignment;:= x; associatea variablev; to somevaluex; € D;. A stateis a collectionof assign-
mentsfor asubsedf V. A statef{. .. v;:= z;,...v;:= z;,...} satisfiesaconstrain(i, j, R) if (z;,z;) € R. A
stateis consistentf it satisfiesevery constrainonits variablesj.e., if for every pair of assignments;:= z;,
vg:= xy, in the state,andevery matchingconstraint(j, k, R) in C, (z;,z) € R. A stateis completef it
assignall thevariablesof V'; otherwiseit is partial. A solutionto a CSPis arny completeconsistenttate.
For someproblemswe wantto calculateall solutions but for mary we only wish to find thefirst solutionas
quickly aspossible.

In this paper we fix thevariableorderv,, vo, . .. v,, i.€.,we consideronly statessuchthatif v; is in the
statesois v; for all j < 4. We definethe level of a variablev; to be ¢ andthe level of a stateto be the
maximumof its variables’levels. To simplify the presentationywe furtherassumehatall domainshave the
samesizem andthattheir valuesarerepresentedly integersin theset{1,2,...,m}.

A naive approacho solvinga CSPis to enumeratall possiblecompletestatesandthencheckeachin
turn for consisteng. In a binary CSP consisteng of a statecanbe determinedby performingconsistency
chedkson eachpair of assignments the state until aninconsistenpair of variabless detectedpr all pairs
have beenchecled. Following the corventionsof the searchliterature,we usethe numberof consisteng
checksasa key measureof executioncode,althoughit is not necessarilyan accuratemeasurainlesseach
checkcanbe performedn unit time,whichis notthe casefor all problems.

3 CSPsin Haskell

Figure 1 givesa Haslell framework for describingCSPproblemsandanimplementatiorof a naive solver.
An assignmenis constructedisingthe infix constructor.= . A CSPis modeledasa recordcontainingthe
numberof variablesyars , thesizeof theirdomain,vals , anda constraintoracle,rel . We representhe
oracleasa Haslell functiontaking two assignmentandreturningFalse iff the assignmentsiolate some
constraint.This functioncanbeimplementedy a four-dimensionahrrayof booleansr by a mathematical
formula.

We presenthesolverin thestandardlazy pipeline” stylethatseparategeneratiorof candidatesolutions
(herethe setof all completestates¥rom consisteng testing. Statesarerepresentedslists of assignments
sortedin decreasingorderby variablenumber Although this codeappeargo producea hugeintermedi-
atelist datastructurecandidates , lazy evaluationinsuresthat list elementsare generatednly on de-
mand,and elementghatfail thefilter in test canbeimmediatelygarbagecollected. Similarly, although
inconsistencies appearso build a list of all inconsistenvariablepairsin the staté, consistent

1This functionusesa Haslell list compehensionwhich s similar to a familiar setcomprehensionthis onebuilds a list of pairsof
variablelevels suchthatthe correspondingissignmentaredravn from the currentstateandarein conflictaccordingo rel .
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type Var = Int
type Value = Int

data Assign = Var := Value deriving (Eq, Ord, Show)
type Relation = Assign -> Assign -> Bool
data CSP = CSP { vars, vals : Int, rel : Relaton }

type State = [Assign]

level : Assign -> Var

level (var := val) = var

value : Assign -> Value

value (var = val) = val

maxLevel : State -> Var

maxLevel [] =0

maxLevel ((var := val).) = var

complete : CSP-> State -> Bool
complete CSP{vars } s = maxLevel s == vars
generate :: CSP -> [State]

generate CSPF{vals,vars } = g vars
where g 0 = [[]]

g var = [ (var := val)st | val <- [l.vals], st <- g (var-1) ]
inconsistencies :» CSP-> State -> [(Var,Var)]
inconsistencies CSP{rel } as =

[ (level a, level b) | a<- as, b < reverse as, a >b, not (rel ab) ]

consistent :: CSP-> State -> Bool
consistent csp = null . (inconsistencies csp)
test @ CSP-> [State] -> [State]
test csp = filter (consistent csp)
solver : CSP -> [State]
solver csp = test csp candidates
where candidates = generate csp
queens : Int -> CSP
queens n = CSP {vars =n, vals =n, rel = safe }
where safe (i = m) (j = n) =(m /= n) & abs (i - ) /= abs (m - n)

Figurel: A formulationof CSPsn Haslell.
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data Tree a = Node a [Tree a]

label @ Tree a -> a
label (Node lab ) = lab

type Transform a b = Tree a -> Tree b

mapTree = (a -> b) -> Transfoom a b
mapTree f (Node a cs) = Node (f a) (map (mapTree f) cs)

foldTree & (a -> [b] -> b) -> Tree a -> b
foldTree f (Node a cs) = f a (map (foldTree f) cs)

filterTree (@ -> Bool) -> Transform a a
filterTree p = foldTree f

where f a cs = Node a (filter (p . label) cs)
prune : (a -> Bool) -> Transform a a
prune p = filterTree (not . p)
leaves 1 Tree a -> [a]
leaves (Node leaf []) = [leaf]
leaves (Node _ cs) = concat (map leaves cs)
initTree © (@ > [a) -> a-> Tree a

initTree f a = Node a (map (initTree ) (f a)

Figure2: Treesin Haslell.

actuallydemand®only the headof thelist (to checkwhetherthelist is null ). Thusthe solver actuallycal-

culatesonly theearliestinconsistenpair of variabledor eachstate.Finally, althoughthe solverreturnsalist

of all solutionsif demandedit canbe usedto obtainjust thefirst solution(anddo no further computation)
by askingfor just the headof the result. Althoughthe codethususesmuchlessspacethana strict reading
would suggestthis solver is still extremelyinefficientbecausedt duplicatesvork, but it is usefulto illustrate
lazy codingstyleandasa specificatiorfor themoresophisticatedolverswe introducebelow.

A simpleproblemusefulfor illustratingdifferentsearctstratgiesis then-queengroblem thatis, trying
to put n queenson an x n chessboardsuchthat no queenis threateninganother usingthe standard
optimizationthatwe only try to placeonequeenin eachcolumn[13]. Giventhedefinitionof queens , we
canapplythe general-purpos€SPmachineryto solve it; for example,the expressiorsolver  (queens
5) generatesalist of solutionsto the 5-queengproblem.

4 Backtracking and TreeSearch

The mostohvious defectof the naive solwer is thatit canduplicateatremendousmountof work by repeat-
edly checkingthe consisteng of assignmentshat are commonto mary completestates. We say stateS’
extendsstateS if it containsall the assignmentsf S togethemwith zeroor moreadditionalassignmentsA
fundamentaFfact aboutCSP5 is that no extensionto an inconsistentsstatecan ever be consistentso there
is no point in searchingsuchan extensionfor a solution. This obsenationimmediatelysuggests better
solver algorithm. A badtradking solver searchegor solutionsby constructingand checkingpartial states,
beginningwith the emptystateandextendingwith oneassignmenatatime. Wheneerthe solver discovers
aninconsistenstate,it immediatelybadtradksto try a differentassignmentthusavoiding the fruitlessex-
plorationof thatstates extensions Moreover, consisteng of eachnew statecanbetestedust by comparing
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mkTree @ CSP -> Tree State
mkTree CSK{vars,vals } = initTree next []
where next ss = [ ((maxLevel ss + 1) := j):ss | maxLevel ss < vars, | <- [l..vals] ]

data Maybe a = Just a | Nothing deriving Eq

earliestinconsistency ;. CSP -> State -> Maybe (Var,Var)
earliestinconsistency CSHrel } [ = Nothing
earliestinconsistency CSHrel } (a:as) =
case filter (not . rel a) (reverse as) of
[ -> Nothing
(b:)) -> Just (level a, level b)
labellnconsistencies ;. CSP -> Transform State (State,Maybe (Var,Var))
labellnconsistencies csp = mapTree f
where f s = (s,earliestinconsistency csp S)
btsolver0 ;. CSP -> [State]
btsolver0 csp =
(filter (complete csp) . leaves . (mapTree fst) . prune ((/= Nothing) . snd)
(labellnconsistencies csp) . mkTree) csp

Figure3: Simplebacktrackingsolverfor CSPs.

the newly addedassignmento all previousassignment@ the state,sinceary inconsisteng involving only
the previousassignmentgould alreadyhave beendiscoveredearlier If the solver manageso reacha com-
plete statewithout encounteringan inconsisteny, it recordsa solution;if multiple solutionsare wanted,it
backtrackgo find theothers.

Backtrackingsolverscanbe viewed very naturallyassearchinga treg in which eachnodecorresponds
to a stateandthe descendentef a nodecorrespondo extensionsof its state. In corventionalimperatve
implementationof backtrackingthe treeis not explicit in the program;if a recursve implementations
used,the treeis isomorphicto the dynamicactivation history tree of the program,but usually the tree is
little morethana metaphofifor helpingthe programmereasorninformally aboutthe algorithm. In the lazy
functionalparadigmit is naturalto treatsearchtreesasexplicit datastructuresi.e., programsareconstructed
aspipelinesof operationghatbuild, searchlabel, manipulateandpruneactualtrees.As before,werely on
lazinesgo avoid actuallybuilding the entiretree.

Figure?2 givesHaslell definitionsfor a treedatatypeandassociateditility functions.A Tree is anode
containingalabelandalist of children,themselesTree s. mapTree, foldTree , andfilterTree are
theanaloguesf thefamiliar functionson lists. leaves extractsthelabelsof the leavesof atreeinto alist
in left-to-rightorder initTree  generateatreefrom afunctionthatcomputeghe childrenof anode[9].

The codein Figure 3 usesthesetreesto implementa backtrackingsolver btsolver0  using a lazy
pipeline. All the algorithmsdiscussedn this paperexpectthe treeto be generatecand maintainedn fixed
variableorder sothatnodesat level i of thetree(countingtheroot aslevel 0) alwaysextendtheir parentby
anassignmento v;. Thus,thegeneratarmkTree , worksby providing anext functiontoinitTree  that
generatesneextensionfor eachpossiblevalueof the next variable. Eachnodedescribesn entire (partial)
state,but (in arny reasonablédaslell implementation)it actually storesonly a single assignmenttogether
with a pointerto theremainderof the stateembeddedh its parentnode.

The application(labellnconsistencies csp returnsatreetransformer it addsan annotation
to eachnoderecordingits earliestinconsistenpair (if ary), asreturnedby earliestinconsistency
The standardreefunctionprune p removesnodesfor which predicatep is true;in this instancet prunes
all inconsistennodes. The annotationsarethenremoved by (mapTree fst) . Any nodesrepresenting
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Figure4: Portionof searchireefor queens 5. Nodesat level i areannotatedvith their assigned/aluez;
(in bold), andwith their earliestinconsistenpair, if ary.
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Figure5: Two positionsfromthequeens 5 searchreein Figure4. Theleft andright diagramsorrespond
to theleft-mostandright-mostsubtreef level 3, respectiely.

completestatesthat are still left in the tree mustbe solutions;the remainingpipeline stagesextract these
usingthe standardreefunctionleaves andthe standardist functionfilter . Figure4 illustratesthe
labelsproducedby btsolverO  on partof thetreefor queens 5; the correspondindpoardpositionsare
shavn in Figure5. Notethatthe childrenof inconsistenhodeshave beenpruned.

It is essentiato notethatthis pipelineis demanddriven: eachstageexecutesonly whendemandedy
the following stage. In particular inconsisteng calculationswill not be performedon nodesof the tree
excisedby prune , becausehe valuesof thesenodeswill never be demanded.Thuswe get the desired
effect of backtrackingwithout arny explicit manipulationof controlflow. Also, asbefore,only a small part
of eachintermediatdreeis ever“li ve” (non-garbageata)at ary onetime, namelythe spineof thetreefrom
root to currentnode,i.e., essentiallywhat would be storedin activation recordsfor a recursve imperative
implementation. So our lazy algorithmspay at worst a constantfactor more spacethan their imperative
counterparts.We do, however, pay someoverheadfor building, storing,and garbagecollectingeachtree
node,and,unlessour Haslell implementatiorperformseffective deforestatiori7], this costwill berepeated
for eachintermediatdreein thepipeline.For thesereasonsthelazy implementatiorof backtrackings about
four timesslower thana monolithic, strict Haslell implementatior(seeSection11).
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data ConflictSet = Known [Var] | Unknown deriving Eq

knownConflict ;0 ConflictSet -> Bool
knownConflict (Known (a:as)) = True
knownConflict _ = False
knownSolution ;o ConflictSet -> Bool
knownSolution (Known []) = True
knownSolution _ = False
checkComplete :: CSP -> State -> ConflictSet

checkComplete c¢sp s = if complete csp s then Known [] else Unknown

type Labeler = CSP -> Transform State (State, ConflictSet)

search : Labeler -> CSP -> [State]
search labeler csp =
(map fst . filter (knownSolution . snd) . leaves .
prune (knownConflict . snd) . labeler csp . mkTree) csp
bt :: Labeler

bt csp = mapTree f
where f s = (s,
case earliestinconsistency csp s of
Nothing -> checkComplete csp s
Just (a,b) -> Known [a,b])

btsolver ;. CSP -> [State]
btsolver = search bt

Figure6: Conflict-directedsolvingof CSPs.

5 Conflict Setsand Generic Search

The utility of the backtrackingsolver is basedon its ability to prunesubtreesootedat inconsistennodes;
it doesnothingwith consistennodes. Of course just because stateis consistentdoesnt meanit canbe
extendedto a solution; the assignmentsilreadymademay be inconsistentwith ary possiblechoicesfor
future variables. Figure 4 shovs an examplefor queens 5: the assignmento valuel at level 3 of the
left-handtreeis consistentbut cannotbe extendedo a solution.

If asolvercouldidentify suchconflictedstatesit couldprunetheirsubtreesoo. To make precisegheexact
conditionsunderwhich suchpruningis possiblewe usethefollowing definition. A conflictsetfor astateis a
subsebdf (theindicesof) thevariablesassignedy thestatesuchthatanysolutionmustassigradifferentvalue
to atleastonememberof the subset.More formally, givenastateS = {v{:= z1,v2:= @2,..., 0= z1}, @
conflictsetC'S for S is asubsebf {1,2,...,k} suchthat,if {v1:= y1,v2:= ya,...,v,:= y, } iS asolution,
then(3i € CS)z; # y;. (Thinkingimperatvely, we mightsayaconflict setcontainsvariablesatleastoneof
which “mustbe changed’to reacha solution.)Notethatconflict setsarenot, in generaluniquelydefined.In
particular if astateatlevel k hasanon-emptyconflictsetC'S, theneverysubsetf {1, .. ., k} containingC'S
is alsoa conflict set. If a statehasa non-emptyconflict setthenno extensionof that statecanbe a solution;
corverselyif it hasanemptyconflict set,thenit musthave at leastoneextensionthatis a solution. Thisis
avery strongcharacterizatiomof states:for example,if we could computea conflict setfor the root of the
tree(theemptystate) we couldtestwhetherit wereemptyandtherebydeterminevhetherthe problemhasa
solutionatall! Wewill thereforeoftenoperatdn anervironmentwheremary conflictsetsareunknaown. It is
obviously not possibleto identify a conflicted,but consistentstatewithout exploring someof its extensions;
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hrandom : Int -> Transform a a

hrandom seed (Node a cs) = Node a (randomList seed’ (zipWith hrandom (randoms seed’) cs))
where seed’ = random seed
btr : Int -> Labeler

btr seed csp = bt csp . hrandom seed
Figure7: A randomizatiorheuristic

thetrick is to avoid exploring all of them,andsave effort by pruningthe remainder We addresslgorithms
with this propertybeginningin Section?.

For themoment,notethatary inconsistenstatehasa non-emptyconflict set. In particular if a statehas
an earliestinconsistenpair (i, j) thenit has{i, j} asa conflict set,which we call the earliestconflict set
Sowe cansubsuméacktrackingsearchin a moregeneraklgorithmwe call conflict-directedsearchshavn
in Figure6. We definea genericroutinesearch , parameterizetdy alabeler  function,which annotates
nodeswith conflict sets. More precisely if the labelercandeterminea legal conflict sets for the node, it
annotateshe nodewith Known s; otherwisejt annotate® with Unknown. (In generalwe alsopermitthe
labelerto rearrangeor pruneits input tree,solong asits outputtreeis properlylabeledandstill containsall
solutionstates.)The outputof the labelingstageis fed to a pruner which removessubtreesootedat nodes
labeledwith known non-emptyconflict sets. Again, demand-drien executionguaranteeshat the excised
subtreesever needto be labeled. Becauseof this arrangementthe labeleris allowed to assumehat if it
labelsa nodewith a non-emptyconflict set,it will never be calledon a descendendf that node,soit need
not annotatesuchdescendentgroperly;this allows simplerlabelercode. After pruning,the solutionnodes
arejusttheleavesof thetreeannotatedvith known emptyconflict setsithe remaindeiof the pipelinesimply
filters theseout.

Theframework of Figure6 is sufficiently general-purpost accommodatall the searchalgorithmsdis-
cussedn the remainderof the paper By instantiatingsearch with the labelerfunctionbt we obtaina
simple backtrackingsolver btsolver  thatbehaesjust like btsolver0 . The more sophisticatedlgo-
rithmsdiscussedbelow areall obtainedby usingfancierabelerfunctions leaving search itselfunchanged.

6 Heuristics and Search Order

As with thenaive solver, if we areinterestedn only thefirst solutionratherthanall solutionswe canstill use
search unchangedye merelydemandusttheheadof thesolutionlist. Sincesolutionsarealwaysextracted
in left-to-rightorder, thisimpliesthatthetime requiredo find thefirst solutionwill beverysensitveto theor-
derin whichvaluesaretried for eachvariable. Theuseof value-oderingheuristicss well-establishedh the
imperative searcHiterature. Suchheuristicscanbe implementedisingspecializedyeneratofunctionsthat
producetheinitial treein the desiredorder A moremodularapproachhowever, is to view theseheuristics
asasrearrangementf a canonically-orderedhitial tree;this keepstheinitial generatosimpleandallows
multiple heuristicso bereadilycomposed.

Suchrearrangemertieuristicscanbe easilyexpressedn our framewvork by incorporatingtheminto the
labeler function. For example,queens searcttanbespeededip by consideringzaluesin randomordet
Thefollowing functionhrandom in Figure? transformsa canonicatreeby randomizingts children(using
arandomnumbergeneratonot showvn here). The application(btr ~ seed returnsa labelerthatcombines
randomizatiorwith standardacktrackingsearch.We have implementeda numberof othersuchheuristics,
bothgenericandproblem-specifichut we omit detailsfrom this paperfor lack of space.
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type Table = [Row] -- indexed by Var

type Row = [ConflictSet] -- indexed by Value
bm :: Labeler
bm csp = mapTree fst . lookupCache csp . cacheChecks csp (emptyTable csp)
emptyTable :: CSP -> Table
emptyTable CSKvars,vals } = [J:[[Unknown | m<- [l.vals]] | n <- [1l.vars]]
cacheChecks : CSP-> Table -> Transform State (State, Table)
cacheChecks csp tbl (Node s cs) =
Node (s, thl) (map (cacheChecks csp (fillTable s csp (tail tbl))) cs)
fillTable ;. State -> CSP-> Table -> Table
fillTable [ csp thl = thl
fillTable ((var = val):as) CSH{vars,vals,rel } thl =
zipwith  (zipwith  f) thl [[(var,val) | val <- [l.vals]] | var <- [var+l..vars]]
where f c¢s (var,val) =
if ¢cs == Unknown && not (rel (var := val) (var := val)
then Known [var,var]
else cs
lookupCache :: CSP -> Transform (State, Table) ((State, ConflictSet), Table)
lookupCache csp t = mapTree f t
where f ([], thl) = ((1, Unknown), tbl)
f (s@(a.), tbl) = ((s, cs), thl)
where c¢s = if tableEntry == Unknown then checkComplete csp s else tableEntry
tableEntry = (head tbl)!!(value a-1)

Figure8: Backmarking

7 Backmarking

Giventhe formulation of backtrackingsearchasa pipelinedalgorithmwith separatdabelingand pruning
phasesuysingatreeannotatedvith conflict setsasintermediatedatastructure jt makessenseo askif there
are otherwaysto performthe labelingphase.bt works by checkingeachassignmenagainstall previous
assignmentm its state.Althoughthis approacttheckgsheoverall consisteng of eachpartialstateonly once,
it canstill performmary duplicatepairwiseconsisteng checksbecausell the childrenof a givennodeare
isomorphic.Considermnodes atlevell, andconsiderary descenderdf s. In checkingtheconsisteng of the
descendenpairwisecheckswill be madebetweernits assignmenandall the assignmenti s atlevelsless
thanl. Thesecheckswill be duplicatedfor the correspondinglescendentsf everysibling of s (unless,of
coursethey hadaninconsistenaincestoandhave beenprunedaway). For anexample,compareheleftmost
nodesof theleft-mostandright-mostsubtree®nlevel 5 of Figure4: to generatéheseconflictsetsbt makes
thesamethreecomparison#n eachcase.

An alternatve approachis to cache the resultsof suchconsisteng checksso they can be reusedfor
eachsibling; this shouldreducethe total numberof consisteng checksat the cost of the spaceneeded
for the cache. Figure 8 shavs a Haslell algorithmincorporatingthis idea. We annotateeachnodewith a
cacheto storeinformationaboutinconsistenciebetweenthat nodes stateandthe assignmentsnadein its
descendentd£achcacheis organizedasa tableof earliestconflict setsfor all descendentsndexedby level
(greaterthanor equalto the nodes own level) andvalue;thetableis representedsa list of lists. Theroot
hasa tablein which every entry containsUnknown. fillTable computeghe tablecontentsfor a node
basednthenodesassignmenandthe nodes parentstableby consideringeachpossiblefutureassignment
in turn. If the parents table alreadyrecordsa known conflict pair for the future assignmentthat conflict

56



0 /}
1 S/}
3 123} {1,3}

4 (34 {14 {24} {1234} {14 { {14 {24 {34 (1.4

5 {38 ({15} {35 {45 {25} {38 ({15 {38 {} {28

Figure9: Sameportionof searchreefor queens 5, annotatedvith conflict setsascomputedby bj .

pairis copiedinto the currenttable; otherwisea conflict checkis performedandthe result(a known conflict
pair or Unknown) is recorded.Note that eachnodes table containsa refinemenif the informationin its
parentstable,with atableatlevel [ containingcompleteconsisteng informationaboutassignmentat level
1. Oncethetreehasbeenannotatedvith cachetables,lookupCache is mappedovereachnodeto extract
the conflict pair for the nodes own assignmentrom the nodes table;if the nodehasno recordedconflicts
andrepresents completestate,it is a solutionandis thereforegiven an empty conflict set. The ultimate
annotatedreeis identicalto thatproducedy bt .

As usual,werely onlazy evaluationto avoid building thetablesor their contentaunlesshey areneeded.
Somostof thetablesremainunkuilt, andtheactualorderin which consisteng checkss performeds similar
tobt . Theimportantpointis that,becausenary of anodestableentriesareinheritedfrom its parentstable,
all duplicateconsisteng checksareavoided.

As before,we obtaina completesolver by usingbmasthelabeler  parameteto search . Someavhat
surprisingly this algorithmturnsout to be equivalent(in termsof consisteng checksmade)to a standard
imperatie algorithmcalledbadmarkingl].

8 Conflict-Dir ectedBackjumping

The bt and bm algorithmsannotatenconsistennodeswith known conflict sets,but mostinternalnodes
remainmarked Unknown. If we couldsomehav computenon-emptyconflict setsfor internalnodescloser
to theroot of the tree,we could prunelarger subtreesandso speedup search.In fact, mary suchnodesdo
have non-emptyconflict sets;for example,seetheleftmostnodeatlevel 3 in Figure9.

Oneapproachto computinginternalnodeconflict setsis to constructhembottom-upfrom the conflict
setsof a subsebf their children. To do this, we make useof two key factsaboutconflict sets:

¢ (i) If anodes atlevel I hasachild (atlevel I + 1) with aknown conflictsetC'S thatdoesnot contain
I+ 1,thenC'S is alsoaconflictsetfor s. (In particular if s hasa child with anemptyconflictset,then
s alsohasanemptyconflictset.)

e (i) If all the children of nodes at level I have non-emptyconflict setsCS;,CSs, . ..,CS,, then
(CS1UCS,U...UCS,)N{1,...,1}isaconflictsetfor s.
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bjbt : Labeler
bjbt csp = bj csp . bt csp

bj @ CSP-> Transform (State, ConflictSet) (State, ConflictSet)
bj csp = foldTree f
where f (a, Known cs) chs = Node (a,Known c¢s) chs
f (@, Unknown) chs = Node (a,Known c¢s’) chs

where c¢s’ = combine (map label chs) ]
combine : [(State, ConflictSet)] -=> [var] -> [Var]
combine ] acc = acc

combine ((s, Known cs):css) acc =
if maxLevel s ‘notElem’ cs then cs else combine css (cs ‘union’ acc)

bj @ CSP-> Transform (State, ConflictSet) (State, ConflictSet)
bj csp = foldTree f
where f (a, Known cs) chs = Node (a,Known c¢s) chs
f (@, Unknown) chs =
if  knownConflict cs’ then Node (a,cs’) [ else Node (a,cs’) chs
where c¢s’ = Known (combine (map label chs) [])

Figure10: Conflict-directedbackjumping.

Thesefactsare easyto prove from the definition of conflict set. Intuitively, fact(i) saysthatif anychild
of s hasconflictsthatdon't involve v;4.1, thenall childrenof s have (atleast)the sameconflicts,andhenceso
doess itself. (The specialcasgust saysthatif achild of s canbeextendedo asolution,thensocans.) Fact
(if) saysthatif no child of s canbe extendedto a solution,thenneithercans, andary solutionmustdiffer
from s in the valueof at leastone of the offendingvariablesof one of the children. Fact (i) is the crucial
onefor optimizingsearchsinceit permitsthe parents conflict setto be computedrom a strict subsebf the
childrens conflictsets.

We cannow definea lazy bottom-upalgorithmfor computinginternalnodeconflict setsfrom a treethat
hasbeen(lazily) “seeded’with at leastone conflict setalongevery pathfrom root to leaf. Functionbj in
Figure 10 is a Haslell versionof this labelingalgorithm. At eachparentnodethat doesnt alreadyhave a
conflictset,bj callscombine to build one.combine inspectghe conflict setsof thechildrenin turn. If it
findsachild to whichfact(i) canbeapplied,it immediatelyreturnsthis asthe conflict setfor the parent;f no
suchchild is found, it appliesfact(ii).? Underlazy evaluation,the subtreesorrespondingo the remaining
childrenarenever explored.

This algorithmworks correctlyfor any initial seedingof conflict sets,but it is mosteffective whenthe
conflict setsare small and containlow-numberedrariables becausehis increaseshe numberof levelsfor
whichfact(i) canbeapplied.Thisis why we useearliestinconsistenpairsto representonsisteng conflicts.
The combinationof bj with bt is commonlyreferredto as conflict-directedbadkjumping (CBJ) (or just
backjumping)in theliteratureandit is the cornerston@f mary newly-developedalgorithmg[6]. In its usual
imperative formulationthis algorithmis notoriouslydifficult to understanar prove correct. While we have
relied on the analysisof Caldwell, et al. [4] for our understandingf conflict sets,we are unavare of ary
descriptionof thealgorithmasa form of labeling.

While search bjbt behaesjustlikeimperatve CBJin thesensehatit performsthe samenumberof
consisteng checks,t hasanunfortunatespacedeak. The problemis thatthe pruningphasecannotremove
the childrenof a nodeuntil thatnodes conflict sethasbeencomputedbut that computationrmay generate
a substantiapart of the children’s subtreesnto memory We canplug the spacdeak effectively, if nottoo

2To simplify the implementationwe don't botherperformingthe intersectionstepin fact (i), sinceit is harmlessfor a nodes
(non-empty)onflictsetto includeindicesof its descendents.
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fc 1 Labeler
fc csp = domainWipeOut csp . lookupCache <csp . cacheChecks csp (emptyTable csp)

collect ;i [ConflictSet] -> [Var]
collect 0 =10
collect (Known cs:css) = c¢s ‘union’ (collect css)
domainWipeOut : CSP -> Transform ((State, ConflictSet), Table) (State, ConflictSet)
domainWipeOut CSPvars t = mapTree f t

where f ((as, «cs), thl) = (as, cs))

where wipedDomains = (vs | vs <- thl, all (knownConflict) vs))
cs’ = if null wipedDomains then cs else Known(collect(head wipedDomains))

Figure1l: Forwardchecking.

neatly by addingadditionalpruninginto the labeleritself, asillustratedby bj’

9 Forward Checking

Anotherway of assigningconflict setsto consistentnternalnodescanbe developedon the basisof the the
cachetablesintroducedfor backmarking Section7). Recallthatthesetablesrecord,for eachnode,the ear

liest conflict setsfor all descendenmodesiableentriesfor consistenhodeswill remainmarked Unknown.

Supposehowever, thatthe tablefor somenoden atlevel i containsa row, correspondingo a domainlevel

j > 14, in which every entry containsa non-emptyconflict set. Thenit is evidentthatthe nodecannever be
extendedto a solution,becausehe assignmenti n rulesout all possiblevaluesfor variablej. (As anex-

ample considethetheleft diagramin Figure5; if we adda queenat position(4,4),thenwe canimmediately
seethatno row placementwill work for column5.) Therefore theremustexist a non-emptyconflict setfor

n. By labellingn with sucha set,we canavoid furthersearchn the subtreerootedat n. Thistechniquehas
beencalleddomainwipeout[1]. Thecombinationof domainwipeoutwith backmarkingcorrespondso the
well-known imperative algorithmcalledforward chedking. Becauseur cachetableconstructions lazy, we

have actuallyrediscovered(“for free”) minimal (or lazy) forward cheding, itself a recentdiscovery in the
imperative literature[5].

Figure11 shavs codefor implementingdomainwipeout. To gatheralist of wipedDomains andtest
whetherit is non-emptyis straightforvard. Theinterestinggquestionis whatconflict setto assignto the node
n if domainwipeouthasoccurred. Sinceit is alwaysvalid to throw additionalvariablesinto a non-empty
conflict set,we could just usethe set{1,...,i}. Butit is betterto usethe smallestavailable conflict sets
basedon the availableinformation, becausehis canincreasetheir utility for otheralgorithms(e.g.,CBJ).
In this case the cachetablerow for a wiped-outdomainrecordswhich existing assignmentulesout each
possiblevaluefor thatdomain. The unionof the variablesin theseassignmentgrestrictedto {1, ...,i})%is
avalid conflict setfor n, sinceary solutionmustassigna differentvalueto at leastoneof them. If thereis
morethanonewiped out domain,we could computea conflict setfrom arny oneof them;for simplicity and
to limit computationdomainWipeOut justchooseshefirst.

10 Mixing and Matching

A major advantageof our declaratve approachs that we cantrivially combinealgorithmsusing function
compositionsolong asthey take a consistentiiew of conflict setannotationsThe combinationof forward

3Again, we simplify theimplementatiorby omitting therestrictionstep whichiis harmless.
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Queens 8 9 10 11 12 13
CSPIibBT 0.01| 0.05| 0.27| 1.50 8.91 57.34
ghcmonolithicBT | 0.14| 0.60 | 3.20 | 18.03| 108.34| 686.92
ghchbtsolver0 0.56 | 2.84| 14.18| 76.29| 440.72| 2686.13

Tablel: Runtimein seconddor differentversionsof simplebacktrackingsearchor then-queengroblem.

checkingandbackjumping
biffc csp = bj csp . fc csp

is well known, althoughto our knowledgeit hasnot previously beenachievedfor lazy forwardchecking.Im-
perative forwardcheckings traditionallydescribedsfiltering outall theconflictingvaluesfrom thedomains
of future variablesthis makesit hardto explain how it canbe profitably combinedwith backjumpingsince
thelatterwould seento have no informationon which to basebackjumpingdecisions Our viewpointis that
forwardcheckingis justamore(time-)eficientway of generatingonflict setswhichmakesthecombination
perfectlyreasonable.

Similarly, the combinationof backmarkingandbackjumping

bjpom csp = bj csp . bmcsp

is tricky to implementcorrectlyin animperatve setting[11], but is simplefor us,andturnsoutto dodofewer
consisteng checksonqueens thanary of our otheralgorithms.

Onceproblem-specifioczalue orderingheuristicsare introduced,mary more possibilitiesfor new algo-
rithm designopenup. Sincethe bestcombinationof algorithmfeaturestendsto dependon the particular
problemathandi,it is importantto be ableto experimentwith differentcombinationspur framewvork makes
this extremelyeasy

11 Experimental Results

To estimatethe costof modularityandlazinessve wrote anintegrated strict versionof simplebacktracking
searchfor the n-queengroblemin Haslell andcomparedhe runtimewith thatof btsolver0 . Tablel
reportstheresultsthey indicatean overheadactorof aboutfour times. Themeasurementseretakenusing
ghc (the Glasgav Haslell compiler)version3.02with optimizationturnedon, runningon a lightly loaded
SunUltra 1 underSolaris2.5.1. We alsoshow the runtimeof an optimizedC library for solving CSPg[17]
compiledwith egcs version2.93.06using-04 on the sameplatform; it runsanorderof magnitudefaster
partlybecausd performsconsisteng checksvia lookupinto a precomputedable. Table2 givesthenumber
of consisteng checksmadeby the differentalgorithmsfor then-queengroblem.

12 RelatedWork

Hughed9] givesalazy developmenbf minimaxtreesearchBird andWadler[3] treatthen-queenproblem
using generate-and-tesind lazy lists. Laziness(not in the contet of lazy languageshasbeenusedfor
improving the efficiengy of existing CSPalgorithms[15, 5], but asfar aswe know lazinesshasnot been
previously beenusedto modularizeary of the CSPalgorithmspresentedhere.
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Queens 5 6 7 8 9 10 11 12 13
bjbm 276 | 909 | 3158 | 11928| 49369| 210210| 975198| 4938324 26709008
bjfc 279 | 916 | 3182 | 12229| 51314| 218907| 1026826| 5231284| 28387767
bm 276 | 944 | 3236 | 12308| 50866| 220052| 1026576| 5224512 28405086
fc 279 | 920 | 3189 | 12276| 51642| 220745| 1038129| 5297651| 28817439
bjbt 405 | 1828 | 8230 | 41128| 214510| 1099796| 6129447| 36890689| 233851850
bt 405 | 2016 | 9297 | 46752 | 243009| 1297558| 7416541| 45396914| 292182579
Solutions| 10 4 40 92 352 724 2680 14200 73712

Table2: Numberof consisteng checksperformedby variousalgorithmson the n-queensproblem. Algo-
rithmsareidentifiedby their labelerfunctionname.

Many reformulationof standardalgorithmsinto a frameawork exist in theliterature[8, 6, 16, 2], but the
frameavorkstypically arent modular;in thebestcasethedifferencedetweertwo algorithmsarehighlighted
by shaving which lines of pseudo-cod&ave changed11]. Algorithms have beenclassifiedaccordingto
the amountof arc consisteng (AC) they do[12] or the numberof nodesvisited[11]. Theseclassifications
have shavn that the backmarkingand forward checkingalgorithms,which were previously thoughtof as
being fundamentallydifferent, actually sharethe samefoundation[1], aswe independentlyrediscawered
(Section9). Thereoftenremainsconfusion,evenamongexpertsin thefield, aboutwhich algorithma given
descriptiorreallyimplements.

Considerinchow long the standardalgorithmshave existedandhow muchthey areused therehave been
surprisinglyfew proofsof correctness.A correctnesgriterion for searchalgorithmsbasedon soundness
and completeneswas presentedn Kondrak[11] andan automatictheoremprover wasusedto derive the
algorithmsin Caldwell,etal. [4].

Theterm“conflict set”is very commonin theliterature,but a precisedefinitionis difficult to achieve; we
baseoursonthatof Caldwell,etal. [4].

13 Conclusion

Expressin@lgorithmsn alazyfunctionallanguageftenclarifieswhatanalgorithmdoesandwhatinvariants
it dependon. With a little bit of carewe can modularizecodethat traditionally hasbeenexpressedn

monolithicimperative form. Experimentatioris alsovery easy New combinationsof algorithms,suchas
forwardcheckingplusconflict-directeackjumpingcanbeexpressedn asingleline of code;theequivalent
algorithmin the imperatie literaturerequiresmary lines of (mysterious)C or pseudocode.Despitethe
overheadsntroducedby lazinessand useof Haslell, large experimentscan be conducted. For example,
combininghrandom with bjbt allowed usto find solutionsfor the queengproblemwith well over 100
gueensgvenusingthe Haslell interpreteHugs.

The major problemof working with lazy codeis difficulty in predictingruntime behaior, particularly
for space.Very minor codechangeganoftenleadto asymptotiadifferencesn spacerequirementsandthe
availabletoolsfor investigatingsuchproblemsin Haslell areinadequate.

For futurework, we planto work on formal proofsof algorithmiccorrectnessyhich shouldberelatively
easyin ourframework, andto investigatevariable-reorderingeuristicswhich areatthe coreof currentwork
in the Al searcHiterature.
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Abstract

Triangulationf a surfaceareof fundamentaimportancen computationatjeometryengineeringim-
ulation, and computergraphics. For example,the corvex hull of a setof pointsmay be constructedasa
triangulationandthereis acloserelationshipbetweerDelaunaytriangulationsandVoronoidiagramsn ge-
ometry Triangulationsareordinarily representedsmutablegraphstructuregor which bothedgetraversal
andaddingedgedakeconstantime peroperation.Theserepresentationsf triangulationgnakeit difficult
to supportpersistenceincluding “multiple futures”,the ability to usea datastructurein severalunrelated
waysin a given computation;time travel”, the ability to move freely amongversionsof a datastructure,
or parallelcomputation the ability to operateconcurrentlyon a datastructurewithout interference.We
proposea new representationf triangulationghatsupportgersistenceTo demonstratés usewe give a
new algorithmfor the three-dimensionatorvex hull thatis asymptoticallyoptimalin the expectedcase,
andwe give animplementatiorof a terrain-modellingalgorithmbaseddn this representatiornlo assesés
practicalitywe measurghe performancef bothapplications.

1 Intr oduction

A persistendatastructureis onefor whoseoperations—eenthosethat “update”or “modify” it—presene
the datastructureacrosscalls. To achieve persistenceypdateoperationanustcreatea “fresh” copy of the
datastructuresothattheoriginal is not disturbedby the operation.Persistentlatastructuresarisenaturally
in “value-oriented’programminganguagesuchasML or Haskell. In theselanguagesll datastructures
arevaluesthatarepassedsargumentsandreturnedasresults muchasnumbersarehandledn nearlyevery
language.

In contrastmostfamiliar datastructuresare ephemeaal—the operationon the datastructure*mutate”
it by modifying its representatiom memoryin sucha way thatall referencego it changesimultaneously
Ephemeraldatastructuresarise naturallyin “object-oriented”programminglanguagesincluding Java or
C++. In theselanguageslatastructuresarethoughtof asregionsof mutablestoragethatis modifiedby the
operation®nthestructure.

Persistentlatastructureffer a numberof advantagesiot sharedoy their ephemeratounterpartsThe
termpersistencehowever, is sometimesiselooselyin theliteratureandthereareseveraltypesof persistence
thatcanbecatgorizedby thefeatureghey support.Thekey featuresve areconcernedvith are:

1. timetravel: theability to go backandview ary previousversionof a datastructure,

*Thisresearclwassupportedn partby NSFGrantCCR-9706572Burchwassupportedy anNSF Graduatd-ellowship.
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2. multiplefutures the ability to go backandmakea sequencef modificationsto a previousversionof
thedatastructurewithout affectingthe currentversion(this allows for a versiontree),

3. combining theability to combinepersistentiatastructuressuchastakingthe unionof two persistent
setsand

4. implicit parallelism, the ability to view andmodify differentversionsof adatastructurein parallel.

Driscoll, et. al. [10] distinguishbetweerpartially persistenandfully persistendatastructures.Theformer
supportonly time travel, whereasthe latter also supportmultiple futures. They describetechniquedor
building both partially and fully persistentdatastructuresput their methodsdo not supportcombiningor
implicit parallelism. Driscoll, Sleatorand Tarjan[11] introducedthe term confluentlypersistentfor fully
persistenstructureshatalsosupporicombining andshavedatechniqudor supportingconfluentlypersistent
lists with catenation.Theirtechniquedoesnot supportparallelism.We will usethetermstrongly persistent
for adatastructurethatsupportsall four features.

The abore mentionedechniquesarehearily basednthe useof side-efects. It is well known, however,
that purely functional programs(no side-efects)areinherentlypersistentand supportat leasttime-travel,
multiple-futuresand combining. Furthermorejf the programis strictly functional (i.e., doesnot uselazy
evaluationor ary otherform of memoization)thenit will also supportimplicit parallelism. Tarjan and
Kaplan[18] makeuseof this in a designof a strictly functional catenabldist thatis strongly persistent.
Okasaki[20] developeda simpleralgorithmwith similar time boundsbasedon functionalprograms.Since
his methodusedazy evaluation,however, it doesnotsupportparallelism.

The subjectof this paperis the persistentepresentationf closedsurfacesn multi-dimensionakpace.
Closedsurfacesare of fundamentalmportancein computationageometry andhave a numberof applica-
tionsin awide variety of areasjncluding geographidnformationsystemsmeshgeneratiorfor engineering
simulationsandsurfacerepresentationisi computemgraphics.Oneapplicationof closedsurfacess thecon-
structionof the corvex hull of a setof pointsin threedimensions. The corvex hull of a setof pointsis
the surface or boundaryof the smallestconvex polytopecontainingthosepoints. Anotherapplicationis to
terrainmodelling,in which the topographyof a geographicategion is approximatedo within a specified
resolutionby a closedsurface.

A numberof representationsf closedsurfaceave beenconsideredn theliterature[16, 4, 8, 7], but all
arebasedon ephemeratlatastructuressuchasgraphsor mutabledictionaries.Using theseephemeratiata
structuresseveralasymptoticallyoptimalalgorithmsfor the constructiorof thecorvex hull of a setof points
in threedimensionareknown [4, 7]. GarlandandHeckberts terrainmodellingalgorithm[13] is alsobased
on anephemeratepresentationf surfaces.

Persistenceffersa numberof advantage®ver the morefamiliar ephemeratepresentationdn the case
of the corvex hull algorithm,we may exploit implicit parallelismto provide a simultaneouslisplay of the
constructiorof the hull duringits constructionwithoutimposingary synchronizatiomr checkpointingpver
head.By exploiting time travel, we may move backwardsaindforwardsamongstagef the constructiorof
the hull, allowing the userto explore the dynamicsof its creationor to modify the unconsideregbointsto
seethe effect on thefinal hull. In the caseof terrainmodelling, persistencasupportsviewing the modelat
mary differentresolutionspn demand.Althoughwe have not exploredthe directuseof persistensurfaces
in algorithmdesign persistentlata-structureareusedascomponent®f severalalgorithmsin otherareasof
computationagjeometry[21, 15,17].

Corventionalimplementationsf the3-dimensionatonvex hull algorithmrely on mutabledatastructures
suchasthe doubly-connecteddgelist describedby de Berg, et. al. [4]. Thehull is representetdy a planar
graphwhosenodesaretrianglesandwhoseedgegepresenthe adjaceng relationamongthem. Theanalysis
of thesealgorithmsrelies on the assumptiorthat graphedgesmay be traversed,and new edgesadded,in
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constantime! A nave translationof thesealgorithmsto the persistensettingwould proceedoy simply
replacingthe ephemeragraphstructureby a persistentictionaryrecordingthe adjaceng relation. Usinga
simpledictionaryrepresentatiothecostof thefundamentagraphoperationsncreasefrom O(1) to O(lg n),
which would leadto a sub-optimalO(n lg? n) time boundin the persistentase.

Oneapproachto reducingthis cost might be to usea persistenrepresentatiof graphs(suchasthe
onegivenby Erwig [12]) thatperformswell in the casethateachgraphhasonly one“logical future”. The
obviousdisadwantageof thisapproachs thatin themultiple-future caseheperformancenceagaindegrades
to sub-optimal.Moreover, thesemethodsusuallyrely on so-called'benign” effectsthatinhibit parallelism.
Anotherapproachmight be to useDietz’s persistenrepresentationf arrays[9] for which fully persistent
array updatesand searchesequireonly O(lglgn) time. Usedndvely in a corvex hull algorithmDietz’s
methodwould leadto a suboptimakime boundof O(n lgn lglgn). Moreover, Dietz's representatiodoes
notsupportcombiningor implicit parallelism.

We thereforeconsiderwhetherit is possibleto achieve the 2(n lgn) lower boundwhile retainingthe
adwantagef strongpersistenceWe presenta new randomizedalgorithm,calledthe bulldozeralgorithm,
for the constructiorof the corvex hull of a setof pointsin threedimensionghatachiezesthelower boundin
theexpectedcase.Thecrucialfeatureof thealgorithmis thatthe expectednumberof adjaceng relationship
checksand updatesamongfacesof the hull is at mostO(n), while the expectednumberof floating-point
operationgo determinethe spatialrelationshipsamongpointsis O(n lgn). Sincethe algorithmonly re-
quiresO(n) operationon the surface we canafford to spendO(lg n) time peroperationwithout affecting
the overall time bound. We canthereforeusea simpledictionary basedon balancedreesto representhe
adjacenyg relationshipof thesurface.

Asymptotic compleity is important, but so are empirical performanceneasurementsTo assesshe
practicalityof ourrepresentationye measureheperformancef thehull algorithmandtheterrainmodelling
algorithmon representaie datasets. Thereareseveral typesof experimentwe couldrun. Ratherthanjust
measuringunningtimes, which are strongly influencedby the machineusedand the optimizationof the
algorithm,we countedthe numberof basicoperations.For the numericalcomponenbf the algorithmwe
countedthe numberof floating point operationsFor the manipulatiorof the surfacewe countedhe number
of key comparisonghatare madein our dictionaryimplementatiorof the surface which is basedon Red-
Black trees.For the convex-hull algorithmswe expectboththesecountsto grow asO(n log n), but we were
interestedn comparingthe constanfactors.Our resultsaregivenin Sectiond andshow thattherearemore
floating-pointoperationghankey comparisongver a wide variety of point distributions andsizes. Similar
resultsfor theterrain-modelingodearegivenin Section5.

Sinceone could ague that a “key comparison”and associatedverheadcould be much greaterthan
the cost of a floating-pointoperation,we alsoran a timed experiment. To avoid biasingthe results,our
comparisongremadeto the fastest3D corvex-hull algorithmwe knew of [2], which wasdevelopedat the
Minnesotageometrycenter We first measuredhe time for MinnesotaQuickhull usingits own emphemeral
surfacerepresentationWe thenmeasuredhe additionaltime requiredto implementthe surfaceoperations
usingadictionaryinsteadof theephemerastructure Our initial experimentsshav thatthedictionaryaddsa
costof about50%to the overall costof the algorithm.

2 Surfaces
Boththeconvex hull algorithmandtheterrainmodellingalgorithmpresentedh latersectionsonstructatwo

dimensionakurfacesnclosinga setof points.In the caseof thecornvex hull, thisis the surfaceof thesmallest
enclosingcorvex polytopeof a setof points,andin the caseof theterrainmodelling,the surfacerepresents

1This maynot beareasonablassumptiowhenthenumberof nodess extremelylarge, dueto memoryhierarchyeffects. Neverthe-
less,it is astandardassumptiorio ignoresuchissues.
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an approximatiorto the topographyof a geographicategion. In both casest is convenientto think of the
surfaceasa connectedset of trianglescovering the surface;if the surfaceis specifiedby polygonalfaces
they aresubdvidedinto triangles. Consequentlythe surfacef interestare sometimesalledtriangulated
surfacesor simplytriangulations

Following Giblin [14], we definea closedsurfaceto consistof a setof trianglessatisfyingthe following
threeconditions:

1. Any two triangleshave atmostonevertex or oneedge(andits two vertices)in commonjno otherforms
of overlaparepermitted.Thisis calledtheintersectioncondition

2. Thesurfacds connectedn thesensehatthereis a pathfrom ary vertex to ary othervertex consisting
of edge=f thetrianglesof the surface.

3. Thesetof edges'opposite”ary verte, calledthelink of thatvertex, formsa simple,closedpolygon.

This definition relieson the familiar conceptof a triangle. A triangle consistsof a setof threedistinct
vertices,specifiedin someorder This raisesthe questionof whentwo trianglesare equivalent. Underan
ordered interpretation A ABC is distinctfrom both ABC' A and AC AB, eventhoughthey enumeratehe
verticesin the samesequenceandis alsodistinctfrom A AC B, which reverseshe orderof presentation.
Two orderingsthat differ by an even permutation(i.e., that can be obtainedfrom one anotherby an even
numberof swaps)are saidto determinethe sameorientation ThusAABC, ABC A, andACAB all have
the sameorientationwhereasA AC' B (andits even permutationshave the oppositeorientation.The orien-
tation may be thoughtof asdeterminingtwo “sides” of a triangle; AABC is the “front” of AABC, and,
correspondinglyA AC B is the "back” of AABC. Underan orientedinterpretationwe identify triangles
thathave the sameorientationanddistinguishthosethatdo not.

Following Giblin, we maintaina careful distinction betweenthe configurationof the triangleson the
surfaceg(i.e., theiradjaceng relationshipsandtheembeddingf thetrianglesin three-dimensionapacdi.e.,
the assignmenof coordinatego their vertices). Whenembeddinga triangle AABC' in three-dimensional
spacewe requirethat the points assignedo the verticesbe affinely independentwhich is to saythatthe
vectorsB — A andC — A arelinearly independentor, equivalently, thatthe threepointsarenot collinear
Thecorvex hull algorithmwill determinenot only the configurationof triangles but alsotheirembeddingn
three-dimensionalpacé.

A closedsurfaceis a specialcaseof the more generalconceptof a simplicial complex [14, 1], which
appliesin anarbitrarydimension.Our implementatiorof the three-dimensionatonvex hull andof the ter-
rain modellingalgorithmarebasedon anabstractype of simplicial complexes. Not only doesthis support
generalizatiotio higherdimensionaspaceshutit alsoallowsusto experimentwith variousimplementations
of themwithout disturbingthe applicationcode. Indeed we experimentedvith several differentimplemen-
tationsbeforesettlingon the onewe describehere.

Justasaclosedsurfacds asetof trianglessatisfyingsomeconditions asimplicialcomplex is asetof sim-
plicesoverasetof verticessatisfyingsomerelatedconditions. A zero-dimensionaimplex is a“bare” vertex,
a one-dimensionasimplex is a line sggment,a two-dimensionakimplex is a triangle, a three-dimensional
simplex is atetrahedronandsoon. A comple is a configurationof simplicessubjectto somesimplecondi-
tionsthatensurghatthe simplices'fit together’to form acoherent'solid” in n-dimensionakpace.

We assumagiven atotally orderedsetV’ of vertices® An n-dimensionabrdered simple, or n-simple,
is an (n + 1)-tuple of distinct vertices. An orderedsimplex is orientediff we do not distinguishbetween
two orderingghatdiffer by aneven permutation(onethatcanbe expresse@san even numberof swaps) A
simplex s is asub-simplg, or aface of asimplex ¢, written s < ¢, iff s is asubsequencef ¢.

2To avoid degeneracieandto simplify the presentationywe assumehattheinput setof pointsto the hull algorithmhastheproperty
thatno four pointsarecoplanar
3Thisis notordinarily requiredin themathematicasetting but is necessarjor implementatiomeasons.

66



signature VERTEX =
sig
type vertex
val compare : vertex * vertex -> order

type point

val new : point -> vertex

val loc : vertex -> point
end

Figurel: Signatureof Vertices

An n-dimensionalpriented,pure simplicial comple, or just n-comple for short,consistsof asetV of
verticesandasetS of orientedsimplicessatisfyingthefollowing conditions:

1. Every vertex determines 0-simplex. We usuallydo notdistinguishbetweera vertex v andits associ-
ated0-simple (v).

2. Everysub-simple of asimplex in K is alsoa simplex of K.

3. Everysimplex s € S is asub-simple& of somen-simplexin S. Thatis, therearenom-simpliceswith
m < n, otherthanthosethatarefacesof ann-simplexin S.

A closedsurfaceis a 2-complex in whichthelink of every 0-simplex is a simple,closedpolygonhaving that
0-simplex asaninterior point.

The signature(interface)of the simplicial complex abstractypeis givenin Figure3. This abstraction
relieson anabstractype of verticeswhosesignatures givenin Figurel, andanabstractypeof simplices,
whosesignaturas givenin Figure2. Takentogetherthesesignaturesummarizeéheentiresuiteof operations
availableto applicationsthat build and manipulatecomplexes. To fix ideaswe summarizethe operations
providedby theseabstractions.

The signatureVERTEXspecifiesthat verticesadmit a total ordering,which is requiredfor efficiently
associatinglatawith vertices. In particularwe associate point with eachvertex; this is usedto embeda
simplex in spaceasdescribeckarlier Theembeddings establishedy the new operationwhich createsa
“new” vertex at the specifiedpoint. The locationof a vertex in spaces obtainedusingtheloc operation,
whichyieldsthepointin spaceassociateavith vertex. Thetypeof pointsis left completelyunspecifiedsince
thesimplicial complex packageneednot be concernedvith its exactrepresentation.

ThesignatureéSIMPLEX definegheabstractype of (ordered)simplicesover agiventypeof vertices.As
with verticeswe requirethatsimplicesbetotally orderecby someunspecifiedrderrelationsothatsimplices
may be usedaskeys in adictionary Theoperationdim yieldsthe dimensionof a simplex. Sincethe order
of verticesin a simplex is significant,we distinguishonevertex asthe apex of the simplex, with the others
following in order; this is the first vertex in the enumeratiorof verticesof the simplex. The vertices
operationyields the sequencef verticesof a simplex in order ape first* An n-simplex is createdby
applyingthe simplex operationto a sequencef n + 1 vertices;the first vertex in the sequencés the
ape. Theorders operatioryieldsa sequencef n + 1 orderingsof thesimplex with the sameorientation,
oneorderingfor eachchoiceof ape. Thefaces operationyieldsa sequencef (n — 1)-dimensionakub-
simplicesof a givenn-simplex. Theflip  operationinvertsthe orientationof a simplex (flips to its reverse
side). Thedown operatiorpassesrom ann-simplex to its apex andthe “opposing”(n — 1)-simplex of that

4We makeuseof anabstractypeof sequences form of immutablearraywhoseprimitive operationsredesignedo supportmplicit
parallelism[5].
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signature SIMPLEX =
sig
structur e Vertex : VERTEX
type simplex
val compare : simplex * simplex -> order
val dim : simplex -> int

val vertices : simplex -> Vertex.v ert ex seq
val simplex : Vertex.v ert ex seq -> simplex
val down : simplex -> Vertex.ver te x * simplex
val join : Vertex.ve rt ex * simplex -> simplex
val orders : simplex -> simplex seq
val faces : simplex -> simplex seq
val flip : simplex -> simplex

end

Figure?2: Signatureof Simplices

ape. (In thecaseof a triangle, this is the baseoppositeto a specifiedvertex of the triangle.) The join
operationbuilds an n-simplex from a givenvertex and (n — 1)-simplex, taking the vertex asapex andthe
(n — 1) simplex asits oppositeface.

The signatureSIMPCOMBPspecifiesthe abstracttype of simplicial complexes. Thereare no mutation
operationon compleces. Insteadwe supply operationdo createnew compleesfrom old, asdiscussedn
theintroduction.Thetype’a complex of n-dimensionakimplicial compleesis parameterizedly atype
'a of datavaluesassociatedavith the n-simplicesof thecomple. The dimensionof the complex is a fixed
propertyof theabstractype; differentinstance®f the abstractiormayhave differentdimension.Theempty
comple is the valueempty ; the operationisempty testsfor it. The sequencef verticesof a complex
arereturnecdby thevertices  operationjn anarbitraryorder Thesimplicesof a givendimension(at most
dim) arereturnedby the simplices  operation. The grep operationfinds all the simplicesof maximal
dimensionhaving a given simplex asa face. More precisely givena dimensiond < dim anda d-simplex
s, grep returnsthe sequencéin unspecifiedbrder)of simplicesof dimensiondim having s asaface. The
find operationis a specializatiorof grep for dimensiordim — 1. Theoperationadd addsasimplex to a
comple, with specifieddatavalue;to ensurethatthe condition3 in the definition of simplicesis presered,
we may only addan n-simplex to an n-complex. The operationrem removesa simplex from a comple,
yieldingthereduceccomple. Theupdate operatiorappliesaspecifiedunctionto thedatavaluesof every
simplex in thecomple, yieldinganev complex.

In our implementationan n-simplex is representethy a sequencef verticesof lengthn + 1, with the
ape beingtheleadvertex of thesequenceThe down operationstripsoff theapex andreturnstheremaining
(n — 1)-simple, asdescribedabove. Simplicesarecomparedy comparisorof sequencesothatdifferent
orderingsdeterminedifferentsimplices. We implementcomplees usingthe Map signatureakenfrom the
SML/NJlibrary. An n > 1 comple is representedy amappingfrom verticesto thesetof (n — 1)-complexes
incidentonit. (In thecasen = 2, eachvertex hasassociatedvith it the edgesfogethemwith their vertices,
incidentonthatvertex.) A 1-complex is implementedpeciallyto avoid the overheadf maintaininghemap.

We maybuild ann-comple by asequencef n — 1 applicationsf a“bootstrappingunctor” thatbuilds
ann-comple from an(n — 1)-comple, startingwith thedirectimplementatiorof the 1-complex. However,
for reason®f efficiengy, we choosdao implementthe 2-complexesdirectly, ratherthanby bootstrappingin
this optimizedimplementatiorwe usethefirst vertex of a simplex asa key into a red-blacktree[3]. Each
nodeof thered-blacktreethenstoresasits valuean associationist that mapsthe secondvertex to the third
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signature SIMPCOMP=
sig
structur e Simplex : SIMPLEX
type ’'a complex

val dim : int

val empty : ’'a complex

val isempty : ’'a complex -> bool

val vertices : ’a complex -> Simplex.Ve rte x. verte x seq

val simplices : ’'a complex -> int -> Simplex.s imple x seq

val data ‘a complex * Simplex. si mplex -> ’'a option

val grep 'a complex -> int * Simplex. simpl ex -> Simplex. simpl ex seq

val find : 'a complex * Simplex. si mplex -> Simplex. simpl ex option

val add : ’'a complex * Simplex.s imple x * 'a -> 'a complex

val rem : ’'a complex * Simplex.s imple x -> ’'a complex

val update : ’'a complex * Simplex. simplex * (a -> ’'a) -> ’'a complex
end

Figure3: Signatureof Simplicial Complees

vertex andthedata.Usinganassociatiorist is adequatén practicesincethe numberof entriesis small(the
averagenumberis 6). To maketheimplementatioroptimalin theoryonecouldconvert to a balancedreeif
thesizeof thelist becomegoolong.

In our directimplementatiorsearchingor a simplex involvessearchinghe red-blackireeandthenthe
associatiotist. Addingasimplex involvessearchinghered-blackireeto seeif thevertex is alreadythere.If
it is, the simplex is addedo the existing associatiotist, otherwisea new associatiorist is created We note
thatwhenasimplex is addedjt needgo beaddedo thetreein all threeordersthathave the sameorientation.
Deletinga simplex involvessearchinghe tree anddeletingthe simplex from the correspondingssociation
list. If theassociatiorist becomesmpty thenthe treenodeis alsodeleted. As with adding,the deletion
needdo beexecutedin all threeorderings.

3 ConvexHull: The Bulldozer Algorithm

It is well known that the problem of constructingthe corvex hull of a setof pointsin threedimensions
requires2(n lgn) time[4]. Asymptoticallyoptimalalgorithmsfor the problemarealsoknown [8, 7] for the
ephemeratase.In this sectionwe will give arandomizedptimalalgorithmfor the persistentase.

We will be concernedvith incrementaimethodghatextendthe convex hull of a setof pointsto include
anew point. Many algorithms,including our own, arebasedon tent construction Givena point p exterior
to the hull of a setof points,we may extendthe hull to includethis point asfollows. We view the exterior
pointasa light source illuminating a subsebf the facesof the hull. Theboundaryof thelit facesis a setof
edgeswhich we call the horizon We thenconstructa pyramidaltentwhoseapex is the exterior point and
whosebaseis the horizon,remaing thelit faces. This constructionextendsthe corvex hull to includethe
givenpointasanew vertex.

Severalincrementahblgorithmsbasedon the tentconstructiorareknown; they differ in how the exterior
point is chosen,and how the set of exterior pointsis maintainedduring the construction. Our algorithm
maintainsfor eachexterior point, onefacethatis visible to that point. In particular the algorithmbegins
by selectinga point thatwill alwaysbe interior to the hull—we call this the centerpoint. Considerthe ray
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from the centerpoint to eachexterior point. Eachsuchray penetrates face,to which we associateghe
point. A faceis visible to eachof its associateghoints. The setof facesthatarevisible to ary onepointis
connectedsoknowing onevisible faceallowsoneto walk throughthevisible facego find themall. Clarkson
and Shors algorithm[8], the MinnesotaQuickhull algorithm|[2], the algorithmpresentedy Motwani and
Ragha&an [19], our basicalgorithm, and the Bulldozer algorithm[6] all maintainsuchinformation. All
the otheralgorithms,however, eitherdo not carewhich visible facethe point is associateavith or keepa
completdist of visible facesfor eachpoint.

Our algorithmrequiresa representationf the hull, for which we usea simplicial comple, andsome
methodfor associatingpoints with faces,for which we usethe dataassociatedvith eachsimplex in the
comple.

Eachincrementaktepof our algorithmselectsarandomfacethathaspointsassociatedvith it. A random
point associatedvith this faceis designateasthelight source.The algorithmthenfinds all the otherfaces
visible to the light sourceby searchingadjacentriangleson the surfacestartingwith the selectedace. The
algorithmdefinesadirectedagyclic graphwhosenodesarethevisible facesandthehorizonedgesandwhose
arcsconneciadjacenfacesor afacewith oneof its horizonedgesThe selectedacehasin-degreezero(i.e.,
it is theroot), andthehorizonedgeshave out-degreezero. Thefacesarevisitedin a topologicalorderingof
thegraph.Whenvisiting a face,every point assignedo the faceis eitherdiscardedbecausét is interior to
thehull, or pushedutalonganout-goingarc (hencethe name*bulldozer” algorithm). This requiresat most
two plane-sidetestsper point. Whenthe searchis completeeachpoint associatedvith ary of the visible
faceshaseitherbeendiscardedr associateavith a horizonedge.Oneadditionaltestcandeterminaevhether
apointis interiorto thehull or visible to thefaceformedby this edgeandthelight source.

This algorithmvisits eachvisible faceonce. It is possibleto shaw, by backwardsanalysisand Euler’s
formula, that the expectednumberof facesvisitedis linear in the numberof input pointswhensummed
acrossall steps. The costof the algorithm canbe separatednto plane-sidgestsandthe costof the graph
traversalandsurfacemanipulation(i.e., finding adjacenfaces).Eachvisit requiresat mosta constanhumber
of graphandsurfaceoperationseachtaking O(log n) time, hencethe total expectedcostof graphtraversal
andsurfacemanipulationis O(n lgn). It is alsopossibleto showv thatthe expectednumberof plane-side
testsis O(n lg n) [6]. Thusthetotal expectedcostis O(n lgn).

4 ConvexHull: Experimental Evaluation

Althoughourtheoryshavs usinga purelypersistentlictionaryfor storinga simplicial comple is asymptoti-
cally optimal,we areinterestedn theactualoverheadIn particularwe wereworriedthatthe constanfactors
could makethe ideasimpractical. For this reasornwe ran several experimentsto studythe overhead.These
experimentsnvolved measurementsn the bulldozer3d hull algorithm,andon a terraintriangulationalgo-
rithm, describedn the next section.The goalin the experimentss to comparethe work neededo maintain
the simplicial comple to the otherwork in the algorithm. This otherwork mostly consistof the numerical
aspectandis dominatedy floating-pointoperations.
In our experimentsie usedthefollowing 5 distributions of pointsin 3d:

1. OnSpher: Randomuniformly distributedpointson the unit 2-spherdi.e., the surfaceof theunit ball
in 3d).

2. EqHeavy: Randompointson the spherethat are weightedto be mostly on the equator Theseare
generatedby producingrandompointson thespherestretchingthe equator(x andy coordinatespy a
factorof 100sothatthedistributionis on adisk like surfaceandthenprojectingthe pointsbackdown
ontoa spherey scalingtheir lengthto one.
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Figure4: Operationcountsasa functionof input sizefor two of the distributionsusingthe Bulldozeralgo-
rithm. Thetwo setsof countsfor OnSpherearealmostidentical.

3. PolHeavy: Randompointsonthespherehatareweightedto be mostlyatthepoles.Thesearegener
atedby producingrandompointson the sphere stretchingthe poles(z coordinate)y a factorof 100
sothatthedistributionis ona stretcheckllipsoid surface andthenscalingthe pointsbackdown ontoa
sphereasin the EqQHeay distribution.

4. InBall : Randomuniformly distributedpointsin the unit ball.

5. BordHeavy: Generatedy producingpoints randomlyin a unit ball andthen mappingeachpoint
(z,y,z) tothepoint (z, y, 22 + y? + 2?%). It canbe shavn thatusingthis distributionfor » points,the
sizeof the corvex hull is expectedo be ©(n?/3).

We selectedhesesincewewanteddatasetsbothwhereall thepointsarein thefinal result(theexpensve case)
andwheresomeareinside. We alsowantednonuniformdistributions,which arewhat EqHeay, PolHeay,
andBordHeay give us.

To geta machine-andlanguage-independenmteasuremertf the costswe first measured/ariousopera-
tion counts.For themanipulationof the simplicial comple (thetopologicalpartof the algorithm)we count
both the numberof dictionaryoperationsandthe total numberof key-comparisongnadeby the dictionary
code. For the numerical(geometric)part of the algorithmwe countthe numberof plane-sidetests,from
whichwe caneasilydeterminghe numberof floating-pointoperations.

As mentionedin Section2, the simplicial comple is implementedusing red-blacktreeswith vertex
identifiersusedaskeys. For atreeof sizen eachinsertion,deletionor searchwill traverseO(lgn) nodes
At eachnode,the key being searchedan integer identifier for the vertex) is comparedo the key at the
node. In additionto the key-comparisonsnadein the red-blacktree,which arebasedon the first vertex of
the simplex beingsearchedkey-comparisongrealsorequiredwhensearchingor the secondvertex of the
simplex in the association-lisof the nodethatis found (seeSection2). Our key-comparisorcountsinclude
theseassociation-listomparisonsThe key-comparisonss thereforea measureof the total numberof red-
black-treenodesvisited, plusthe total numberof association-liselementssisited. Our theorystateshatthe
expectedtotal numberof dictionaryoperationss O(n) andsincethe red-blacktreeoperationsisit O(lg n)
nodesthetotal numberof expectedkey-comparisonss O(n lgn).

We measuredhe numberof key-comparisonsndfloating-pointoperationdor all the distributionsand
for arangeof input sizesup to 512K points. A graphshawving the operationcountsas a function of size
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Figure5: Operationcountsfor all five datadistributionsusing the Bulldozeralgorithm. The input sizeis
512K points.

is givenin Figure 4 for two of the distributions. A bar graphshaving the operationcountsfor the five
distributionson 512K pointsis givenin Figure5. The graphsshav thatthe numberof key-comparisonss
approximatelythe sameasthe numberof floating-pointoperationgor the first threedistributionsin which
all the pointsare on the sphere.For the othertwo distributionsin which somepointsareinsidetheball, the
numberof key-comparisonss very muchlessthanthe numberof floating-pointoperationgby afactorof 30
for the InBall distribution and a factor of 10 for the BordHeay distribution). This is to be expectedsince
theresultinghull is significantlysmallerthanthe sizeof theinput, andthe simplicial-comple operationsare
only usedonthesimplexesthatareactuallycreatedwhile plane-sidaestsarerequiredon all theinputpoints.
We werealsointerestedn actualrunningtime of the simplicial complex codesinceone mightimagine
thattraversinganodeof atreeis moreexpensve thanafloating-pointoperation.To befair onthismeasureve
wantedto compareimesto awell tunedexisting implementatiorof 3D Convex Hull. We thereforeselected
the MinnesotaQuickhull code[2]. Sinceour codeis written in ML andthe Minnesotacodeis written in
C, we could not comparethe timesdirectly. We alsodid not wantto completelyrewrite our codein C, or
the Minnesotacodein ML. Insteadwe instrumentecur codeto dumpout tracesof all the operationson
the simplicial complex. We thenwrote C codethat simulatesthe complex operationsusingbalancedrees
andlinked lists. Theideais to getansenseof how muchtime relative to the Quickhull codethe persistent
implementatiorof the simplicial complex requires.Theresultsareshavn in Figure6. As canbeseenthe
costof the simplicial-comple operationss at mosthalf the total costof the Minnesotacode,andthis is
for a distribution wherethe numberof operationson the complex is high. Sincesomeof the costof the
Minnesotacodeis dedicatedo manipulatingits representationf the simplicial complex (it would be hard
actuallyto separatehis out) it is reasonablysafeto concludethatusinga persistentlictionaryin their code
for manipulatahe surfacewould incurlessthana 50%overheadandfor mary distributionsvery muchless.

5 Terrain Modeling: Experimental Evaluation

Oneinterestingreal-worldapplicationof the convex hull algorithmis to terrainmodeling[13]. Terraindata
is importantto mary real-worldapplicationssuchasflight simulators.However, renderinga terrainat full
resolutionis impracticalfor terrainsof ary significantsize. Therefore applicationghatrely on terraindata
requireterrainmodelsthatapproximatdull terrainsusingsubstantiallyfewer polygons.
Givenatwo-dimensionahrrayof evenly spacecheightsampledrom the full terrain,aterrainmodeling
procedurecomputesa triangulationof theterrainthat minimizesthe error betweerthe actualsamplevalues

72



Minnesota Quickhull Time -+
Additional time for Simplicial Complex Ops ——

Running Time (seconds)
w

16K 32K 64K
Problem size (points)

Figure6: Runningtime asafunctionof theinputsizefor bothMinnesotaQuickhullandfor the C implemen-
tationof thedictionaryoperationsThedistributionusess OnSphere.

andthevaluesgivenby thetriangulation.Moreover, thetriangulationsodeterminedywhenprojectecbntothe
plane,is requirecto have the Delaunayproperty [4], assuchtriangulationshave severaldesirablgoroperties.
However, sinceit is prohibitively expensve to computeatriangulationthatis actuallyoptimal, heuristicsare
typically employedhatperformwell in practice.

Onesuchheuristicis the greedyinsertionheuristic. The greedyinsertionheuristicstartsby dividing the
planeinto two triangles,andinitializes a priority queuewith onepoint from eachtriangle, the point having
thegreateserrorbetweerthe samplevalueandthevaluegivenby thetriangle. The heuristicthenbuilds the
triangulationincrementally at eachstepobtainingthe samplepoint with maximumerror from the priority
queueand updatingthe Delaunaytriangulationto include that point® The priority queueis thenupdated
to includethe pointsof maximumerrorfor eachnew triangle. Typically only a few trianglesarecreatedn
eachstep resultingin only moderateescanningf theterrainsamplesThis processs thenrepeatedintil an
acceptablenaximumerroris achieved.

We implementedhis heuristicusingour persistentriangulationpackage.Delaunaytriangulationscan
be computedusinga three-dimensionatorvex hull procedureby projectingthe pointsfrom the planeonto
a paraboloid(the surfacespecifiedby the equationz = z? + y?) and computingthe corvex hull of the
projectedpoints[4], sothe implementatiorwasstraightforward.To measurats performanceye ranit on
two setsof terrainsampledata,onefrom thevicinity of Ozark,Missouri,andthe otherfrom the westendof
CraterLake, Orggon. A 1000-pointtriangulationof eachof thesedatasetsis givenin Figures7 and8. As
in the previous section we countedkey-comparisongndfloating-pointoperationgor eachrun. Theresults
appeatin Figure9 andshaw thatthe numberof key comparisonss significantlysmallerthanthe numberof
floating-pointoperationsgspeciallyfor thesmallersizes.

5TheDelaunaypropertyspecifieghatno pointlies within the circumcircleof anytriangleof whichit is notavertex,excepin certain
degenerateircumstances.

8An alternatve greedyheuristic,designedo avoid narrow trianglesjs to addthe circumcentepf the trianglecontainingthe point of
maximumerror, ratherthanthe pointof maximumerroritself.
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Figure7: 1000-pointtriangulationof Ozark

6 Conclusion

Purelyfunctional, persistentatastructureffer a numberof programmingadvantagesver their morefa-

miliar, ephemeratounterparts Many algorithmsin computationageometryare basedon low-level graph
structures.The analysisof thesealgorithmsis basedon a unit-costassumptiorfor the fundamentabpera-
tionsonagraph.A navetranslatiorof thesealgorithmsusingapersistentreestructureio representhegraph
would introducean O(lg n) factorinto the asymptoticcompleity, resultingin asymptoticallysub-optimal
performancen the persistentase.

This paperaddressethe questionof whetherthis logarithmicpenaltyis avoidablein specificcasesWe
considerthe fundamentaproblemof constructinghe corvex hull of a setof pointsin threedimensionsWe
give a high-level descriptionof the hull asa simplicial comple, andprovide a persistentmplementatiorof
it. We alsopresenta new algorithm, calledthe bulldozeralgorithm,that achievesthe asymptoticallyopti-
mal O(n lgn) time bound(in a randomizedsense}thatworkswith this abstractrepresentationf the hull.
To assesshe practicality of the algorithm, we implementedhis algorithmin StandardvViL and measured
its performanceon a variety of artificial datasets. We alsousedthis algorithmto build a terrainmodelling
applicationderivedfrom work of GarlandandHeckber{13]. Ourresultsconfirmthatthepersistentepresen-
tation of the hull, togethemwith our new algorithmfor constructingt, areboththeoreticallyandpractically
efficient.
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An Algebraic Dynamic Programming Approach
to the Analysis of RecombinantDNA Sequences

RobertGiegerich* StefarKurtzt Geog F. Weiller?

1 Intr oduction

1.1 From Biosequenceso Structureto Function

Dynamicprogramming(DP, for short)is a fundamentaprogrammingechnique applicableto greatadvan-
tagewheneertheinputto aproblemspavnsanexponentialsearchspacean a structurallyrecursve fashion,
and solutionsto subproblemsadhereto an optimality principle. No wonderthat DP is the predominant
paradigmin computationa{molecular)biology. Sequencelata—DN\, RNA, andproteins—areletermined
on anindustrialscaletoday The desireto give a meaningto thesemoleculardatagivesrise to anever in-
creasinghumberof sequencanalysistasks.Giventhe massof thesedataandthe lengthof thesesequences
(3 - 108 basedor a bacterialgenome 3 - 10° for the humangenome) programefficiency is crucial. DP is
usedfor assemblinddNA sequencelatafrom the fragmentgshataredeliveredby the automatedequencing
machined1], andto determinetheintron/exon structureof geneq3]. It is usedto infer functionof proteins
by homologyto other proteinswith known function [10,11], andto determinethe secondarystructureof
functionalRNA genesor regulatoryelementq15]. In someareasDP problemsarisein suchvarietythata
specificcodegeneratiorsystemfor implementingthe typical DP recurrencefiasbeendeveloped[2]. This
systemhowever, doesnot supportthe developmenbr validationof theserecurrences.

1.2 Outline of Algebraic Dynamic Programming

The systematiaddevelopmentof DP solutionsfor problemsin computationabiology hasbeenrecentlyad-
dressedoy Giegerich[4]. There,an algebraicapproachto dynamic programming(ADP) was developed
and appliedto the problemof folding an RNA sequenceénto its secondarystructure. Here we will adapt
ADP to the problemof comparingtwo sequences the editdistancemodel. ADP is basedon thefollowing
principles:

1. Theanalysisproblemat handis conceptuallysplit into a structuie recagynition anda structure evalua-
tion phase.Recognizedstructuresarerepresentethy analgebraicdatatypeS. Evaluationis specified
in termsof a particularS-algebra.

2. A subsebf well-formedstructuresn S is distinguishedy a treegrammar We requirethat
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e structurerecognitionfindsall andonly all well-formedstructures,
e structurerecognitionconstructseachsuchstructureexactly once
e structureevaluationis performedonly on well-formedstructures.

3. By providing parsers for theterminalsymbolsandparsercombinatos for the alternatve, applicative,
andsequentiabperatorof thetreegrammaythe grammarturnsinto a recognizeffor its language.

4. A recursve recognizetis turnedinto a DP algorithm by tabulation: Each(recursve) parseris substi-
tutedby a (recursvely defined)tableof results.This is achieved by an efficiency annotatiorthatdoes
notchangehedeclaratve meaningof thegrammar

5. An abstract evaluator is a recognizemritten in termsof an abstractS-algebra,applyingan abstract
choicefunctionto eachintermediateesult. Instantiatedvith a concreteS-algebrajt interleavesstruc-
turerecognitionandevaluation. Theconcretesvaluatorsoobtainedrunsin polynomialtime andspace,
if theconcreteevaluationalgebrahasa constantime andspaceéboundwith respecto eachintermediate
result!

6. DP recurrences suitablefor implementationin arny imperative language can be derived from the
specificatiorby straightforvardsubstitutiorandprogramsimplification.

1.3 Why Functional Programming Matters

ADP is a programdevelopmentmethod,andthe resultingprogramcan (and normally will) eventually be
implementedn animperative language.A functionallanguagdik e Haslell, however, makesthe approach
much more practical, and even enjoyable. The ADP approachcan be completelyembeddedn Haslell,
allowing us to experimentwith executableprogramsat all stagesof development. A wide rangeof lazy
functionalprogrammingtechniqueds used,the mostessentiabeing parsercombinatord9], programming
with unknawns,andlazy (thoughimmutable)arrays.

Theproductvity of theapproachresultsfrom the modularity(cf. [8]) we achiese by separatingtructure
recognitionfrom structureevaluation. This advantageonly existsin the functionalparadigmiit is sacrificed
in thefinal step(seeSectionl.2,Principle6).

Although ADP is a programdevelopmentmethod,andnot an equivalencetransformatioron programs,
it bearssomeresemblancéo deforestatiorj13], particularlyin theform of [5]. The essentiabpeed-ugrom
exponentialfto polynomialtime complexity, however, is not achiezed by deforestationbut by takulationand
the simultaneousntroductionof a choicefunctionthatreduceghevolumeof theintermediateesults.

2 BiosequenceComparisonin the Edit DistanceModel

2.1 Searching for the Signalsof Recombination

Comparisorof DNA or proteinsequencess predominantlydonein the edit distancemodel. Two or more

sequencearerearrangedby introducinggaps,n away thatbestexhibits their (dis)similarities.Theconcrete
way in which distanceor similarity is measureds expressedy meansof a scoringfunction for matches,
mismatchesandgaps. The scoringfunction variesfrom applicationto application. Sequenceimilarity is

takenasanindicationof homology andmultiple alignmentsor pairwisedistancesoobtainedarefrequently
fedinto programshattry to reconstrucphylogeniesi.e., evolutionaryrelationshipsof genesor species.

IMore precisely all operationsof the algebramay be allowed to have polynomialefficiengy, but the choicefunctionis critical and
musthave a constanboundon thesizeof its output.
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DNA recombinationris animportantmechanismn molecularevolution. Geneshathave evolvedinde-
pendentlyin differentstrainsof avirus, for example,mayrecombinan a new strain. This addsthe power of
parallelprocessindo Darwinianevolution, whichis otherwisebasedntrial anderror(i.e.,randommutation
andselection). In the presencef recombinanDNA, practicallyall commonlyusedanalysisprogramsgo
wrong. Thereis no longeratree-like phylogery, asdifferentpartsof a sequencestemfrom differentances-
tors. In sucha case the bestwe canhopefor from atreereconstructiorprogramis to tell usthatthereis no
clearsupportfor eitherof severalpossibletreesin the distancedata.

But thereis a differencebetweendatawhich are just noisy, and datawhich carry a clear signal about
recombinatiorevents. Therearedifferentwaysto explicitly searchfor recombinatiorsignals. The PhylPro
program[14] doesso by monitoring patternsof changein the mutual similaritiesin a multiple sequence
alignment.In this paperwe take a directapproachapplicableto pairwisesequencealignment.

Traditionally, insertionsanddeletionsareseenasrandomevents,independenof their sequenceontext.
But this is not totally adequateinsertionsanddeletionsin DNA sequencesften stemfrom recombination
events. Themolecularmechanismef recombinatiormay leave tracesin the form of targetsite duplications
of varying length. Similar repeatsmay be formed throughreplicationslippage,the other cellular process
responsibldor indel formation. Currentmethodsf sequencanalysisgnorethesesignals.

2.2 Extending the Edit DistanceModel

Let z andy be two DNA sequencesf lengthm andn, respectiely. The classicaledit distancemodel
considerghefollowing edit operations:

e R (%) denoteghereplacementf nucleotides in z by bin y. If a = b, thisis calleda matd, otherwise
aproperreplacement

e I () denotegheinsertionof a non-emptysequence; of nucleotidesnto y, therebyintroducingin z
agapof thesameength,i.e.,asequencef |u| dashes.

¢ D (*) denoteghedeletionof a non-emptysequences of nucleotidesrom z, therebyintroducingin y
agapof thesameength,i.e.,asequencef |u| dashes.

As new edit operationswe introducerecombinantdeletionandinsertion. Let ¢ be a non-empty(but
typically short)sequencef nucleotideghatoccursbothin z andin y.

e S (i;;) denotesa recombinantnsertionin y: Following the target site ¢, presentin both z andy,
a sequence of nucleotidess insertedinto y, followed by a new copy of ¢t in y. In z, a gapof the
combinedengthof » andt is introduced.

e L ({**) denotesarecombinantieletionfrom z: Following thetargetsitet, presentn bothz andy, a
sequence of nucleotidess deletedfrom x. Thisrequiresasecondcopy of ¢ to follow u in z. Iny, a
gapof thecombinedengthof » andt is introduced.

In both caseswe allow the deletedor insertedsequence: to be empty which makesthe targetsite and
its duplicationform atandenrepeatn x ory.

Example 1 Hereis analignmentof attcgaa andacgtatacgac:
R@) D(L) s(597atacy) R@) R(®

It shavs threereplacementsa shortdeletion,andarecombinantnsertion.
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Proceedindgrom this operationaliew of recombinatioreventsto the analyticview, we mustdefinethe
sequenc@atternthatcanbeinterpretedn retrospectisa signalleft from arecombination.

For ary sequence andary i € [0,]|z|], i}z denoteghe suffix of z afterdroppingi symbolsfrom the
beginningof z. A target site duplicationin y is a pair (¢, j) suchthatilz = ¢tz andjly = tutw for some
t,u, w, z suchthatt is notempty It is maximalif thefirst characteof u, w, z is notthesamewheneerthese
stringsarenotempty A target site duplicationin z is a pair (i, ) suchthatilz = tutw andjly = tz for
somet, u, w, z suchthatt is notempty It is maximalif thefirst characteof u, w, z is notthesamewheneer
thesestringsarenot empty

Notethatseveraltamgetsite duplicationsmaybeidentifiedat the sameposition,differing in thelengthof
thetargetsequence. However, in thefollowing we restrictto maximalduplications sincealongertargetsite
duplicationis to betakenasthe strongersignalof arecombinatiorevent. We saythatarecombinantieletion
is signalledby a maximaltargetsite duplicationin z, anda recombinantnsertionis signalledby a maximal
targetsiteduplicationin y.

3 Computing Optimal Alignmentsin the ExtendedEdit DistanceModel
3.1 An Algebraic Data Type for Extended Alignments

An alignmentof = andy is traditionally representedby placingthe alignedsequencesn differentlines,

with inserteddashego denotegaps. Successie dashednside x areinterpretedasan insertioninto y, and
successiedashednsidey asadeletionfrom z. Theeye of thereadeiimplicitly groupssuccessie dashesnto

gapsof maximallength. A slightly moreexplicit view defineshealignmentasa sequencef editoperations,
with the additionalrestrictionthata deletion(resp.insertion)mustnot immediatelyfollow anotherdeletion
(resp.insertion).

With the new edit operationsntroducedhere,we mustresortto an evenmoreexplicit notation,marking
targetsitesandtheir duplications.We alsohave to distinguishbetweengapsresultingfrom recombinations
andgapsfor which suchan eventis not indicated. We give up the view of a sequenc®f edit operationsn
favor of arecursve datatypeAlignment  with a constructoffor eachedit operation.

type Sequence a = Array Int a - indexedfrom1l1
type Region = (Int,Int) -- region (¢, j) of x denotescit1 ... x;
data Alignment a = R a (Alignment a) a |

D Region (Alignment a) |

I (Alignment a) Region |

S Region (Alignment a) Region Region Region |

L Region Region Region (Alignment a) Region |

Empty

Within the datatypeAlignment , atargetsite duplicationi|z = tz, jly = tutw, is representedby

anexpressionof theformS t azw t u t, whereinazw denotesan alignmentof the sufixesz andw,
andthe threeoccurrence®f t denotethe targetsitein 2 and (duplicated)in y. Subwordsof z andy are
representetby their boundaries Henceeachedit operationrequiresconstanspace.lf k£ = |t| andr = |ul,
thentheabove expressions actuallywritten as

S (i,i+k) azw (j+k+r,j+k+r+k) (j+k,j+k+r) (,+k)

More spaceefficientrepresentationare possible sincewe only needto storei, 5, k, andr.

Example 2 GivenadatatypeBase with constant®\, C, G, andT, theexpression

RAMD (13) (S 35 (R AR AEmpty C) A (7.9 (37 @13) A
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denoteghe alignmentof attcgaa andacgtatacgac shovnin Examplel. It maybe printedin ASCII as
attcg------aa
a--cgtatacgac

RDDSSUUUUTTRR
Thethird line indicategheedit operationinvolved. Therecombinaninsertionis labeledin theform S U

T to indicatethe startingtargetsite S, theinsertU, andtheduplicatedargetsite T.

X
y

At this point the readeris encouragedo take a look aheadat Section4. It showvs the improvementof
standardalignmentalgorithmswhich we go for in the subsequergections.

3.2 A Grammar for Well-Formed Alignments

ThedatatypeAlignment is notspecificenoughto describeexactly all meaningfulalignmentsFor example,
it allowsto representwo subsequerihsertionswhich shouldratherbememgedinto asingle,longerinsertion:
ttcg--------aa -- malformed

--cgtatacgggac
RDDSSUUUUTTI I RR

= a
= a

We do not accepta non-recombinaninsertionimmediatelyfollowing a recombinaninsertion. (We do,
however, acceptthe oppositeorder) It seemsaccidentalto locate a duplicatedtarget site in the middle
of a gap. In sucha situation,the alignmentshouldrathershav a single (non-recombinant)nsertion (left
alignment).Alternatively we mightcall for arecombinaninsertionwith ashortettargetsite(right alignment).

x=attcg--------aa x=attcg--------aa
y=a--cgtatacgggac y=a--cgtatacggagac
RDDRRI IT'T' 111l RR RDDRSUUUUUUUTRR

It will bethe taskof the scoringfunctionto choosebetweenthe latter two alternatves,while the mal-
formedalignmentabove will notevenbescored.

We introducea grammargeneratingexactly the well-formedalignments Following the disciplineof [4],
we useatreegrammarover the datatypeAlignment , seeFigurel. Theterminalsymbolsof thisgrammar
arebase region, uregion, denotingasinglenucleotide anon-emptyandanarbitrarysequencef nucleotides,
respectiely. Thenonterminalsarealignment noDel nolns andmatd.

A productionin this notationshouldbereadas:“An alignments eitheramatd, or alternatively adeletion
of someregion from z followedby anoDel or alternatvely aninsertionof someregionin y, followedby a
nolns”

As easilyseenin thegrammamoDelgenerateall alignmentghatdo not startwith adeletion. The useof
noDelin thefirst productionpreventssuccessie deletions.Similarly for nolns Leaving out the clausesor
recombinanteletionsandinsertions this treegrammarexpresseshe classicaledit distancemodel[10, 11],
usedin biosequencanalysisaswell asin stringprocessing.

The grammarstill lacks somesyntacticrestriction: The threeoccurrence®f region in the productions
associateavith S andL mustall derive the samenucleotidesequence.

We now turnthe grammaiinto arecognizemby definingterminalparsersandparsercombinatorg9]. For
simplicity (andreason®f space)we assumehatthe input sequences andy, aswell astheir lengthm and
n areglobally known. We do not shov how thesevaluesarethreadedhroughthe functions.

A parseris givena pair of indices(i, j) andreturnsa list of all well-formedalignmentsof the suffix i|x
with the suffix jly. Parserdor terminalsymbols,however, areappliedto oneof the input sequencesoin
their case,a call for (i, j) recognizeshe subword (4, j) in eitherz or y. Thereis a parsercombinatorfor
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alignment —

noDel —
nolns —
matd —

math | |
region  noDel nolns  region
|
math | T
matd  region
D
matd | T
region matdh
Empty
R
base alignment base
S
region nolns  region uregion region
L
region uregion region noDel  region

Figurel: A treegrammarifor well-formedalignments

the alternatve, andfor using parsermesults. Sincewe have two stringsto processtherearetwo sequential

combinatorst™ and™+ . Thecombinators™ and™- arespecialformsof these?
type Parser b = (Int,Int)->[b] -- all parsef sufiix pair
xbase,ybase::Parser a

xbase (i,) =[xj | i+l ==]] -- recognizeabasefrom z
ybase (i,)) =[yjy | i+l ==]] -- recognizeabasefrom y
region,uregion::Parser (Int,Int)

region @i.) = [(i,) | i <] -- recognizeanon-emptyregion
uregion  (i,)) = [(i,) | i <= -- recognizeary region
empty::b->(Parser b)

empty v (i) =[v | i = m&&j == n] -- recognizeemptyalignment
(ID::(Parser b)->(Parser b)->(Parser b)

am gr inp =qinp ++r inp -- alternatve
(<<<)::(b->c)->(Parser b)->(Parser c)

(<<<) f g = map f.q -- usingparsermesults
+*7),CH),(), () (Parser (b->c))->(Parser b)->(Parser c)
) aqr (i) =[s t | k<fim], s<-q  (i.k), t<r (k) ]
H) qr (i) =1[s t | k<fin], s<-q  (i.k), t<r (k) ]
(_""’) q r (LJ) = [S t | I < m, S<-q (|1|+1)1 t<r (H’l,])]

) aqr @) =I[s t]j<n s<-q (i,j+1), t<r  (,j+1)]

2To explain our ideasit would sometimesufice to preseniessHaslell-code. However, we wantto malke our paperself-contained
andthereforeshav the codealmostcompletely
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suchthat::(Parser b)->(b->Bool)->(Parser b)

suchthat q f inp =1[s | s < q inp, f s] -- checkpropertyof parseresults
axiom::((Int,Int)->b)->b
axiom q = q (0,0) -- declarestartsymbolof grammar

In the grammaywritten asa recognizerwe addsyntacticrestrictionsfor maximaltargetsite duplication
to the correspondingproductions.

enum_alignments::(Eq a)=>(Sequence a)->(Sequence  a)->[Alignment a)
enum_alignments x y = axiom alignment where

alignment = match 1]
D <<< region +~ noDel [
| <<< nolns T+ region

noDel = match 1f

| <<< match ™+ region

nolns = match 1

D <<< region + match

match = empty Empty

II1
R <<< xbase -7 alignment - ybase I
recomblins 1
recombDel
recombins = ((S <<< region +7 nolns T+ region T+ uregion T+ region)
‘suchthat’ targetsiteduplication)
‘suchthat’ maximality
recombDel = ((L <<< region + uregion +~ region + noDel T+ region)
‘suchthat’ targetsiteduplication)
‘suchthat’ maximality

3.3 Dynamic Programming = Parsing + Tabulation

The above recognizeiis easyto develop, but its associategharseris highly inefficient: Not only is therean
exponentialnumberof well-formedalignmentsfor eachpair of input sequencesThe recognizemwill also
repeatedlyparsethe samesubwordswhencalledfrom differentcontexts.

The latter inefficiencgy is removed by introducingtakulation of intermediateparserresults(representing
alignmentsof sufixesof thetwo inputs). In otherwords,we emplgy DP. In contrasto memoizatior{7], DP
usesexplicitly andstaticallyallocatedtables.

type Parsetable b = Array (Int,Int) [b]
tabulated::Parser b->Parsetable b
tabulated g = array ((0,0),(m,n)) [((i..q (i.))) | i<-[0..m],j<-[0..n]]

We modify the previous grammay suchthatall parserghat do a non-constanamountof work per call
shallusetakulation. Calling a parsermeansa tablelookup. For reasonf spacewe only shav the parser
alignment . Notethatour “efficiency annotation”doesnot affectthe declaratve meaningof thegrammar

dp_alignments::(Eq a)=>(Sequence a)->(Sequence  a)->[Alignment al
dp_alignments X y = axiom (alignment!) where
alignment = tabulated (
(match!) 0
D <<< region +7 (noDel!) I
| <<< (nolns!) ~+ region)
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It is folklore knowledgethat DP combinesrecursionandtakulation. After all, DP is normally formu-
latedvia matrix recurrencesTheremarkablepoint hereis the swiftnessof transition,merelyby addingthe
“keyword” tabulated  andafew “! " to thegrammar Thedeclaratve andthe operationaimeaningof the
grammaremainunafected,while efficiency improvesfrom exponentialto polynomial. If we hadnotbeen
in love with Haslell before thisis whereit would have happened.

Therecognizespecifiedoy thisgrammarunsin O(n?) spaceandin O(n®) time, dueto thefour sequen-
tial combinatorsn the productionsassociateavith recombinantnsertionsanddeletions?

3.4 An O(n?®) Implementation Using a PrecomputedLookahead

The above parserindependentlychooseshreeregionsfor the targetsitein z, in y, andfor the duplication
sitein eitherz or y. Thereafterthosearechecledfor identity. Its efficiency canbe greatlyimprovedby the
following obsenation: Considera maximaltargetsite duplicationilz = tz, jly = tutw. Assumewe have
choserandfixedthe combinedengthh = [tu| of thetamgetsitet andtheinsertu. Now for givenz andy,
thereis really no variationleft for the remainingconstituentof the pattern:

e Thestartpositionsof theidenticalsubwordsmustbes, j, andj + h.
e Theirlengthsareuniquelydeterminedy the maximality condition.

Thuswewill modify theparseito guesghepositionj + h, andthenuseaprecomputedablelookahead
to determinghelengthof ¢. Foreach(, j) € [0, m] x [0, n] thistablestoreghelengthof thelongestcommon
prefix of ilx andjly. It is computedandstoredin O(n?) time andspace.The overall runningtime of the
recognizeiis reducedo O(n?), while the spacerequirementemainsO(n?). Notethatsincethe threesites
arenow chosenasidentical subwords of maximallength,this approachobviatesthe a-posterioricheckfor
theseproperties.The resultinggrammaris very similar to the grammarab _alignments  givenin Section
3.5.

3.5 The Abstract Evaluator and Evaluation Algebras

Accordingto [4], an abstractevaluatoris obtainedby abstractingirom the constructorsof the underlying
datatypeAlignment . Additionally, anabstractthoicefunctionis associatedvith eachproduction,by the
combinator(...) . Suchanensemblef functionsof appropriatdypesconstitutesanalignment-algebra.

type Algebra a b

= (b, -- Empty
a->b->a->b, - R
(Int,Int)->b->b, - D

b->(Int,Int)->b, -

I
(Int,Int)->(Int, Int)->(Int,Int)->b->(Int Jdnt- >b, - L
(Int,Int)->b->(Int,Int)->(Int,Int)->(Int Jnt-  >b, - S
[b]->[b]) -- choicefunction
(...):Parser b->([b]->c)->(Int,Int)->c
(...) g choice = choice.q -- applyingachoicefunction

Theabstracevaluatortakesanalignmentalgebraasanadditionalparameteandaddsthe choicefunction.

3We generallyassuméhatm € O(n), to simplify asymptotiaresults.
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ab_alignments::(Eq a)=>(Algebra a b)->(Sequence  a)->(Sequence  a)->[b]
ab_alignments alg x y = axiom (alignment!) where

(fe, frR, fD, fl, fL, fS, choice) = alg

alignment = tabulated (
(match!) I
fD <<< region +7 (noDel) 0
fl  <<< (nolns!) ~+ region .. choice)
noDel = tabulated (
(match!) 0
fl  <<< (match!) ™+ region ... choice)
nolns = tabulated (
(match!) 0
fD <<< region +7 (match!) ... choice)
match = tabulated (
empty fE If
fR <<< xbase -7 (alignment!) ~-  ybase I
(recombins!) 0
(recombDel!) ... choice)
recombins = tabulated (r .. choice) where
ro(i,j) =[fS t noins dut | | <-[+1.n-1],
let k = min h (lookahead!(i,l)),
t'<-  region (i,i+k),
noins <- nolns!(i+k,I+k),
d <- region (I,]+k),
u <- uregion (j+k,l),
t <- region (j,j+K)]
where h = lookahead!(i,j)
recombDel = tabulated (r .. choice) where
ro (i) =[fL t udnodel t | I < |i+1.m-1],

let k = min h (lookahead!(l,j)),
t <- region (i,i+k),
u <- uregion (i+k,l),
d <- region (I,]+k),
nodel <- noDell(l+k,j+k),
t'<-  region (j,j+K)]
where h = lookahead!(i,j)

Thevirtue of theabstracevaluatoris, of coursethatit canbecalledwith arbitraryAlignment  algebras:
Theenumeationalgebrais trivially givenby the constructor®f the Alignment  datatype.

enum_alg::Algebra a (Alignment a)
enum_alg = (Empty, R, D, I, L, S, id)

The countingalgebra may be usedto determinethe numberof well-formedalignmentswithout calcu-
lating thealignmentspf course).
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count_alg::Algebra a Int

count_alg = (fg, fR, fD, fl, fL, fS, choice) where
1

fR _x _
fD _x

fl x

X
X
X

X nonon

X
X

S _ x _
choice ]
choice xs

i

[sum xs]

The following scoringalgebraimplementsa modelwith affine gap scores[6]. Sucha modelis used
e.g.by CLUSTALW, a popularsequencalignmenttool [12]. We have extendedthis algebraby scoresfor
recombinaninsertionsanddeletions. We have given a clearadvantageto recombinanindels over regular
oneshy dividing their penaltiedy thelengthof the obsenedtargetsiteduplication.

affine_alg::Algebra Base Float
affine_alg = (fg, fR, fD, fl, fL, fS, choice) where
fE =0
fR a x b = x + matchscore a b
fD (i,)) X = X + open + fromint(j-i)*extend
fl x (i) = X + open + fromint(j-i)*extend
L (i,j) (u,u’) _ X _ =x + ropen (i) + fromiInt(u’-u)*rextend
fS (i,j) X _ (uu) = x + ropen (i,j) + fromiInt(u’-u)*rextend
choice [ =1]
choice xs = [minimum xs]
open = 5.0
extend = 0.2
ropen (i,)) = open/fromint(j-i)
rextend = extend

matchscore::Base->Base->Float

matchscore a b | a ==b =0
| a>b = matchscore’ b a -- functionis symmetric
| otherwise = matchscore’ ab
where matchscore’ A G=1
matchscore’ A _ =3
matchscore’ cCG=3
matchscore’ CT=1
matchscore’ GT=3

The optimal alignmentalgebra combinesthe scoringalgebrawith the enumeratioralgebra. This is
straightforvard. It returnsanoptimal alignmenttogethemwith its score,in O(n?) spaceandO(n?) time.

4 Applications

We have appliedour programsto chickenimmunoglobinsequencesaken from a multiple alignment. The
typical improvementsachievedby our algorithmareshaowvn in Figure2:

¢ In theleft partof therecombinantlignment,a gapof length12 (presenin the multiple alignment)is
re-discaveredin the correctposition. Additionally, it is markedasa directrepeatasit mayresultfrom
arecombinantnsertionwith anemptyinsert. Furtherexperimentgevealthatanalignmentinsensitie
to recombination but with the samescoringotherwise,hasan insertionin approximatelythe same
position,but doesnot exhibit therepeatdueto anaccidentabmbiguitywhich cause®nebaseto shift
from theendto the beginning of theinsert.
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>* *  kk Kk k% * <

.tac------meeees tatggctggtaccag...ctceggttc cctatcc ggctcca caggca cat...
...tactatggctggtactatggctggtaccag...ctccggcete cccaggc agaacca caagca cat...

> * <
...tactatggctggtac------------ cag...ctccggttc cctatcc ggctcca caggca ------- - ca t..
..tactatggctggtactatggctggtaccag...ctccgg--- 0000 ------ --ctccc  caggca gaaccac aagcaca t...

...RRRSSSSSSSSSSSSTTTTTTTTTTTTRRR...RLLLLLUUUUUUUTTTTRRRRRRRSSSUUUUUUUTTTRR...

Figure2: Original alignment(top) andrecombinanalignment(bottom)

e Theright partof the multiple alignmentis poorwith 8 mismatchegmarkedby the symbol* ) within a
region of 23 baseqbetweenthe delimiters> and<). Therecombinantlignmentoffersanalternatve
explanation. It exhibits both a recombinantdeletionand an insertion, with significanttarget sites,
reducingthe mismatchcountto 1 overthe sameregion asin thetop alignment.

Fromthe Haslell-program,DP recurrencesverederived (seeSectionl.2, Principle6). Theirimplemen-
tationin C by a studentrequiredthreedaysof work, including delugging. The functionalprogramhelped
to spoterrorsin the C programthatmight otherwisehave goneunnoticed.First measurementshow thatthe
C-progranrunsfasterthanthe compiledHaskell-programby afactorof 68, while using2% of the space®

5 Conclusion

ADP is amethodfor algorithmdevelopment.t canbe appliedbeneficiallymerelywith pencilandpaper Its
embeddingn Haslell addsthe corvenienceo testideasvery early i.e., on a very high level of abstraction.
Thebenefitsof thefunctionalmethodsaremaryfold:

1. Haslell'sinfix operatorsarenotationalcorveniencewhich is essentialn this context.

2. The combinatormarsingtechniqueallows to have a consistentieclaratve andoperationameaningof
thegrammar

3. Theequialenceof arraysandfunctionsgivesus polynomialefficiency without intellectualcomplica-
tion.

4. Lazinessfreesus from explicitly programmingthe orderof computationof table entries,which is a
mosterrorpronetaskin strict setting. Our experiencas summarizedn the motto“No subscriptsno
errors”.

5. Algebraic datatypesand higher order functionsallow to separateecognitionphaseand evaluation
algebra.m grammarsandn evaluationalgebrascombineto m - n differentanalyseslin biosequence
analysis which involvesmuch experimentalprogramming this compositionalitytakesthe logarithm
of the programmingeffort requiredotherwise.

Theimplementatioreffort canbesummarizedsfollows. Having appliedADP in adifferentcontext before,it
took anafternoornto adapthe combinatordefinitionsandarrive atthe O(n) algorithm. Differentevaluation

“4For example,whencomputingthe alignmentof Figure 2 (for sequencesf length200), the C-programtakes5 secondsising1.08
megabytesof spacewhile theHaslell programtakes340secondsising50 megabyteof space TheseresultswereobtainonaPentium
PIl computerwith 300 MHz and 128 MB RAM. We usedthe C-compilergcc version2.7.2.3,and the Haslell-compiler ghc version
4.04-1.
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algebraswere helpful to testthe program. Coming up with the lookaheadbasedimplementatiorrequired
somethinking, but again,its implementatiorandtestingwasa matterof hours.

Althoughtheimprovedparsersare“hard-coded’ratherthandefinedvia combinatorsthey fit in therest
of theprogramwithoutfriction. Theflexibility makesusbelievethatthe ADP methodhasvirtually unlimited
potentialfor improving programmingproductvity in biosequencanalysis.

Acknowledgement We thankMatthiasHochsmanrfor implementingtherecurrencesn C andperforming
theexperimentsDirk Everscarefullyreadpreviousversionsof the paper
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Abstract

This paperexploresthe structureof red-blacktreesby solving an apparentlysimple problem: given
anascendingequencef elementsconstructin lineartime, ared-blacktreethatcontainsthe elementsn
symmetricorder Severalextremered-blackireeshapesrecharacterizedtreesof minimumandmaximum
height, treeswith a minimal and with a maximal proportionof red nodes. Thesecharacterizationsire
obtainedby relatingtreeshapedo variousnumbersystemsin addition,connectiongo left-completetrees,
AVL treesandhalf-balancedreesarehighlighted.

1 Intr oduction

Red-blackreesareanelegantsearch-treeschemehatguarantee®) (log n) worst-caseunningtime of basic
dynamic-sebperations.Recently C. Okasaki[10, 11] presentedx beautiful functionalimplementatiorof
red-blacktrees. In this paperwe plungedeeperinto the structureof red-blacktreesby solving an appar
ently simpleproblem: givenan ascendingequencef elementsconstructa red-blacktreethat containsthe
elementsn symmetricorder Sincethe sequencés orderedthe constructiorshouldonly take lineartime.

Thereare at leasttwo ways of approachinghis problem. One cantry to analyseandto improve the
standardnethod which works by repeatedlyinsertingelementdnto an emptyinitial tree. Or onecanbuild
uponwell-known algorithmsfor constructingreesof minimumheight[4, 5]. In thelattercaseonemustsolve
thefollowing relatedproblem:givenanarbitrarybinarysearch-treds thereaway of coloringthenodessuch
thatared-blacktreeemeges?

We follow both pathsas eachprovides us with differentinsightsinto the structureof red-blacktrees.
Along the way, we will encountersereral extremered-blacktree shapestreesof minimum and maximum
height, treeswith a minimal proportionof red nodes,and otherswith a maximal proportion. In addition,
connectiondo left-completetrees[13], AVL trees[2], andhalf-balancedrees[12] arehighlighted.

2 Functional red-blacktrees

Let usstartwith abrief review of C. Okasakisfunctionalred-blackireeg[10, 11]. A red-blackireeis abinary
treewhosenodesarecoloredeitherredor black.

data Color = R|B
dataRBTeea = E | N Color (RBTeea) a (RBTeea)
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The balanceconditionsare bestexplainedif we take a look at their historicalroots. Red-blacktreeswere
developedby R. Bayer[3] underthe namesymmetricbinary B-trees Thistermindicatesthatred-blackirees
wereoriginally designedasbinarytreerepresentationsf 2-3-4trees Recallthata 2-3-4 treeconsistof 2-,
3- and4-nodeg(a 3-node,for instance has? keys and 3 children)and satisfiesthe invariantthat all leaves
appearon the samelevel. Theideaof red-blacktreesis to represenB- and4-nodeshy small binary trees,
which consistof a blackrootandoneor two auxiliary red children. This explainsthe following two balance
conditions.

Red condition: Eachrednodehasablackparent.

Black condition: Eachpathfrom therootto anemptynodecontainsexactlythesamenumberof blacknodes
(thisnumberis calledthetree's black heighi).

Notethattheredconditionimpliesthattheroot of a red-blacktreeis black.

Thealgorithmfor insertingan elementinto ared-blacktreeis nearlyidenticalto the standardalgorithm
for unbalancedinarytrees.The maindifferences thatthe constructorfor building nodesN, is replacecby
a smartconstructof1] thatmaintaingheinvariants.

insert = (Ord a) = a— RBTeea — RBTeea
insertat = blacken(inst)
whereinsE = NREaE
ins(Nclbr)

|la<b = balc(insl)br

la==b = Nclar

|la>b = balclb(insr)
blacken(N _I ar) = NBlar

Sinceanew nodeis coloredred,only theredconditionis possiblyviolated. The smartconstructobal detects
andrepairssuchviolations.

baIB(N R(N Rty altg)agtg)a3t4 = NR(NBtl altg)ag (N Bt3a3t4)
baIB(N Rt & (NRtQath))a3t4 = NR(NBtl altg)ag (N Bt3a3t4)
baIBt1 a (N R(N Rty as t3) ag t4) = N R(N Bt &g tz) ay (N Bt3 ag t4)
baIBt1 a (N Rty as (N Rt3 ag t4)) = N R(N Bt &g tz) ay (N Bt3 ag t4)
balclar = Nclar

Thesimplestway to constructared-blackireeis to repeatedlynsertelementsnto anemptyinitial tree.

top-down : (Ord a) = [a] » RBTeea
top-down = foldr insertE

3 A closerlook at top-down
Whattreeshapesioestop-downproducewhenthe givensequencés ascendingt is instructive to peekat

somesmallexamplesfirst. Thefollowing treesaregeneratedby top-down[1..i]for 1 <i < 8('e’ isared
nodeand'e’ is ablacknode).

A S
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Notethatwe do not careto labelthe nodesasthe keys areuniquelydeterminedoy the search-tregroperty

Sincethelist is processedrom right to left, the elementsareinsertedin descendingrder Consequently
ins alwaystraverseshe left spineof the treeto the leftmostleaf. The examplesshav thatthe color of the

leftmostleaf alternateshetweenblack andred implying that the red conditionis violatedin every second
step.Becausens alwaysbranchedo theleft, only thefirst equationof the smartconstructoibal canpossibly
match.If we draw theleft spinehorizontally the balancingoperationtakesthefollowing form.

Q@
RO I
2 as
t ts

ty
t3 t4

Thebalancingoperationpaintsthe first nodeblackandcombineghe next two puttingthe black nodebelow
thesecondredone. Sincethisis theonly operationapplicable all nodesnot on theleft spinemustbeblack.
We know even more: the black conditionimplies that the treesbelow the left spine(ts, t3 andt,) must
be perfectlybalancedinarytrees(perfecttreesfor short). Thus,the generateded-blacktreescorrespondo
sequencesf toppedperfectirees A toppedreeis atreewith anadditionalunarynodeontop. Toppedperfect
treesare,in fact,awidespreaglantin thedesignandanalysisof datastructuresJ.-R.SackandT. Strothotte
[13], who call them pennantsemploy themto designalgorithmsfor splitting andmeming heapsn theform
of left-completebinarytrees.In aleft-completetreeall leavesappeaon at mosttwo adjacentevelsandthe
leaveson the lowestlevel arein the leftmostpossiblepositions.We will exhibit further connectiongo their
work in Section6. Theauthorrecentlyshavedthatpennantalsounderlybinomialheapd7].

A toppedperfecttreeor a pennanbf rank r is a perfecttreeof heightr with anadditionalnodeon top.
It follows thata pennanbf rankr containsexactly 2" nodes.Turningto the analysisof top-down[1..i] we
areleft with the taskof determiningthe pennantsranks. It is helpful to redrav our examplesaccordingto
the left-spineview.

I e R o fiae oS SRS N

A patternbegins to emege: let r be the rank of the rightmostpennant;the black conditionimplies thata
pennanbf ranki appearsitheronceor twice for all 0 < i < r. Sincethesizeof aranki pennanis 2¢, we
have thatthe treescorrespondo ‘binary numbers’composedf thedigits 1 and2. It is worthwhileto study
this numbersystem,which we call 1-2 system,in moredetail. Recallthatthe value of the radix-2 number
(bp_1-..bg)2 is E?;OI b;2¢. Sincethe numbersystemabandonghe digit 0 in favour of the digit 2, each
naturalnumberhas,in fact, a uniquerepresentationlt is concevablethatthe numbersystemwasalready
known in the middle ageswhenthe number0 was frowned upon andfell into oblivion later Puristsare
probablyattractedby thefactthatthereis no needto disallow leadingzeros.Countingis easy:

()25 (1)25 (2)25 (11)25 (12)25 (21)27 (22)2a (111)25 (112)2 ce

NotethatO is representetly the emptysequenceTheincrements similar to the ordinarybinaryincrement;
wehavesl +1 = s2ands2 + 1 = (s + 1)1. In thesequele usethenotation(b,_; . .. by)1-2 to emphasize
thatthedigits aredravn from theset{1, 2}.

We have seenthat red-blacktreesgeneratedy top-down[1..n] are uniquely determinedby the 1-2
decompositiorof n. Let us examinesomeexamples:(1{"});, = 2" — 1 correspondso a perfecttree of
heightn (d{"} meanghe digit d repeatech times); left-completetreesareproducedor (1{7}2); , = 271
and(21{7}) = 3.2" — 1. Hence,we know thattop-down[1..i] producesreesof minimum heightfor
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somevaluesof i. Thisis goodnews. Ontheotherhand(2{"});, = 27+ — 2 and(12{"});, =3 .27 — 2

correspondo skinry treesof height2n and2n + 1, respectiely. A skinry treeis atreeof smallestpossible
sizefor a givenheight. Fig. 1 depictsa skinry tree of height7 andits ‘successor’which is aleft-complete
tree.Notethatwe cannotremove a singlenodefrom the skinry treewithout eitherloweringthetrees height

R

(1222), (2111),

Figurel: A skinry treeof height7 andits ‘successor’

or violating the black condition. Skinny treesgive usa preciseupperboundfor the heightof ared-blacktree
[14]:

heightt < 2Ig (sizet+2) — 2 .

Sothebadnewsis thattop-down[ 1. .i] producesed-blackireesof maximumheightfor somevaluesof i.
Thetreesgeneratedy top-downhave anotherintriguing property They containthe minimal numberof
rednodesamongall red-blacktreesof thatsize.

Sletdh of proof. Thecentralideais to shav thateachtreeof sizei canbetransformednto theshapegenerated
by top-down[1..i] andthatthe transformationslo notincreasehe numberof rednodes.We basethe proof
on2-3-4treeswhichunderlyred-blackirees seeSection2. Theshapeof a2-3-4treeis uniquelyrepresented
by a sequencef level descriptionsvhereeachlevel descriptionis a sequencef thenumber2, 3 and4. As
anexample thetreesof Fig. 1 arerepresentetly

2 3

32 222

32222 222222
32222222222 222222222222 .

To simplify the proof we considemot only 2-3-4treesbut generalmultiway branchingireesandtransforma-
tionson thesetrees. To this endwe generalizdevel descriptiondo sequencesf arbitrary naturalnumbers.
We only requirethefollowing ‘sanity’ condition: A sequencef level descriptiond,,Z,, 1 ... £¢2¢; is valid iff
|4,] =1and) ;11 = |¢;] for 1 < i < n. We usetwo kindsof transformationsThefirst transformatiorre-
placesasubsequencef numbersn acertainlevel by anothersubsequencandis depicteds ~ s’. To ensure
thattheresultingtreeis valid s ands’ mustsatisfy)~ s = )" s’ and|s| = |s'|. The secondransformation
is s 5 s with k > 1, s = > ¢, and|s| + k = |s'|. Here,s is replacedby s’ in a certainlevel andthe
level above is increasedy k, ie oneor morenumbersn this level areincreasedy atotal of k. If thereis
no level above, we silently createa new level consistingof a 1-node. The readeris invited to relatethe two
transformationgo operationson multiway branchingtrees.Notethats ~» s’ doesnot affect the numberof

rednodesandthats 4 s’ decreasethe numberof red nodesby & (recallthata nodeof sizen consistsof
oneblacknodeandn — 1 rednodes).Now, anarbitrary2-3-4treecanbetransformednto thedesiredshape
by repeatedhyapplyingthefollowing transformationgrom the bottomlevel to thetop level.

2332 338222 (m+) B m+2)2
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In theresultingtreeeachlevel descriptionhasthe form [3]2*, ie anoptional3-nodefollowedby anarbitrary
numberof 2-nodes.Sincethetreegeneratedby top-downsatisfieghe samepropertyandsinceeachnumber
hasa uniquel-2 decompositiontheclaimfollows. [

Usingthe 1-2 numbersystemwe canevenquantifythe minimal numberof red nodes:ared-blackireeof
sizen containsatleastk rednodeswvherek is the numberof 2'sin the 1-2 representatioof n.

4 Impr oving top-down

The analogyto the 1-2 numbersystemcanbe exploitedto give a betterimplementatiorof top-downfor the
specialcasethatthe elementappeain ascendingrder Thedigits becomecontainerdor pennants:

dataDigita = Onea(RBTeea)
| Twoa (RBTeea) a (RBTeea) .

A red-blacktreeis representetby alist of digitsin increasingorderof size (the leastsignificantdigit comes
first). Insertinganelementorrespond$o incrementinga 1-2 number Thefunctionincr, which doesthejob,
essentiallimplementghetwo lawss1+1 = s2 ands2+ 1 = (s + 1)1 wheres is ary sequencef 1-2digits.

incr . Digit a — [Digit a] — [Digit a]

incr (Oneat) [] = [Oneat]

incr (Onea; t;) (Oneay ty : ps) = Twoa t; ata:ps

incr (Onea; t;) (TWoas ty az t3: p9 = Onea t; :incr (Oneas (N Btz a3 t3)) ps

Thereadeiis invited to relateincr to the definitionsof ins andbal givenin Section2. Therestis easy:we
repeatedlynsertelementsnto thelist of digits; thefinal resultis corvertedto ared-blackiree.

bottom-up = [a] » RBTeea
bottom-up = linkAll - foldr add ]
addaps = incr (OneaE) ps
linkAll = foldl link E

link I (Oneat) = NBlat

linkl (Twoa; tj axts) = NB(NRla t)asts

It is aroutinematterto prove bottom-upcorrect.We mustessentiallyshowv thataddimplementsnsertonthe
left-spineview (labelslists thelabelsof ared-blacktree):

all (a<) (labelst) = linkAll (addat) = inserta (linkAll t) .

Thereimplementationf top-downis worththeeffort: astandarcamortizatiorargumenshavsthatbottom-up
takesonly lineartime.

Remark. Red-blacktreesunderthe left-spineview corresponctloselyto finger search-tree§g]. A finger
search-treds a representatiof an orderedlist that allows for efficientinsertionin the vicinity of certain
points,termedfingers.Herewe have a singlestaticfingeratthefront endof thelist. This datastructuremay
be of further interestbecausdt makesa nice implementatiorof updatablepriority queueswhich support
deletinganddecreasing key.
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5 Lessheight, please!

Having succeedeth implementingtop-downefficiently, let usnow try to reducethe heightof thegenerated
trees. It is well-known [8] that a binary search-treés optimalif all leavesappearon at mosttwo adjacent
levels—undetthe assumptiorthat all keys areequallylikely. It turnsout thatit is almosttrivial to modify
bottom-upsothatit producegreesof thatshape A simplerotationto theright sufiices:

link’ | (TWO a; t; a t2) = NBI a (N Rt; ag tz) .

Herearetheshallov variantsof thetreesshavn in Fig. 1.

SRR KA

It is interestingto seehow theleaveson the bottomlevel arearranged.The patternbecomesapparentf we
take alook atalongersequencef trees.

PR LI AR SR
(R o e o

In eachcasethe leavesappeaon two adjacentevels. The definitionof link’ bringsaboutthatthe leaveson

the lowestlevel aredescendantsf a red node(apartfrom perfecttrees). Dependingon the positionof the
rednodewe have eitheragroupof 1, 2 or 4 nodesasindicatedby the shading.If we corvertthe groupsinto

binary digits, the binary numbers(000)., (001), (010),, ..., (111), appeamn thelastlevel. The number
systemhelpsto explain why this is the case.The 1-2 number(b,,_1 - . . bg)1-» canbe decomposeihto two

binarynumbers:(bp_1 ...bo)12 = (1...1)0a + (b,_1 ... bp)o-1 With b = b; — 1. Thenumber(1...1)o.1

correspond#o the perfecttreeon top; theresidue(d!,_; . .. bj)o-1 to theleaveson thebottomlevel.

6 Digression:Left-complete binary heaps

Thegeneratedreeswhichwe call quasileft-completetrees arecloselyrelatedto left-completetrees which
have theleaveson thelowestlevel in the leftmostpossiblepositions.Considerthe parentsof thered nodes.
If we swaptheir children,we obtainaleft-completetree. Again, it is trivial to modify link accordingly:

link” | (TWO a; t; a t2) = NB (N Rt; ag tz) a | .

To completethe pictureherearetheleft-completecolleague®f thetreesabove.

K A N T
K S A Al
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Of course,the above transformationdoesnot presere the search-tregoroperty So let us assuman this
sectionthatwe dealwith binaryheapsnstead It is notdifficult to adoptincr to thenew situation.We change
our point of view becausehis providesaninterestinglink to thework of J.-R.SackandT. Strothotte[13].
The decompositiorof a left-completetreeinto alist of pennantslsolies at the heartof their algorithmsfor
splitting and merging heaps.Thereis, however, a slight difference. They decompose left-completeheap
alongthe path from the root to the last leaf, ie the rightmostleaf on the last level. This seemsto be an
obvious choicebut aswe shall seegivesrise to a morecomplicatechumbersystem.Herearethe two ways
of decomposing left-completetree.

T N

(122)1-2 = (210)0-1-2 (211)1.2 = (1011)0-1-2 (212)1.2 = (1020)0-1-2

Versus
(202)0.1-2 (211)0.1-2 (1012)0-1-2

Thedifferenceis really minor: in thefirst row we follow the pathto thefirst free position;in the secondrow
to thelastoccupiedposition. Givenalleft-completetreeof sizen, thefirst choiceyields |1g(n + 1) | pennants
while thelatterchoicegives[lg(n + 1)] pennantsLet us examinethe numbersystemcorrespondingo the
latter choice,which we call 0-1-2 systemfor wantof a bettername. The examplesshav thatthe numbers
arecomposedf thedigits 0, 1 and2. Thedigit d appearsn thei-th positioniff the pathcontainsd pennants
of size2t. For instancethe rightmosttree containsone pennaniof size 8, oneof size2, andtwo of size 1.
Consequentlthecorrespondingiumberis (1012).1.2 . Withoutfurtherrestrictionghe0-1-2 binarysystem
is clearly redundant It turnsout thatthe number(b,,—1 . ..bg)o-1->» correspondso a left-completetree iff
m+1< Y d; < m+2forallm < n[13]. Thisconditionimpliesthatwe neverhave two successie2’s.
In fact,21*2 cannotappeamasa subsequencgl* meansd repeatedarbitrarily often). Incrementinga 0-1-2
numbeiis funny: first make a‘normal’ incremen{this canbedonein constantime sincethesubsequenc22
is forbidden);thenapplythetransformatior21{"}2 — 1011"}2 (atmostonce).If asegmentedepresentation
is used[10, Section9.2.4],thelattertransformatiorcanalsobe donein constantime.

How dothenumbersystemselateto eachother?Well, we obtainedheleft-completereesusingrotations
andswaps.A rotationcorrespond$o thecarrypropagatior2 — 10 turninga 1-2numbetinto a0-1-2number
A swapdoesnot affect the numericrepresentationThus, (122);., becomeg210)o.1., and(211);., becomes
(1011)0.1-2. Notethatthelastdigit of the 0-1-2 numberis either0 or 1. If we incrementhelastdigit, we get
the0-1-2 numbercorrespondingo its successofThis relationis nottoo surprisingsincethe pathto thefirst
free positioncorrespondso the pathto thelastelementn thesuccessotree.

7 Coloring binary search-trees
Let us now approachhe problemof constructingred-blacktreesfrom a differentperspectie. Say we are

givenan arbitrarybinary search-tre@ndwe areaskedto color the nodessuchthata red-blackireeemeges
or to reportthatit is not possibleto do so. Hereis thefirst testcase.
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The longestpath from the root to an emptytree comprises4 nodes;the shortestpath consistsof 2 nodes.
Thus,the black heightmustbe two andthe nodeson the longestpathmustbe coloredblack, red, black and
red. We geta betterpicture of the situationif we draw the treeslightly different. In the picturebelow the
verticalpositionof anodecorrespond#o its heightratherthanits distancerom theroot.

A 2
FAN
We additionallyassigra level numberto eachnode:anodeof heighth recevesthelevel number[h/2]. This
way we divide thetreetwo-levelwisefrom the bottomto thetop. Coloringis now easy:a nodeis coloredred

iff it hasa parentwith the samelevel number Doesthis schemework in general?Not quite, asthe second
testcaseshows.

Q

FARW. N
All nodesof theright subtreemustbecoloredblackbut our schemecolorsthetwo leavesred. Fortunatelythe
pictureontheright alsocontainsanindicationof thefailure: anedgecrosseswo levels,ie thelevel numbers
of two adjacennodeddiffer by morethanone. We canremedythis defectby lifting theright sonof theroot
to thesecondevel. Generallyit is possibleto adjustthe level numberdn a singletop-dovn pass.lt may; of
course happerthattheleavesno longerappeaonthe samdevel. In this casethe giventreeis not colorable.
We arenow readyto tackletheimplementationFor simplicity, let usassumehatthe nodesof theinput
treearedecoratedvith thelevel numberie treesaregivenaselementof the datatype

type Level = Int
dataTreea = Empty| NodeLevel (Treea) a (Treea) ,

in which [height(Nodeh | ar) / 2] = h. Thealgorithmtakesthefollowing form:

rbtree :: Treea— RBTeea
rbtree Empty = E
rbtree(Nodeh | ar) = NB (rbtre€ hl) a(rbtre€ hr)
rbtreé ::  Level» Treea — RBTeea
rbtreé hp Empty| hp == = E

| otherwise = error "not a red-black tree"
rbtre€ hp (Nodeh | ar) = N color (rbtre€ h' I) a (rbtre€ h' r)

where i = h‘max (hp—1)
color|hp==h = R
| otherwise = B .

The auxiliary function rbtre€ recevestwo arguments:the uncoloredtree andthe level number hp, of the
tree’s parent. If the treeis empty the level numbermust necessarilybe one. Otherwise,the given tree
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cannotbe colored. Theroot of a non-emptytreeis coloredrediff its level numberh coincideswith hp. The

adjustedevel numberof theroot, whichis passedo therecursve calls of rbtre€, is givenby the expression
h‘max (hp — 1). Notethatthelevel numberof the input treeequalsthe black heightof the generatedree.
Furthermorethelongestpathin the red-blacktree containsalternatingblack andred nodes(if the heightis

oddandgreatethanone,the pathstartswith two blacknodes).Thisin turnimpliesthatrbtreeproducedrees
of minimumblackheight.

It is relatively easyto seethatrbtreeyieldsa valid red-blackiree. Thecorverseis notsoohvious: canwe
be surethatthe giventreeis not colorableif rbtreesignalsanerror? It turnsout thatthe correctnessf the
algorithmis bestshovn usingan alternatve characterizatiorf red-blacktrees. Definethe min-heightof a
treeasthelengthof the shortespathfrom therootto anemptynodeandthe max-heightasthelengthof the
longestpath.A binarytreet is saidto be half-balanced12] if for every subtreeu of t,

L < min-heightu / max-heighu .

Every red-blacktreeis half-balancedecausédeightt < 2black-heightandblack-heightt < min-heightt.
The function rbtree canbe viewed asa constructve proof of the reverseimplication. Onemustessentially
shaw thatthefirst parametepf rbtre€ satisfieghefollowing invariant

1 (max-height + 1) < hp < min-heightt + 1 .

If theinputtreesatisfieshe AVL property[2], the algorithmcanbesslightly simplified: thetesthp == 1
becomeobsoleteandh! maybe safelyreplacedoy h. Theresultingfunctionalreadyappearsn the seminal
paperon red-blackirees[3, p. 295].

It is hightime to seethealgorithmin action.Herearethe coloredvariantsof thetreesshawvn in Fig. 1.

F

It is not hardto show that rbtree producestreeswith a maximal proportionof red nodes. However, we
alreadyknow thatthe skinny treeon the left handside containsthe smallestpossiblenumberof red nodes
(seeSection3). Bothresultsimply thatthereis exactly oneway of coloringskinny trees.

If rbtreeis appliedto aleft-completetreeor to atreegeneratedy bottom-up, it producesred-blackiree
that containsthe maximalpossiblenumberof red nodesamongall treesof thatsize. Notethatit is actually
desirablethat a tree containsmary red nodessincethe balancingoperationbal takesonly black nodesinto
account.To summarizelet quasi-left-complet®e a variantof bottom-up that constructsan uncoloredtree
of type Treea. Then

build : [a] » RBTeea
build = rbtree- quasi-left-complete

builds ared-blacktireethathasminimum pathlengthanda maximalportion of rednodes.

Sletd of proof. It remaingo shav thatbuild constructsared-blackireewith amaximalportionof rednodes.
Theproofis largely analogouso theonein Section3. Thistime we usetransformationshatdo notdecrease

the numberof red nodes. In particular we employ the transformations s with & >1,>Ys=>+¢,
and|s| — k = |s'|. This transformatiorreplacess by s’ in a certainlevel and decreaseshe level abore
by k£ (numberanustnot becomenegative). A given2-3-4treecanbe transformednto the desiredshapeby
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repeatedlyapplyingthe following transformationsrom bottomto top (permutationsuchas32 ~» 23 are
omittedfrom thelist).

0%e 1192 1293 13%4 1423
224 3324

We tacitly assumethat levels that consistonly of a singletonl-nodearesilently removed. In the resulting
treeeachlevel hasthe form [2][3]4*, ie an optional 2-nodefollowed by an optional 3-nodefollowed by an
arbitrarynumberof 4-nodes.Using aninductionon the lengthof theleft spineonecanshow thatthetrees
generatedby build canbetransformednto the sameshapeusingonly ‘~’ transformationsFinally, treesof
this shapeareuniquelydeterminedy thesizesincethey correspondo quaternannumberscomposeaf the
digits 1, 2, 3 and4 andsincethis numbersystemis non-redundant. [

Remark. In solvingthe problemof constructinged-blacktreeswe have answeredjuite a few exerciseso
befoundin textbookson datastructuresandalgorithms mostnotablyexercisesl0.9,10.10and10.14in [14]
andexercises3.9and9.7in [10].
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Abstract

We develop compression methods for functional tries and study them experimentally. Trie compression is
usually implemented either as a combination of path compression and width compression or as a combination
of path compression and level compression. We develop a new efficient implementation for width compres-
sion and show that in functional tries the combination of all of the three compression methods yields the
best results when taking into account the trie size, the trie depth, the copy cost, and the search and update
performance. We also show that the 2-3 tree minimizes the copy cost in balanced trees and compare our
experimental results for tries to approximate analytical results for internal and external 2-3 trees. Our con-
clusion is that the path-, width-, and level-compressed trie is an ideal choice for a functional main-memory
index structure.

Keywords
functional data structures, imperative data structures, trie, shadowing, path copying, path compression, width
compression, level compression

1 Introduction

We conduct an experimental study of compression methods for functional tries. The reason why we choose
to study trie structures using experimental rather than analytical methods is that the form of a trie depends
on the kind of data stored. Analytic studies always need to use a data model, such as uniform distribution,
independent random samples from a certain distribution function, or Bernoulli-type processes. It is well
known that tries have a low average depth for all these types of data, but it is not immediately clear how these
results translate to real world data. In this study we have used samples of English text, Internet routing tables,
and geographic point data in addition to synthetic data.

We are currently designing and implementing a prototype-based strict functional database programming
language called Shines. Shines will provide the programmer with built-in maps and sets that are implemented
by persistent functional tries. In order to obtain maximal computational efficiency, we have implemented our
functional data structures in C on top of Shades [23], a persistent functional heap supporting automatic
disk-backed memory management in a soft real-time environment. Shades replaces logging with shadowing
combined with real-time generational stop-and-copy garbage collection. Shadowing is essentially a synonym
for the functional update policy where an update can be viewed as a three-step procedure. First a copy of the
memory cell subjected to the update is created. Then the actual update is performed on the copy, and last
a reference to the memory cell holding the copy is returned. In recursive structures such as trees an update
leads to shadowing the entire search path. This is also known as path copying [26].

Inits original form the trie [11, 12] is a data structure where a set of strings from an alphabet containing m
characters is stored in an m-ary tree and each string corresponds to a unique path. There are several methods
for implementing trie structures in the literature [4, 5, 7, 16, 19]. One of the drawbacks of these methods is
that they need considerably more memory than a balanced search tree due to empty subtrees. We show how
to avoid this problem by choosing a small alphabet and applying trie compression.
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The average-case behavior of trie structures has been the subject of thorough theoretical analysis [10, 17,
24, 25]; an extensive list of references can be found in Handbook of Theoretical Computer Science [18]. The
expected average depth of a trie containing n independent random strings from a distribution with density
function f € L? is ©(logn) [6]. This result holds also for data from a Bernoulli-type process [8, 9].

The best known compression technique for tries is path compression. The idea is simple: paths consisting
of a sequence of single-child nodes are compressed, as shown in Figure 1b. A path compressed binary trie is
often referred to as a Patricia tree. Path compression may reduce the size of the trie dramatically. In fact, the
number of nodes in a path compressed binary trie storing n keys is 2n — 1. The asymptotic expected average
depth, however, is typically not reduced [15, 17].

a.

13 14

s=11101001

s=11101001

Figure 1: A binary trie (a), a path-compressed binary trie (b), and a path- and level-compressed binary trie
(c). The data set consists of 15 string elements. Complete strings are stored in the leaves. The labels 0 — 14
indicate the presence of an element, not a value stored. Variable s gives the longest common prefix string of
a path-compressed node.

Level compression [1] is a more recent technique. Once again, the idea is simple: complete nodes (all
children are non-empty) are compressed, and this compression is performed top down, see Figure 1c. The
level-compressed trie, LC-trie, has proved to be of interest both in theory and practice. It is known that the
average expected depth of an LC-trie is O(loglogn) for data from a large class of distributions [2]. This
should be compared to the logarithmic depth of uncompressed and path compressed tries. These results also
translate to good performance in practice, as shown by a recent software implementation of IP routing tables
using an LC-trie [20].
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The LC-trie was originally a static data structure that did not support inserts and deletes. To our knowl-
edge, the LPC-trie [21] was the first dynamic variant of the LC-trie. The LPC-trie is an imperative data
structure, however. In functional tries, an update leads to copying the entire search path from the root to
the leaf subject to the update. Level-compressed nodes may have large out-degrees which makes functional
updates extremely costly. To implement a functional LPC-trie, a possible approach to avoiding excessive
copying in updates is to restrict the applicable out-degrees to 2, 4, 8, and possibly 16. The simple mathemat-
ical exercise below reveals, however, that a binary trie is not a good starting point if our goal is to keep the
cost of copying as small as possible.

Let us assume that our trie is of a degree k and all leaves are at the same level in the trie. The approximate
copy cost is given by the formula f(k) = (k + a) log;, N where a is the size of administrative data in a trie
node, k + a the size of the trie node in words, NV the number of leaves (or elements stored), and log,, N the
path length. With a = 1 the minimum of f(k) is given by f'(k) = 0, i.e. klnk — k = 1. Computing the
approximate solution for k yields k = 3.59. The discrete values closest to the minimum are 3 and 4, and
f(3) > f(4) forall N > 1. Thus, a functional quaternary trie minimizes the copy cost.

The rationale above holds only for tries storing uniformly distributed data or clustered data. For other
distributions of data the topmost trie nodes cannot be assumed to have only few empty children. Empty
subtries increase the cost of copying and the overall memory consumption. We have at our disposal yet
another compression method, however, that can be used for removing the empty subtries: width compression.
In a width-compressed trie, the out-degree of the trie is fixed, but only non-empty subtries are actually present,
Figure 2 (a). Width compression can also be combined with path compression, Figure 2 (b).

789 10 M 13 14

Figure 2: A width-compressed quaternary trie (a), and a path- and width-compressed quaternary trie (b). The
data set of Figure 1 is used. Width compression is realized by a bitmap stored in each node. 1 stands for a
non-empty child and O for an empty child. The ordering of bits indicates the ordering of non-empty children.
In (b), variable s gives the longest common prefix string of a path-compressed subtrie. As before, the labels
0 — 14 only indicate the presence of an element.

The primary goal of level compression is to reduce the depth of the trie. We can also apply level com-
pression to a path- and width-compressed trie as long as we keep the cost of copying reasonable, Figure 3.
Note that in a path- and width-compressed trie level compression is applied to sparsely populated nodes.
This is quite contrary to the way level compression works in the path- and level-compressed trie where only
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complete nodes are level-compressed. In the path-, width-, and level-compressed trie we start with a trie of
the largest possible out-degree because width compression removes all empty subtries.

a.

(3110 0111 0111 0110)
%‘ 5=11101001
0 1 ) 3 4 5 6 (0010 0100 0001 0000)  ((1000 0000 0000 0100) 12
78 9 10 11 13 14
b.

s =11101001
(0010 0100 0001 0000) (1000 0000 0000 0100) 4o  ([0100 0000 0000 0010 )

7 8 9 10 N 13 14

Figure 3: A path- and width-compressed hexadecimal trie (a), and the corresponding path-, width- and level-
compressed trie (b). The data set of Figure 1 is used. In trie (b), the root of trie (a) is transformed into a cluster
of quaternary nodes to reduce the cost of copying. As before, the labels 0 — 14 only indicate the presence of
an element.

Compression methods for functional tries are hardly discussed in literature. Goubalt [13] describes a
system-level implementation of a functional binary trie and uses the trie for introducing sets and maps into
a functional set-oriented programming language. He does not apply any compression methods to the trie,
however. Okasaki [22] shows how maps are used in a functional programming language to implement tries.
Even though maps can be viewed as a means to implement width compression, they do not bring about the
savings in memory utilization we are striving for. To our knowledge, this is the first experimental study
comparing efficient system-level compression methods for functional tries.

2 Compression methods for functional tries

In this section we give a brief overview of the compression techniques we use for functional tries. We start
with the definition of a binary trie depicted in Figure 1 (a). It contains strings from the alphabet ) = {0,1}.
We say that a string w is the ¢-suffix of the string w, if there is a string v of length ¢ such that u = vw.

Definition 1 A binary trie containing n elements is a tree with the following properties:
o [fn =0, the trie is an empty tree.
e [fn =1, the trie consists of one node representing the element.

e Ifn > 1, the trie consists of a node of two children. For each ¢ € {0,1} there is a child, which is a
binary trie and contains the 1-suffixes of all elements starting with c.
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We assume that all strings in a trie are prefix-free: no string can be a prefix of another. In particular, this
implies that duplicate strings are not allowed. If all strings stored in the trie are unique, it is easy to ensure
that the strings are prefix-free by appending a special marker at the end of each string. For example, we can
append the string 1000... to the end of each string. A finite string that has been extended in this way is often
referred to as a semi-infinite string or sistring.

A path-compressed binary trie, Figure 1 (b), is a trie where all subtries with a single non-empty child
have been removed. The path info corresponding to the removed single-child subtries is represented as a digit
string.

Definition 2 A path-compressed binary trie containing n elements is a tree with the following properties:
o [fn =0, the trie is an empty tree.
o Ifn =1, the trie consists of one node representing the element.

o Ifn > 1, the trie consists of a node of two non-empty children and a binary string s of length |s|. This
string is the longest prefix common to all elements stored in the trie. For each ¢ € {0,1} there is a
child, which is a path-compressed binary trie and contains the |s| + 1-suffixes of all elements starting
with sc.

The next step is to apply level compression to a path-compressed binary trie. The resulting trie is a multi-digit
trie called the path- and level-compressed trie (see Figure 1 (b)), and it is defined as follows.

Definition 3 A path- and level-compressed trie containing n elements is a tree with the following properties:
o Ifn =0, the trie is an empty tree.
o [fn =1, the trie consists of one node representing the element.

o Ifn > 1, the trie consists of a node of 2¢ children where i > 1 is maximal such that all children are non-
empty and a binary string s of length |s|. The string is the longest prefix common to all elements stored
in the trie. For each binary string x of length i there is a child, which is a path- and level-compressed
trie and contains the (|s| + |x|)-suffixes of all elements starting with sz.

A indicated by the definition above, there are no empty children in a path- and level-compressed trie storing
more than one element. If empty children are allowed in the data structure it is called the relaxed path- and
level-compressed trie.

Width compression is yet another method for removing empty children from a trie. In a width-compressed
trie depicted in Figure 2 (a) only non-empty children are present.

Definition 4 A width-compressed trie containing n elements is a tree with the following properties:
o [fn =0, the trie is an empty tree.
o [fn =1, the trie consists of one node representing the element.

o Ifn > 1, the trie consists of a node of 2% children for some fixed k > 1. For each binary string x of
length k there is a child that is a width-compressed trie, but only non-empty children are represented
in the node. Let d[0], . .., d[2% — 1] be the sequence of all children and e[0), .. .,e[m],m € [0,2% — 1]
the sequence of non-empty children. Each non-empty d[i] maps injectively and order-preservingly to
some elj).

Path compression can be combined with width compression, see Figure 2 (b). The path- and width-compressed
trie is defined as follows.
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Definition 5 A path- and width-compressed trie containing n elements is a tree with the following properties:
o Ifn =0, the trie is an empty tree.
o Ifn =1, the trie consists of one node representing the element.

e If n > 1, the trie consists of a node of 2 children for some fixed k > 1 and a binary string s of
length |s|. The string is the longest prefix common to all elements stored in the trie. For each binary
string x of length k there is a child, which is a path- and width-compressed trie and contains the
(|s| + |z|)-suffixes of all elements starting with sx. Only non-empty children are represented in the
node. Let d[0),...,d[2*¥ — 1] be the sequence of all children and €[0], .. .,e[m],m € [1,2% — 1] the
sequence of non-empty children. Each non-empty d[i] maps injectively and order-preservingly to some

e[l

If we choose k£ = 1 in the previous definition we get the path-compressed binary trie.
The path-, width-, and level-compressed trie generalizes the definition of the path- and width-compressed
trie by allowing trie nodes or varying out-degree, see Figure 3.

Definition 6 A path-, width-, and level-compressed trie containing n elements is a tree with the following
properties:

o [fn =, the trie is an empty tree.
o Ifn =1, the trie consists of a node representing the element.

e Ifn > 1, the trie consists of a node of 2¢ children for some i > 1 and a binary string s of length |s|.
The string is the longest prefix common to all elements stored in the trie. For each binary string x of
length i there is a child, which is a path-, width-, and level-compressed trie and contains the (|s| + |z|)-
suffixes of all elements starting with sx. Only non-empty children are represented in the node. Let
d[0], . ..,d[2¢ — 1] be the sequence of all children and €[0], .. .,e[m],m € [1,2F — 1] the sequence of
non-empty children. Each non-empty d[j] maps injectively and order-preservingly to some e[k)].

As indicated by our simple analysis in Section 1, a quaternary trie minimizes the cost of copying. To avoid
binary nodes, we have to define ¢ = 23,5 > 1. Width compression can be applied to tries of arbitrary degrees.
The choice of out-degrees dependents on the method that is used for implementing the set of labels for non-
empty children and the injective and order-preserving mapping from d[i]’s to e[j]’s. As shown in Figure 3,
we use a bitmap for the set of labels of non-empty children. The bitmap is part of one-word administrative
data. In our system, eight bits are reserved for low-level type info. As we have only 24 bits at our disposal in
a 32-bit machine architecture, the upper limit to the out-degree is 16 — a hexadecimal subtrie.

3 Implementation of compression methods

When implementing a functional path-, width-, and level-compressed trie, we are confronted with the fol-
lowing issues. First we have to specify the out-degrees 4° we are able to support. The mere out-degree is not
enough, however, because we want to keep the copy cost reasonable. Thus, an additional parameter — the up-
per bound for non-empty children — must be specified for each out-degree. Then we have to find an efficient
method for the manipulation of bitmaps in width-compressed nodes. When using a bitmap representation, it
is simple to specify if a child is empty or non-empty. It is less obvious how to efficiently compute the location
of a non-empty child in an array storing only non-empty children. Finally, we have to find the most suitable
representations for variable-size trie nodes and longest common prefix strings.
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Figure 4: The average and maximum costs of copying as a function of the upper bound for the number of
children.

We have implemented our data structure in C on top of Shades. Shades organizes data in cells, each
having a one word header used for administrative data. In the header eight bits are reserved for low-level type
info devoted to the internal use of the memory manager. We have restricted the out-degrees of our trie to 4
and 16 and set the upper bounds for non-empty children to 4 and 13, respectively. The number of children
specify the low-level type of a node. For example, there are three low-level types for a quaternary node, one
having 2, one 3, and one 4 children.

We have specified the upper bounds for non-empty children experimentally. To find the average and
maximum costs of copying, we ran update tests for a hexadecimal trie with different upper bounds for non-
empty children using 100,000 unique uniform random keys, LCG(232, 2147001325, 715136305, 0), see
Figure 4. Note the abrupt increase in the average and the maximum costs of copying when full hexadecimal
nodes are allowed. This increase is distribution dependent and caused by full nodes at the upper levels of the
trie when storing random keys.

840

T
Size (kb) —

Figure 5: The size of the trie as a function of the upper bound for the number of children.
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The same data set was used to measure the overall memory consumption for each upper bound, see
Figure 5. We have chosen 13 as the upper bound for a hexadecimal node, because it provides a good trade-off
between the cost of copying and the overall memory consumption. Another reason for our choice was that a
hexadecimal node of 14 children gives rise to a cluster of quaternary nodes where the father is full and each
of its children has at least two grandchildren. Thus, none of the children in the cluster is path-compressed.
This speeds up searches within the cluster of quaternary nodes because the path compression checks and the
node type checks can be eliminated altogether, see the pseudo-code for the function PWL-LOOKUP below.

PWL-LOOKUP(p : Trie, key : key to be searched)
1 if pis a hexadecimal node then

2 n < The number of bits in the longest common prefix of p.
3 1 <— The Nat value of four bits succeeding the most significant n bits in key.
4 q < p-children(MAP(p.bitmap, i))
5 PWL-LOOKUP(q, key)
6 else
7 if p is a quaternary node then
8 n < The number of bits in the longest common prefix of p.
9 i < The Nat value of two bits succeeding the most significant n bits in key.
10 q < p-children(MAP(p.bitmap, 7))
11 j < The Nat value of two bits succeeding the most significant n + 2 bits in key.
12 r < ¢.children(MAP(q.bitmap, j))
13 PWL-LOOKUP(r, key)
14 else
15 if p is a node representing the element and p is equal to key then
16 P
17 else
18 NIL

Yet another reason for restricting the nominal out-degree to 16 is efficient implementation of the set of
labels for non-empty children and the mapping from all children to non-empty children. Recall that eight bits
of the one word cell header are used for low-level typing. In the 32-bit architecture, the remaining 24 bits of
the header are at our disposal for other purposes. We use 16 bits for a bitmap where a set bit indicates the
existence of a non-empty child with a digit equal to the bit position. Now, only non-null pointers need to be
stored. The order of the pointers is given by order of bits in the bitmap.

The bitmap is used for computing the relative position of a pointer within the child pointer array. An array
of 216 elements would be required to represent all the positions of the possible child pointer combinations
in a hexadecimal node. However, we can do the computation piecewise — eight bits at a time — by using a
smaller array of 2% elements. One array lookup is needed to compute the relative position of a pointer in a
width-compressed quaternary node. One lookup or two lookups and an addition are required for a width-
compressed hexadecimal node, see the pseudo-code for the function MAP below.

Map(bitmap : 0...2'% — 1, ind: 0...15)

1 mapArray : A 256-element array constant mapping logical array indexes to physical ones.
2 ifind < 8 then

3 mapArray(bitmap Mob 2in?)

4 else

5  mapArray(bitmap MoD 28 + (bitmap D1v 28) Mop 2i7d-8)
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We are still left with one implementation issue: how to represent the longest common prefix strings. We
have solved this by merely storing the length of the longest common prefix string. Note that we need the
value of the longest common prefix string in updates only. In searches, it is cheaper to search further and
perform a single key comparison in the leaf. Thus, there is always one key comparison per search. This
strategy manifest itself in the MAP function, too, as no checks are needed for empty children: the labels of
empty children are mapped to the closest non-empty children. We have actually chosen a similar strategy for
updates, too. When the prefix string is needed we locate one of the leaves of the current node by searching.
Of course each node could store a direct pointer to a leaf, but the moderate computational overhead due to
leaf searching saves us one word per node.

4 Experimental results

We have compared different compression strategies for functional binary, quaternary, hexadecimal, and multi-
digit tries: mere path compression, a combination of path and level compression, and a combination of path,
width and level compression. In the functional multi-digit trie, we have restricted the nominal out-degrees to
four and sixteen due to the reasons explained in the previous section. The multi-digit trie is the best choice
for a functional trie, as it provides a good compromise between the memory requirements, the cost of copying
in updates, and the average and maximum path lengths.

4.1 Method

The data structures have been implemented on top of the persistent memory manager Shades. Shades sup-
ports disk-backed automatic memory management in a soft real-time environment. Recovery is based on
shadowing combined with real-time generational stop-and-copy garbage collection. As shadowing relies
upon path copying, recovery does not impose any additional overhead to the implementation of functional
data structures when disk writes are eliminated.

It’s always problematic to conduct performance measurements in an environment supporting automatic
memory management. In updates, there is no exact way of specifying the overhead of automatic memory
management. We have used relatively large memory sizes to minimize the overhead of the mature generation
garbage collection. We have also directed the output to /dev/null to avoid the overhead of disk writes.

We have implemented six trie structures: the path-compressed binary trie (P-2), the path-compressed qua-
ternary trie (P-4), the path- and width-compressed quaternary trie (PW-4), the path-compressed hexadecimal
trie (P-16), the path- and width-compressed hexadecimal trie (PW-16), and the path-, width-, and level-
compressed trie (PWL). In the tables below, the tries are identified by the shorter names given in parentheses.
For each trie we give its size, its average and maximum path lengths, its average and maximum copy costs
per update, and the number of searches and updates per second. The size figures do not include the memory
consumption of leaves, because it is equal in all tries.

We have chosen the following test data sets for our experimental study. The first data set is synthetic and
consists of 100,000 unique keys generated using a linear congruence random number generator
LCG(2%?,2147001325, 715136305, 0) (Table 1). The other data sets are real data: binary strings from Inter-
net routing tables (Table 2), two-dimensional geometric point data (Table 3) visualized in Figure 6 from [27],
and ASCII strings from the Calgary Text Compression Corpus, which is a standardized text corpus used
frequently in data compression research (Table 4).

The performance tests were measured in the Linux 2.0 operating system environment running on a Pen-
tium Pro-S 200 MHz server with a 256 kB internal cache. Before doing the actual measurements we first
populated the data structures and created a table of 50,000 elements that were randomly chosen from the data
sets in question. Then each test was run for two minutes, and the table of random elements was repeatedly
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Figure 6: Drill holes in Munich.

used as input. Note that the update figures do not include inserts and deletes. The cost of inserts and deletes
is very close to the cost of updates because inserts and deletes do not induce any major reorganizations in
functional trie structures.

Trie Size Depth Copy Cost Searches | Updates

(kB) Aver | Max | Aver | Max per sec per sec
pP-2 1,171.9 | 16.94 21 | 50.83 63 | 327,118 | 122,926
P-4 1,214.4 9.01 12 | 45.07 60 | 441,306 | 146,413

PW-4 876.4 9.01 12 | 42.69 53 | 421,230 | 147,275
P-16 2,485.3 4.85 7 | 8251 119 | 521,648 78,833
PW-16 683.0 4.85 7 | 67.90 78 | 528,541 | 118,092
PWL 728.4 8.19 11 | 44.98 55 | 436,681 | 147,907

Table 1. Uniform random (100,000 unique entries).

Trie Size Depth Copy Cost Searches | Updates
(kB) Aver | Max | Aver | Max per sec per sec
p-2 449.6 | 18.56 24 | 55.68 72 | 376,223 | 112,322
P-4 4384 9.91 13 | 49.57 65 | 524,384 | 129,299
Pw-4 325.2 9.91 13 | 46.62 61 | 476,872 | 129,702
P-16 730.8 5.23 7 | 88.92 | 119 | 660,066 82,535
PW-16 | 235.8 5.23 7 | 71.75 | 101 625,782 | 118,301
PWL 247.7 8.51 12 | 49.26 70 | 508,647 | 141,965

Table 2. Mae-east routing table (38,470 entries, 38,367 unique entries).
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Trie Size Depth Copy Cost Searches | Updates
(kB) Aver | Max | Aver | Max per sec per sec
P-2 228.0 | 17.08 23 | 51.23 69 | 355,366 | 126,119
P-4 236.2 9.58 13 | 47.92 65 | 497,265 | 146,349
PwW-4 170.5 9.58 13 | 43.51 58 | 451,060 | 148,192
P-16 4439 5.12 7 | 87.11 119 | 618,429 94,366
PW-16 | 128.2 5.12 7 | 62.15 81 | 550,964 | 140,706
PWL 136.5 7.89 11 | 42.99 60 | 475,737 | 165,289

Table 3. Drill holes (19,461 unique entries).

Trie Size Depth Copy Cost Searches | Updates
(kB) Aver | Max Aver | Max per sec per sec
P-2 193.8 | 20.36 41 61.07 | 123 | 253,100 89,421

P-4 272.1 | 14.49 30 7246 | 150 | 282,247 83,181
PW-4 173.5 | 14.49 30 54.00 | 109 | 261,917 91,475
P-16 759.2 9.92 19 | 168.64 | 323 | 278,396 40,496
PW-16 | 153.9 9.92 19 57.38 | 115 | 300,030 99,552
PWL 154.3 | 10.53 20 53.56 | 108 | 274,650 | 104,254

Table 4. English text (16,541 unique entries).

4.2 Discussion

The test results demonstrate the benefits of applying all of the compression methods together. Path compres-
sion and width compression produce the most significant savings in memory utilization and cost of copying.
Level compression further reduces the size of the data structure and its average depth without a substantial
increase in the copy cost. The way level compresssion and width compression interact is best demonstrated
by the “Drill holes” and “English text” test cases. Even though the number of drill holes is greater than
the number of text items, width compression and level compression pack the highly clustered drill holes so
efficiently that the size of the “Drill holes” trie is smaller than the size of the “English text” trie.

As stated in the previous section we used large memory sizes to eliminate the overhead of the mature
generation garbage collection. In real applications, however, free memory may become exhausted. When
mature generations are also collected, the size of a data structure should have a direct impact on the overall
performance. Because our measurements did not take this cumulative cost of copying into account, we ran
a main-memory variant of the TPC-B benchmark [14] to investigate the effect of the collection of mature
generations using Patricia trees, path- and width-compressed quaternary tries, and path-, width- and level-
compressed tries. In the tests we did not find any significant deviations from our earlier results.

We have not included balanced trees in this experimental study. Our experiences of running the AVL-
tree variant of the main-memory TPC-B benchmark indicate that tries outperform AVL-trees in terms of
memory utilization, copy cost and update and search performance. The AVL-tree is not an optimal choice
for a functional balanced tree, however. We find the degree £ minimizing the approximate copy cost of a
balanced tree by repeating the simple analysis we did in the first chapter for tries. As previously, we assume
that all leaves are at the same level in the tree. Thus, our tree is an external balanced tree. The tree consists
of internal nodes holding 2k — 1 pointers: k pointers to subtrees and k¥ — 1 key pointers servings as routers,
and N leaves: the stored keys. The approximate copy cost is given by f(k) = (2k — 1 + a) log;, N where
a is the size of administrative data in a tree node. With a = 1 the minimum of f(k) is given by f’'(k) = 0,
ie. Ink = 1 or simply k = e. The discrete values closest to k are 2 and 3, and f(2) > f(3) forall N > 1.
Thus, the external 2-3 tree minimizes the copy cost. Interestingly, the analysis above applies even to internal
balanced trees assuming a large N.
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External 2-3 tree, Appr Aver | Appr Aver | Appr Aver
bucket capacity 5 Size (kB) Depth Copy Cost
Uniform random 755.0 9.35 41.75
Mae-east routing table 289.7 8.48 37.85
Drill holes 146.9 7.86 35.09
English text 124.9 7.71 34.43

Table 5. The approximate size, the approximate average depth, and the approximate average copy cost for external 2-3

trees with bucket capacity 5.

Internal 2-3 tree Appr Aver | Appr Aver | Appr Aver
Size (kB) Depth Copy Cost
Uniform random 1,258.3 9.81 41.59
Mae-east routing table 482.8 8.94 37.70
Dirill holes 244.9 8.32 34.94
English text 208.1 8.18 34.28

Table 6. The approximate size, the approximate average depth, and the approximate average copy cost for internal 2-3
trees.

In Tables 5 and 6 we give approximations for the average depth, the average copy cost and the overall
storage utilization of the external 2-3 tree with bucket capacity 5 and the internal 2-3 tree, respectively, when
they are used for storing our test data. The bucket capacity 5 makes the size of the bucket node equal to the
size of the internal node. We also take into account the effect of variable-size nodes by using the scale factor
In 2 in computing the copy cost and storage requirements. The scale factor In 2 gives the approximate average
storage utilization of hierarchical access methods based on the binary splitting policy [3]. All the formulas
used for computing the values are given in the appendix.

It is clear that approximations cannot be taken for measured results. For balanced trees, however, ap-
proximations give a fairly reliable estimate of the actual results. In all test cases, the measured sizes of the
PWL-trie are closer to the approximated sizes of the external 2-3 tree than to those of the internal 2-3 tree.
Excluding the “English text” test case, the measured average depths are closer to the approximated average
depths of the external 2-3 tree than to those of the internal 2-3 tree. Excluding uniform random data, the
measured copy costs of the PWL trie are somewhat greater than the approximated copy costs of both the
internal and the external 2-3 tree. This is probably due to better balance in the balanced trees. The differences
are not significant, however.

Is is difficult to draw any reliable conclusions about the performance of the PWL-trie compared to 2-3
trees. Some observations affecting the performance can be made, however. PWL-trie lookups are extremely
efficient, because only a single key comparison is needed per lookup. In inserts and deletes, all modifications
of the PWL-trie are local within the scope of a hexadecimal node. No global operations such as balancing
are needed.

5 Conclusions

In our experimental study we developed and compared different compression methods for functional tries. All
of the compression methods have been previously used for imperative tries, but their application to functional
tries is hardly discussed in literature. In addition to applying compression methods to functional tries, we
also developed a new method for efficient implementation of width compression that can even be used for
imperative tries.

Six different functional trie structures were designed, implemented, and tested using both synthetic
and real data: the path-compressed binary trie, the path-compressed quaternary trie, the path- and width-
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compressed quaternary trie, the path-compressed hexadecimal trie, the path- and width-compressed hexadec-
imal trie, and the path-, width- and level-compressed trie. When accounting for the trie size, the average path
length, the copy cost, and the search and update performance, the path-, width- and level-compressed trie,
or the PWL-trie for short, was found the best. To our knowledge, the PWL-trie is the first functional trie
structure where path compression, width compression and level compression have been efficiently combined.

We also compared some of the results of the PWL-trie to approximations calculated for the external 2-3
tree with bucket capacity 5 and the internal 2-3 tree. We chose 2-3 trees because — as we showed — they
minimize the copy cost in balanced trees. In all test cases the size and the average depth of the PWL-trie
were close to the approximated average size and approximated average depth of the external 2-3 tree. The
approximated copy cost in 2-3 trees was smaller than the measured copy cost for the PWL-trie. The difference
was not significant, however, and it is probably due to better balance in 2-3 trees. Further experimental
research is still needed, however, to verify the results of our approximate analysis.

PWL-trie lookups are extremely efficient, because only a single key comparison is needed per lookup. In
inserts and deletes all modifications of the PWL-trie are local with respect to the current node. No global
operations such as balancing are needed. Moreover, most operations — especially group operations — are
easier to implement in tries than in balanced trees and they generalize to multi-dimensional data. Taking
additionally into account the moderate size and copy cost of the PWL-trie, we consider it as an ideal choice
for a general-purpose functional main-memory index structure.
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Appendix: Formulas

The external 2-3 tree with bucket capacity 5

1. The approximate average height of the tree: h = logs 51% where N is the number of elements, 5 the
bucket capacity, and In 2 the approximate average storage utilization of a hierarchical access method
based on binary splitting.

2. The approximate average copy cost: h-(51n 2+ 1) where h is given above and 51n 2 + 1 is the average
size of the tree node including administrative data.

3htl_q
2

3. The approximate number of tree nodes: n = where h is given above.

The internal 2-3 tree

1. The approximate number of tree nodes: n = % where N is the number of elements, In2 the

approximate average storage utilization of a hierarchical access method based on binary splitting, and
2 1n 2 the approximate average number of keys in a tree node.
N 3ttt

2. The approximate average height of the tree: Solution of the equation 515 = *—;
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3. The approximate average path length of the tree: | =

M=
.
B

2.

0
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.Mr
w
.

-
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o

4. The approximate average copy cost: [ - (51n 2+ 1) where [ is given above and 51n 2 + 1 is the average

size of the tree node including administrative data.
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