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Problem

For those not familiar, YAHTZEE is a game played with five standard dice where each player completes a turn by
rolling all of the dice and then rolling a number of the dice, of his or her choosing, for a subsequent two turns. Ina
total of three turns, he or she attempts to configure the dice to make a certain “hand” worth a certain number of points
in accordance with the score sheet. A YAHTZEE is obtained when all five dice have the same value (i.e., five of a
kind).

Assuming that the game is modified so that a player is not limited to three turns but instead continues to roll the dice
until he makes Y AHTZEE, what is the expected number of rolls required to achieve this?

Solution

= Summary

The expected number of rollsto make YAHTZEE is about 11.0902. The exact value is given by the following fraction:

191283
Expected Rolls= ~ 11.0902
17248

m General Solution

We need to construct a Markov transition state matrix. The first row of the matrix assumes we throw 5 dice and we
want the probabilities of getting 1 of akind, 2 of akind, 3 of akind, 4 of akind, and 5 of akind. To do this we first
enumerate all the permutations of the numbers appearing face up on the 5 dice. The functiont hr ow[n] alows usto
do this by throwing n dice.

m= throw[n_] : = Pernutations[Fl atten[Tabl e[Range[6], {n}]], {n}1;
Lengt h[t hrow[5]]
oupl= 7776

The following function counts the numbers of 1, 2, 3, 4, 5, 6's appearing and finds the maximum of these values. This
will tell usthe number of permutationsin which we get 1 of akind, 2 of kind, and so on.

n3= count [d_List] :=Mx[Tabl e[Count [d, n], {n, 6}]1;

°
I

Now we can find the state transition probabilities for the first row.
nar= rowl = Tabl e[Count [count /et hrow[5], n], {n, 1, 5}] /Length[throw[5]]
5 25 125 25 1
Out[4]= {7, Ty T 7}
54 36 648 1296 1296
These sum to 1 asthey must.
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out[11]=

In[12]:=

out[12]=

Pl us @eer owl

1

Row 2 of the transition state matrix assumes that we already have 2 of akind and we want the probabilities of chang-
ing to other states. We cannot go back to only 1 of akind (as we aready have 2 of akind) so the first entry in row 2
must be 0. To remain with two of akind we must not roll the number associated with the existing 2 of akind, and we
also must not roll 3 of kind which would move us to another state. We take the probability of not rolling a number
equal to the existing 2 of a kind number, less the probability of rolling 3 of kind which can happen in any of 5 ways.
This gives for the probability of staying in the 2 of akind state:

[52)3-5 &)

To move from the 2 of akind state to the 3 of a kind state we must either roll the existing 2 of kind number on one die,
or we must roll 3 of akind of atotally different number. The probability of thisis:

1 (5)2 1
3 _[_] +5[_

6 \6 6
10

27
To move from the 2 of akind state to the 4 of akind state we must roll the existing 2 of akind number on two of the
three dice. The probability of thisis:

1\25

Bi nom al [3, 2] [—] —
6/ 6

3

5

72

To move from the 2 of akind state to the 5 of a kind state we must roll the existing 2 of a kind number on all three
dice. This probability issimply:

1 3
8
1

216

So row 2 of the transition state matrix is given in the next cell.

row2 = {0, 579, 10/27, 5/72, 1/216};
Pl us @@ r ow2

1
In the third row of the matrix we already have 3 of akind. We cannot go back to 1 or 2 of akind so the first two entries

in thisrow are 0. The probability of staying in the 3 of akind state is just the probability that we don’t roll the existing
3 of akind number on either of the two dice.

5 2
8
25
36

The probability of moving to the 4 of a kind state is the probability of rolling the existing 3 of a kind number on
exactly one of the two dice. Thischanceis:
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15
3= 2 — —
6 6
5
Out[13]= ——
18
The probability of moving from 3 of akind to 5 of kind is the chance that we roll the existing 3 of akind number on
both dice.
1 2
In[14]:= [—]
6
1
Out[14]= ——
36

So the third row of the transition state matrix can now be written down.

ns= rowd = {0, 0, 25 /36, 5/18, 1/ 36};
Pl us eer ow3

outiiel= 1

In the fourth row of the matrix we already have 4 of akind and we cannot go back to 1, 2, or 3 of kind making those
entries 0. The probability of staying in the 4 of akind state is the chance that we don’t roll the existing 4 of a kind
number on the one die we have to throw.

5

6

To move from the 4 of akind state to the 5 of a kind state we must roll the existing 4 of a kind number on our one
throw which isjust:

1

6
So the fourth row of the transition state matrix is now easily written down.

mn17= rowd = {0, 0, 0, 5/6, 1/6};
Pl us eer ow4

ouzgl= 1

Now 5 of akind isthe absorbing state so the last row of the matrix istrivial.

mpop= rows = {0, 0, 0, 0, 1};
Pl us e@er ows

outeol= 1

So the transition probability matrix p looks like this.

nei= P = {rowl, row2, row3, row4, rows};
Mat ri xFor m[p]

Out[22]//MatrixForm=

i E 125 25 1
54 36 648 1296 1296
5 10 5 1

o 2> ¥ > 2
9 27 72 216
25 5 1

o o 2 > 1L
36 18 36

5 1

oo o > 1%
6 6

00 0 0 1

The fundamental matrix for the absorbing system is generated in the next cell.
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In[23]

fm=1Inverse[ldentityMatrix[4] -Drop[p, -1, -1]1;
Mat ri xFor m[f m]

Out[24]//MatrixForm=

In[25]:=

Out[25]=

In[26]:=

out[26]=

In[27]:=

Out[27]=

In[28]:=

Out[28]=

In[29]:=

out[29]=

54 675 1500 94575

49 392 539 17248

o © % 95
4 11 176

36 60

0O O = —
11 11

0 O 0 6

Assuming we start fresh in the first column of the first row, the expected number of rolls before getting a Y AHTZEE
isfound by totaling the entriesin the first row of the fundamental matrix.

rolls =Pluseefm[l]
191283

17248
N[rolls]

11. 0902

As a check, we can obtain this number by differencing the YAHTZEE absorbing state probabilities to obtain the
probability of first getting YAHTZEE after exactly t rolls and then computing the expected value of t. In the next cell
we do this over atime frame of 250 steps.

Range [250]. (prob =
Di fferences[Prepend[Tabl e[Last [{1, 0, O, 0, 0}. Matri xPower [N[p], n]], {n, 250}1, 011)

11. 0902

So we expect alittle more than 11 steps to reach our goal of YAHTZEE.

In the next cell we see that thereis essentially a 100% probability of making Y AHTZEE after 250 rolls.
{1, 0, 0, 0, O}. Matri xPower [N[p], 250] // Chop

{0, 0, 0, 0, 1.}

The following plot shows the probability of having attained Y AHTZEE &fter n rolls of the dice.

Di scretePl ot [Last [{1, O, O, 0, O}. Matri xPower [N[p], n]],
{n, 40}, AxeslLabel - Traditional Form/e {n, P[n]}]
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The probability of getting YAHTZEE after exactly nrollsis plotted in the next cell.



ingoi= Li st Pl ot [Take[prob, 50], Filling » Axis]

0.08

0.06

out[30]= 0.04

0.02

The most likely number of rolls to attain Y AHTZEE would be the mode which is 7 rolls.
1= Position[prob, Max[prob]]
ouzi= {{7}}
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Note that in a standard game of Y AHTZEE where only three rolls are allowed the probability of getting YAHTZEE

would be:
ne2)= Last [{1, 0, O, 0, O}. Matri xPower [p, 3]]
347897

7558272
in33)= N[%]

Out[32]=

ourzs= 0. 0460286
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